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Solutions Vol. I, Chapter 1

1.16

(a) Given a sequence of matrix multiplications
MMy - MyMyyq -+ My

we represent it by a sequence of numbers {ni,...,nyy1}, where ny X ngy1 is the dimension of Mj.
Let the initial state be zo = {ni1,...,nny+1}. Then choosing the first multiplication to be carried out
corresponds to choosing an element from the set o — {n1, ny11}. For instance, choosing ng corresponds
to multiplying M; and Ma, which results in a matrix of dimension n; X ng, and the initial state must
be updated to discard ne, the control applied at that stage. Hence at each stage the state represents the
dimensions of the matrices resulting from the multiplications done so far. The allowable controls at stage
k are ug € x — {n1,nny+1}. The system equation evolves according to

Tk+1 = Tk — {uk}

Note that the control will be applied N — 1 times, therefore the horizon of this problem is NV — 1. The
terminal state is xy_1 = {ni,nn+1} and the terminal cost is 0. The cost at stage k is given by the
number of multiplications,

91 (Tk, Uk) = NaNg, N,

where ng, = uy and
a=max{i€{l,..., N+1} | i <y, i €xp},

b=min{i € {1,...,N+1} | i >y, i€ z}.

The DP algorithm for this problem is given by
JIn_1(zn-1) =0,

Ji(xg) = min {nangknb + Jit1 (xk — {uk})} , k=0,...,N—2.

up€xp—{ni,nyN4+1}

Now consider the given problem, where N = 3 and

M is 2 x 10,
My is 10 X 5,
Ms is b x 1.

The optimal order is Mi(M2M3), requiring 70 multiplications.

(b) In this part we can choose a much simpler state space. Let the state at stage k be given by {a, b},
where a,b € {1,..., N} and give the indices of the first and the last matrix in the current partial product.
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There are two possible controls at each stage, which we denote by L and R. Note that L can be applied
only when a # 1 and R can be applied only when b # N. The system equation evolves according to

_ {a—l,b}, ifuk :L, _
xkﬂ_{{a,b—i—l}, if up, = R, k=1

The terminal state is zy = {1, N} with cost 0. The cost at stage k is given by

Ng—1MaNp+1, 1if up =1L
gr(r, ug) = = R k=1,...,N —1.
NaNp+1Mp+2, UL U = I,

For the initial stage, we can take z¢ to be the empty set and up € {1,..., N}. The next state will be
given by x1 = {uo,uo}, and the cost incurred at the initial stage will be 0 for all possible controls.

1.18

Let t1 < t2 < -+ < ty—1 denote the times where g1(t) = g2(t). Clearly, it is never optimal to switch
functions at any other times. We can therefore divide the problem into N — 1 stages, where we want to
determine for each stage k whether or not to switch activities at time ty.

Define
. { 0 if on activity g; just before time ty,
b=

1 if on activity g2 just before time tx,

- 0 to continue current activity,
¥ 7\ 1 to switch between activities.

Then the state at time ¢4 is simply zp+1 = (2 + ur) mod 2, and the profit for stage k is

tht1
gk (Tk, ug) = / Gitay, ., (B)dt — ugc.
2

The DP algorithm is then

JN(:CN) =0
Ji(xp) = Hllﬁcn [gk(:nk,uk) + Jra1 ((:I:k + ug) mod 2)] .

1.21 (www

We consider part (b), since part (a) is essentially a special case. We will consider the problem of placing
N — 2 points between the endpoints A and B of the given subarc. We will show that the polygon of
maximal area is obtained when the N — 2 points are equally spaced on the subarc between A and B.
Based on geometric considerations, we impose the restriction that the angle between any two successive
points is no more than 7.



As the subarc is traversed in the clockwise direction, we number sequentially the encountered points
as r1,x2,...,TN, where £1 and xy are the two endpoints A and B of the arc, respectively. For any point
x on the subarc, we denote by ¢ the angle between x and xy (measured clockwise), and we denote by
Aj(¢) the maximal area of a polygon with vertices the center of the circle, the points z and xy, and
N — k — 1 additional points on the subarc that lie between z and x .

Without loss of generality, we assume that the radius of the circle is 1, so that the area of the
triangle that has as vertices two points on the circle and the center of the circle is (1/2) sinu, where u is
the angle corresponding to the center.

By viewing as state the angle ¢ between z; and xy, and as control the angle u; between x; and
Zk+1, we obtain the following DP algorithm

1
A = max —sinug + A —ug)| , k=1,...,N —2. 1
k(Pk) e b k+ Agy1(dr — ug) (1)
Once xny—1 is chosen, there is no issue of further choice of a point lying between xy_1 and zx, so we

have
1

An—_1(9) = 3 sin ¢, (2)

using the formula for the area of the triangle formed by xx_1, v, and the center of the circle.
It can be verified by induction that the above algorithm admits the closed form solution

1
Ak(¢k):§(N_k)Sin(N¢kk), k=1,...,N—1, (3)
and that the optimal choice for uy is given by
w0k
TN -k

Indeed, the formula (3) holds for k = N — 1, by Eq. (2). Assuming that Eq. (3) holds for k¥ + 1, we have
from the DP algorithm (1)

A = max Hi (ug, , 4
k(n) peu X k(Uk, Or) (4)
where ) ) 5
_ 1l (N —k—1) sin [ 2k Uk
Hk(uk,¢k)f281nuk+2(]\7 k—1) sin (N—k:—l)' (5)

It can be verified that for a fixed ¢ and in the range 0 < w; < min{¢y, 7}, the function H(-, ¢x) is
concave (its second derivative is negative) and its derivative is 0 only at the point u} = ¢ /(N — k) which
must therefore be its unique maximum. Substituting this value of u} in Egs. (4) and (5), we obtain

Ax(x) = 5 sin (N¢kk) + 5N~k 1)sin (¢k ;V‘bk/k(Nl_k)) = SN~ F) sin (N‘bkk) ,

and the induction is complete.

Thus, given an optimally placed point zj on the subarc with corresponding angle ¢, the next point
Zp+1 is obtained by advancing clockwise by ¢ /(N — k). This process, when started at z1 with ¢ equal
to the angle between x; and x, yields as the optimal solution an equally spaced placement of the points
on the subarc.
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(a) Consider the problem with the state equal to the number of free rooms. At state x > 1 with y
customers remaining, if the inkeeper quotes a rate r;, the transition probability is p; to state z — 1 (with
a reward of ;) and 1 — p; to state 2 (with a reward of 0). The DP algorithm for this problem starts with
the terminal conditions

J(2,0) = J(0,y) =0, Vz=>0,y=>0,

and is given by

J(x,y) = I{laxm[pi(n +J(xz—-1y—1))+ (1 —p)J(x,y — 1)], vV x>0.

From this equation and the terminal conditions, we can compute sequentially J(1,1),J(1,2),...,J(1,7)
up to any desired integer §. Then, we can calculate J(2,1),J(2,2),...,J(2,7), etc.
We first prove by induction on y that for all y, we have

J@,y) = J(@—1,y), Vo=l
Indeed this is true for y = 0. Assuming this is true for a given y, we will prove that
Jx,y+1)>Jx—-1,y+1), Vo>l

This relation holds for x = 1 since r; > 0. For x > 2, by using the DP recursion, this relation is written
as

max [pi(ri +J(z = 1,y)) + (1 = p:)J(x,y)] > max [p(ri+J(z—2,9)) + (1 —p)J(x—1y)].

i=1,....,m 1=1,....,m

By the induction hypothesis, each of the terms on the left-hand side is no less than the corresponding
term on the right-hand side, so the above relation holds.
The optimal rate is the one that maximizes in the DP algorithm, or equivalently, the one that
maximizes
piri +pi(‘]($ -Ly— 1) - J(xay - 1))

The highest rate r,, simultaneously maximizes p;r; and minimizes p;. Since

as proved above, we see that the highest rate simultaneously maximizes p;r; and p;(J(x — 1,y — 1) —
J(x,y — 1)), and so it maximizes their sum.

(b) The algorithm given is the algorithm of Exercise 1.22 applied to the problem of part (a). Clearly, it
is optimal to accept an offer of r; if r; is larger than the threshold

Flx,y)=J(x,y—1)— J(x -1,y —1).
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(a) The total net expected profit from the (buy/sell) investment decisions after transaction costs are

deducted is N1
E { Z (ukPk(:Ek) — c|uk|)} ,

k=0

where

1 if a unit of stock is bought at the kth period,
up, = 4 —1 if a unit of stock is sold at the kth period,
0 otherwise.
With a policy that maximizes this expression, we simultaneously maximize the expected total worth of
the stock held at time N minus the investment costs (including sale revenues).

The DP algorithm is given by

Je(xr) = L [Ukpk(l'k) = c|uk| + E{Jos1(zps1) | wk}} :
with
JN(:L'N) = 0,

where Ji+1(xk+1) is the optimal expected profit when the stock price is z11 at time k+ 1. Since uy does
not influence 41 and E{Jy1(@k4+1) | @k}, a decision uj, € {—1,0,1} that maximizes uy Py (k) — ¢ [ug]
at time k is optimal. Since Py (zj) is monotonically nonincreasing in xy, it follows that it is optimal to

set .
1 itz <z,
0 otherwise,

where x,, and Ty, are as in the problem statement. Note that the optimal expected profit Ji(xy) is given
by

N-1

Ji(xp)=F { Z max [uiP(z:) — ¢|u] } .

— u; €{—1,0,1}

(b) Let ny be the number of units of stock held at time k. If ng is less that N — k (the number of
remaining decisions), then the value nj should influence the decision at time k. We thus take as state
the pair (zx,ny), and the corresponding DP algorithm takes the form

Vi ) MaXy, c{—1,0,1} [Ukpk(xk) — clug| + E{Viq1 (zrs1,n0 + u) | xk}] if ng > 1,
k (T, 1) =
MaXy, ¢{0,1} [Ukpk(fck) — c|un| + E{Viq1 (Trq1, nie + u) | zk}] if ng =0,

with
VN(:CN,TLN) = 0
Note that we have
Vie(zr, ne) = Ji(zr), if ny > N -k,

7



where Ji(z1) is given by the formula derived in part (a). Using the above DP algorithm, we can calculate
Vn_1(zn—1,nn—1) for all values of ny_1, then calculate Viy_2(xn_2,nn_2) for all values of ny_q, etc.

To show the stated property of the optimal policy, we note that Vi (xy, ng) is monotonically nonde-
creasing with ny, since as ny decreases, the remaining decisions become more constrained. An optimal
policy at time k is to buy if

Py(ax) = ¢+ E{Vig1(@ps1,m, + 1) = Vg (Trg1, 1) [ 1} >0, (1)

and to sell if

_Pk(l'k) —c+ E{Vk+1($k+1,nk — 1) — Vk+1($k+1,nk) | xk} > 0. (2)
The expected value in Eq. (1) is nonnegative, which implies that if z; < z;, implying that Py (zx) —c¢ > 0,
then the buying decision is optimal. Similarly, the expected value in Eq. (2) is nonpositive, which implies

that if z < Ty, implying that — Py (zx) — ¢ < 0, then the selling decision cannot be optimal. It is possible
that buying at a price greater than x,, is optimal depending on the size of the expected value term in Eq.
(1).

(c) Let my, be the number of allowed purchase decisions at time k, i.e., m plus the number of sale decisions
up to k, minus the number of purchase decisions up to k. If my is less than N —k (the number of remaining

decisions), then the value my should influence the decision at time k. We thus take as state the pair
(2, mg), and the corresponding DP algorithm takes the form

maxXy, e{-1,0,1} {Ukpk(xk) — clug| + E{Wiy1 (@rr1, mp — ug) | iﬂk}} if my, > 1,
Wi (zg, my) =

mMaXy, e{—1,0} [Ukpk(l'k) — c|u| + E{Wii1 (Tpq1, mi — uy) | xk}} if my, =0,
with
Wn(zn,mn) = 0.

From this point the analysis is similar to the one of part (b).

(d) The DP algorithm takes the form

Hy(xp, mp,ng) = elf{nalXO " [Ukpk(l'k) — c|uk| + E{Hpq1 (Thg1, mp — wpe, e + upe) | -Tk}}
uk — 1,0,

if mp > 1 and ng > 1, and similar formulas apply for the cases where my = 0 and/or ng = 0 [compare
with the DP algorithms of parts (b) and (c)].

(e) Let r be the interest rate, so that x invested dollars at time k will become (14 r)N—*z dollars at time
N. Once we redefine the expected profit Py(zx) to be

Py(x) =E{zn | zx =2} — (1 +r)N-kz,

the preceding analysis applies.
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(a) We denote by Py, the OPEN list after having removed k nodes from OPEN, (i.e., after having performed
k iterations of the algorithm). We also denote df the value of d; at this time. Let by = minjep, {df} First,
we show by induction that bg < b; < -+ < bg. Indeed, bg = 0 and by = minj{asj} > 0, which implies that
bo < b1. Next, we assume that by < --- < by, for some k > 1; we shall prove that by < byy1. Let jry1 be
the node removed from OPEN during the (k + 1)th iteration. By assumption dé?k_H = minjep, {d}} = by,
and we also have
k .
di+1 = mln{df, d?k-kl + ajk-kli}'

We have Py11 = (P — {jr+1}) U Ng+1, where Nj11 is the set of nodes i satisfying df“ = dé?k_H + @y i
and i ¢ Py. Therefore,

“min {df"'l = min {df""l} = min { min {df"'l}, “min {df"'l}
1€P 41 i€ (P —{Jk4+1HUNg 41 i€ P, —{jgy1} 1€ENE 1
Clearly,
iE%g}Q—l{derl} - ier?vgil{d?kﬂ + aj’““i} = d?kﬂ'
Moreover,
iEPkIP}?kH}{derl B iEPkrili?Ivrl} [min{df’d;’““ * ajk“i}}

> min min dkY. dk = min{dF} = d*
B |:iepk_{jk+1}{ o T+ iEPk{ i Tht1?

because we remove from OPEN this node with the minimum df. It follows that by41 = min,e Ppin {df“} >
d§k+1 = b

Now, we may prove that once a node exits OPEN, it never re-enters. Indeed, suppose that some node
1 exits OPEN after the k*th iteration of the algorithm; then, df*fl = bg+_1. If node i re-enters OPEN

1 * * *
after the £*th iteration (with £+ > k*), then we have df ~' > df" = d’. "' +ajpi > dj 7' = be—1. On the
14

other hand, since d; is non-increasing, we have bgx_1 = df*fl > df*fl. Thus, we obtain bgx_1 > bp=_1,
which contradicts the fact that by is non-decreasing.

Next, we claim the following: after the kth iteration, d¥ equals the length of the shortest possible
path from s to node i € Py under the restriction that all intermediate nodes belong to Cy. The proof will be
done by induction on k. For k = 1, we have C = {s} and d} = as;, and the claim is obviously true. Next,
we assume that the claim is true after iterations 1, ..., k; we shall show that it is also true after iteration
k + 1. The node ji41 removed from OPEN at the (k + 1)-st iteration satisfies min;ep, {d¥} = d;
Notice now that all neighbors of the nodes in C} belong either to C or to Pj.

k41"
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It follows that the shortest path from s to jx41 either goes through Cj or it exits Cy, then it passes
through a node j* € Py, and eventually reaches jit1. In the latter case, the length of this path is at least
equal to the length of the shortest path from s to j* through Cj; by the induction hypothesis, this equals
df*, which is at least d§k+1' It follows that, for node ji11 exiting the OPEN list, d?k_H equals the length
of the shortest path from s to ji+1. Similarly, all nodes that have exited previously have their current
estimate of d; equal to the corresponding shortest distance from s.

Notice now that

E+1 _ -
d;m" = mm{df, d§k+1 + ajk_Hi}-

For i ¢ P, and i € Py it follows that the only neighbor of i in Cyy1 = Cy U {jr+1} is node jg41; for
such a node i, d¥ = oo, which leads to df“ = d?kﬂ + ajy i For i # jri1 and @ € Py, the augmentation
of Cj by including jix41 offers one more path from s to ¢ through Cy41, namely that through jiyi.
Recall that the shortest path from s to i through Cj has length d¥ (by the induction hypothesis). Thus,
dkrt = min{d}, d?]ﬁ—l + ajk+1i} is the length of the shortest path from s to ¢ through Ci1.

The fact that each node exits OPEN with its current estimate of d; being equal to its shortest
distance from s has been proved in the course of the previous inductive argument.

(b) Since each node enters the OPEN list at most once, the algorithm will terminate in at most
N —1 iterations. Updating the d;’s during an iteration and selecting the node to exit OPEN requires
O(N) arithmetic operations (i.e., a constant number of operations per node). Thus, the total number of
operations is O(N?2).

2.6 (www

Proposition: If there exists a path from the origin to each node in 7', the modified version of the label
correcting algorithm terminates with UPPER < oo and yields a shortest path from the origin to each
node in T'. Otherwise the algorithm terminates with UPPER = cc.

Proof: The proof is analogous to the proof of Proposition 3.1. To show that this algorithm terminates,
we can use the identical argument in the proof of Proposition 3.1.

Now suppose that for some node ¢t € T, there is no path from s to t. Then a node 4 such that (i,t)
is an arc cannot enter the OPEN list because this would establish that there is a path from s to 4, and
therefore also a path from s to ¢. Thus, d; is never changed and UPPER is never reduced from its initial
value of co.

Suppose now that there is a path from s to each node ¢t € T'. Then, since there is a finite number
of distinct lengths of paths from s to each t € T that do not contain any cycles, and each cycle has
nonnegative length, there is also a shortest path. For some arbitrary ¢, let (s,ji,J2,...,Jk, t) be a
shortest path and let d} be the corresponding shortest distance. We will show that the value of UPPER
upon termination must be equal to d* = maxser d;. Indeed, each subpath (s,j1,...,5m),m =1,...,k,
of the shortest path (s,j1,...,Jk,t) must be a shortest path from s to j,. If the value of UPPER is
larger than d* at termination, the same must be true throughout the algorithm, and therefore UPPER
will also be larger than the length of all the paths (s, j1,...,75m),m = 1,...,k, throughout the algorithm,
in view of the nonnegative arc length assumption. If, for each t € T, the parent node jj enters the OPEN
list with d;, equal to the shortest distance from s to ji, UPPER will be set to d* in step 2 immediately
following the next time the last of the nodes ji is examined by the algorithm in step 2. It follows that, for
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some t € T, the associated parent node jr will never enter the OPEN list with dj, equal to the shortest
distance from s to jg. Similarly, and using also the nonnegative length assumption, this means that node
jr—1 will never enter the OPEN list with dj, _, equal to the shortest distance from s to jr—1. Proceeding
backwards, we conclude that j; never enters the OPEN list with d;, equal to the shortest distance from
s to j1 [which is equal to the length of the arc (s,j1)]. This happens, however, at the first iteration of
the algorithm, obtaining a contradiction. It follows that at termination, UPPER will be equal to d*.

Finally, it can be seen that, upon termination of the algorithm, the path constructed by tracing the
parent nodes backward from d to s has length equal to dj for each t € T'. Thus the path is a shortest
path from s to t.

2.13

a) We first need to show that d* is the length of the shortest k-arc path originating at 4, for i # t. For
K2
k=1,
dzl = min Cij
J

which is the length of shortest arc out of i. Assume that di.“l is the length of the shortest (k — 1)-arc
path out of ¢. Then
. k—
df = Injln{cij + dj 1}

If d¥ is not the length of the shortest k-arc path, the initial arc of the shortest path must pass through
a node other than j. This is true since df_l < length of any (k — 1)-step arc out of j. Let ¢ be the
alternative node. From the optimality principle

distance of path through ¢ = ¢; + dif*l < df

But this contradicts the choice of d¥ in the DP algorithm. Thus, d¥ is the length of the shortest k-arc
path out of i.

Since d¥ = 0 for all k, once a k-arc path out of i reaches t we have dy = df for all k > k. But with
all arc lengths positive, df is just the shortest path from ¢ to ¢t. Clearly, there is some finite k such that
the shortest k-path out of ¢ reaches t. If this were not true, the assumption of positive arc lengths implies
that the distance from 4 to ¢ is infinite. Thus, the algorithm will yield the shortest distances in a finite
number of steps. We can estimate the number of steps, N; as

N, < min; d;

- minjyk djk

(b) Let d¥ be the distance estimate generated using the initial condition df = oo and glf be the estimate
generated using the initial condition dY = 0. In addition, let d; be the shortest distance from i to .

Lemma:
dif <difT'<di<dtt < db (1)

d¥ =d; =dF for k sufficently large (2)

T
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Proof: Relation (1) follows from the monotonicity property of DP. Note that d; > d) and that d} < .
Equation (2) follows immediately from the convergence of DP (given d? = co) and from part a).

Proposition: For every k there exists a time T}, such that for all T > Ty

di <dl <df, i=12,... N

geeey

Proof: The proof follows by induction. For k& = 0 the proposition is true, given the positive arc length
assumption. Assume it is true for a given k. Let N(i) be a set containing all nodes adjacent to i. For
every j € N(i) there exists a time, T} such that

dh<dl <db¥ VT >T]

T
Let T be the first time 7 updates its distance estimate given that all djk, Jj € N(i), estimates have

77
arrived. Let diTj be the estimate of d; that i has at time 7. Note that this may differ from d;* since the
later estimates from j may have arrived before 7’. From the Lemma

4 <dfj <d&j
which, coupled with the monotonicity of DP, implies
&t <dl <dtt vTr>T
Since each node never stops transmitting, 7" is finite and the proposition is proved. Using the Lemma,

we see that there is a finite k such that df = d; = cZ’f, YV k > k. Thus, from the proposition, there exists
a finite time T* such that diT =d! forall T > T* and 3.

12
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This problem is similar to the Brachistochrone Problem (Example 4.2) described in the text. As in that
problem, we introduce the system
T=u

and have a fixed terminal state problem [2(0) = a and z(T) = b]. Letting

VI+uZ
Q(LU) = T’

the Hamiltonian is

Minimization of the Hamiltonian with respect to u yields
p(t) = ~Vug(w(t). u(t)).
Since the Hamiltonian is constant along an optimal trajectory, we have
g(z(t), u(t)) — Vug(z(t), u(t)) u(t) = constant.
Substituting in the expression for g, we have

\/1+u27 u? B 1
Czx Vituw2Cr V1+u2Cx

= constant,

which simplifies to
(x(t))2 (1 + (ac(t))2) = constant.

Thus an optimal trajectory satisfies the differential equation

It can be seen through straightforward calculation that the curve
(z()* +(t—d)? =D

satisfies this differential equation, and thus the curve of minimum travel time from A to B is an arc of a
circle.

13
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We have the system @(t) = Az(t) + Bu(t), for which we want to minimize the quadratic cost

T
2(T)Qrx(T) + / (z(t)'Qz(t) + u(t) Ru(t))dt.
0
The Hamiltonian here is
H(z,u,p) = 2'’Qx + v/ Ru + p'(Azx + Bu),
and the adjoint equation is
p(t) = —A'p(t) — 2Qx(t),
with the terminal condition
p(T) = 2Qu(T).
Minimizing the Hamiltonian with respect to u yields the optimal control
u*(t) = argmin [2*(t)/Qz*(t) + v Ru + p’ (Az*(t) + Bu)|
1
= ——R-1B/p(t).
2
We now hypothesize a linear relation between a*(t) and p(t)
2K (t)z*(t) = p(t), Vte[0,T],

and show that K (t) can be obtained by solving the Riccati equation. Substituting this value of p(t) into
the previous equation, we have
u*(t) = —R-IB'K(t)z*(t).

By combining this result with the system equation, we have
i(t) = (A— BR-IB'K(t))x*(t). (1)

Differentiating 2K (t)z*(t) = p(t) and using the adjoint equation yields

2K (t)a*(t) + 2K (t)i*(t) = —A2K (t)x*(t) — 2Qx*(t).
Combining with Eq. (1), we have

K(t)z*(t) + K(t)(A — BRTIB'K(t))a*(t) = —A'K (t)2* (t) — Qu*(t),

and we thus see that K (¢) should satisfy the Riccati equation

K(t)= —-K(t)A - A/K(t) + K(t)BR-'B'K(t) — Q.

From the terminal condition p(T) = 2Qx(T), we have K(T) = @Q, from which we can solve for K(t)
using the Riccati equation. Once we have K (t), we have the optimal control u*(t) = —R—1B'K (t)z*(t).
By reversing the previous arguments, this control can then be shown to satisfy all the conditions of the
Pontryagin Minimum Principle.

14
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4.10

(a) Clearly, the function Jy is continuous. Assume that Ji1 is continuous. We have

Ji(x) = ue?oliln...}{cu + Lz +u)+ Gz +u)}

where
G(y) = wEI;{Jk-i-l(y —w)}
L(y) = £{p max (0, wx —y) + hmax(0,y — wi)}

Thus, L is continuous. Since J41 is continuous, G is continuous for bounded wy. Assume that Jj is not
continuous. Then there exists a & such that as y — &, Ji(y) does not approach Ji (). Let

uy = argueg)liln }{cu +Lly+u) +Gly+u)}

Since L and G are continuous, the discontinuity of Jy at & implies

lim u¥ # u®
y*}i

But since u¥ is optimal for y,

lim {cuv + L(y + w¥) + G(y + w¥)} < lim {cu® 4+ L(y + u®) + G(y + u®) } = Ji(&)
y—i

Yy—z

This contradicts the optimality of Ji (&) for &. Thus, Jj is continuous.

(b) Let
Yk(l‘) = Jk(l‘ + 1) — Jk(x)

Clearly Yn (z) is a non-decreasing function. Assume that Yy (z) is non-decreasing. Then

Yi(z +6) — Yi(z) = c(uztot+l — yzt+d) — ¢(yz+1 — =)
+ L(x 40+ 14urtdtl) — L(x + § + uzt9)
—[L(z + 1+ uztl) — L(z 4+ u®)]
+G(x+ 6+ 14 uetdtl) — Gz + § + urt9)
— [G(x + 1 4+ urtl) — G(z + u®)]

15



Since Jj, is continuous, u¥+t% = u¥ for § sufficiently small. Thus, with § small,

Yi(x4+6)—Yi(z) =Lx+0+14+ustt)— Lz + 5+ u*) — [L(z+ 1+ urtl) — L(z + u®)]
+Gx+o+1+utl) -Gz +0+u?) — [Glx + 1+ ustl) — Gz + u))

Now, since the control and penalty costs are linear, the optimal order given a stock of x is less than the
optimal order given x + 1 stock plus one unit. Thus

uz—i—l S ux S uz—i—l + 1

If u* = w1 + 1, Y(x 4+ 6) — Y(2) = 0 and we have the desired result. Assume that u* = u?+1. Since
L(z) is convex, L(x + 1) — L(x) is non-decreasing. Using the assumption that Y311 () is non-decreasing,
we have

Yi(x4+6)—Ye(z) =L +0+14u*)— Lx+d+u*) — [L(x+ 1+ u*) — L(x + u®)]

>0

+ E{Jps1(x + 6+ 1+ u® —wp) — Jpg1 (@ + 6 + u® — wy)
W

—[rg1(z + 1+ u® —wg) — Jeg1 (z + u® — wy)]}

>0
>0

Thus, Yy (z) is a non-decreasing function in x.

(c) From their definition and a straightforward induction it can be shown that J;(z) and Ji(z,u) are
bounded below. Furthermore,since limy— o0 L (z,u) = 0o, we obtain limg_c(x,0) = oo.
From the definition of Ji(z,u), we have

Ji(x,u) = Jp(x+ L,u—1) +¢, Vou e {1,2,...}. (1)
Let Sj be the smallest real number satisfying
Jk(Sk,O):Jk(Sk+1,0)+C (2)

We show that Sy, is well defined. If no Sy, satisfying Eq. (2) exists, we must have either Ji(z,0) — Ji(z +
1,0) > ¢, Vo € Ror Ji(z,0)—Jk(x+1,0) <0, Va € R, because Ji is continuous. The first possibility
contradicts the fact that limz . Ji(2,0) = co. The second possibility implies that limg—, oo Ji(z,0)+cx
is finite. However, using the boundedness of J;;, | () from below, we obtain lim,—. —o Ji(,0) + cx = oco.
The contradiction shows that Sy is well defined.

We now derive the form of an optimal policy uj (x). Fix some 2 and consider first the case x > Sj.
Using the fact that Jy(z,u) — Jg(z+ 1, u) is nondecreasing function of z we have for any v € {0,1,2,...}

Jk(l‘ +1,u)— Jk(x,u) > Jk(Sk + 1,u)Jk(Sk,u) = Jk(Sk + 1,0) — Jk(Sk,O) = —c

Therefore,
Je(z,u+1) = Jp(z+ 1,u) + ¢ > Ji(z,u) Vu € {0,1,...}, Vo> S;.

16



This shows that u = 0 minimizes Ji(z,u), for all x > S;. Now let © € [Sx—n,Sp,—n+1), n € {1,2,...}.
Using Eq. (1), we have

Ji(x,n+m) — Jp(z,n) = Jp(x +n,m) — Jp(x +n,0) >0 Vm in {0,1,...}. (3)
However, if u < n then = 4+ u < Sg and
J(x+u+1,0) — Jp(z 4+ u,0) < Jp(Sk + 1,0) — Jx(Sk,0) = —c.
Therefore,
Ji(z,u+1) = Jp(z+u+1,0)+ (u+1)c < Jp(x +u,0) +uc = Jp(z,u) Vu € {0,1,...}, n<n. (4)

Inequalities (3) and (4) show that u = n minimizes Ji(x,u) whenever z € [Sy —n, S —n +1).

4.18

Let the state x; be defined as

T, if the selection has already terminated
xp =< 1, if the Kth object observed has rank 1
0, if the Kth object observed has rank < 1

The system evolves according to

. T, ifug=stoporar="T
k+1 wg, if up = continue

The cost function is given by

k .
~ if zp =1 and ug = stop
Tk, Uk, WE) = ¢ N .
9r (e, e, k) {0, otherwise

o) = { L ifav =1
INVEN) =10, otherwise

Note that if termination is selected at stage k and x; # 1 then the probability of success is 0. Thus, if
x, = 0 it is always optimal to continue.
To complete the model we have to determine P(wy, |y, uy) = P(wy;) when the control uj, = continue.
At stage k, we have already selected k objects from a sorted set. Since we know nothing else about these
objects the new element can, with equal probability, be in any relation with the already observed objects
a;
ey < <y < < agy,

k+1 possible positions for a;

17



Thus

3

Proof: For k=N —1
Jnv-1(0) =max| 0 , F{wn_1}| =
0) N3 L_l]

Stop  continue

N

and p}_;(0) = continue. Also,

N -1
N

stop

; E{’LUNfl}} N1
— >

JIn-1(1) :max{ I

continue

and p%_;(1) = stop. Note that N —1 € Sy for all Sy.
Assume the proposition is true for Ji41(xg4+1). Then

Jx(0) = max [\(l_/, E{Jk-i-l(wk)}}

continue

Jr(1) = max{ , E{JkJrl(wk)}}

~~~ f
continue

stop
k
N

stop

Now,

E{Jk+1(wi)}

1 k+1 E k+1 1 N 1
k+1 N Ek+1 N \ N

S
LA O
~ NA\N-1 k

Clearly

and 45 (0) = continue. If k € Sy,

and p5 (1) = stop. Q.E.D.

18



Proposition: If k & Sy
6—1 1 1
Ji(0) = Ji(1) = (—-i—---—i——)

where ¢ is the minimum element of Sy.

Proof: For k=6§6—-1

and p5_,(0) = pi_, (1) = continue.
Assume the proposition is true for Ji(x). Then

k—1

Jea(0) = L I(1) + T (0) = Jk(0)

and pf_,(0) = continue.

and g, (1) = continue. Q.E.D.

5th

Thus the optimum policy is to continue until the object, where ¢§ is the minimum integer such

that (ﬁ + -+ %) < 1, and then stop at the first time an element is observed with largest rank.

4.31

(a) In order that Apz + Byu +w € X for all w € W, it is sufficient that Axz + Byu belong to some
ellipsoid X such that the vector sum of X and W}, is contained in X. The ellipsoid

X ={z|2Fz<1},

19



where for some scalar 3 € (0, 1),
Pt = (1- g)(u- — p-1D;)

has this property (based on the hint and assuming that F'—1 is well-defined as a positive definite matrix).
Thus, it is sufficient that x and u are such that

(Agpz + Bru) F(Arx + Bru) < 1. (1)
In order that for a given x, there exists u with u/Riu < 1 such that Eq. (1) is satisfied as well as
r’'=Zr <1,
it is sufficient that x is such that

mai?n [#'Zx + W Ryu + (Apw + Bru)' F(Agz + Bru)| <1, (2)
ueR™

or by carrying out explicitly the quadratic minimization above,
rKr <1,

where
K=A(F-'+ByR,'B})"1 +

[

The control law
pu(r) = —(Ri + B, FBy) B, FApx

attains the minimum in Eq. (2) for all z, so it achieves reachability.

(b) Follows by iterative application of the results of part (a), starting with & = N — 1 and proceeding
backwards.

(c) Follows from the arguments of part (a).

20



Solutions Vol. I, Chapter 5

5.1 (www
Define
YN = IN,
Y = Tk + A;lwk + A;lA;ilwarl + ...+ A;l .- ~A&1_1’w]v_1.

Then

_ —1 —1

Yk =Tk + Ak (wk - $k+1) + Ak Yk+1

=X + A;l(fAk:Ck — Bkuk) + AlzlykJ’,l

= nglBkuk + A;lykﬂ
and

Ykt1 = Apyr + Bruy.
Now, the cost function is the expected value of

N-1 N-1

on'Qun + Y u' Ry = yo' Koyo + Y (Y1 Kie1yir — yn' Kiyr + un’ Ryu,).-
k=0 k=0

We have
Y1 Kt 1Ye+1 — i’ Kiyr + wi! Rug = (Agyr + Brug) K1 (Agyr + Brug) + ug’ Rpug

— yi' Ak [Kky1 — Kip1 Br(Br' K11 Br) = Ber K1 ] Aryi

= Y/ Ak K1 Akyi + 2y}, A} Kip1 Brug, + ui’ By K41 Brug
— Y A K1 Ay + y' Ak’ K1 B Py By Ko Ay
+ ur’ Rpug

= —2y; Ll Pyuy, + ui’ Pyug + yi' L' Py Liys,

= (uk — Liyr) Pe(uk — Liy).

Thus, the cost function can be written as

N-1
E {yo'Koyo + > (uk — Liye) Pr(ug — kak)} -
k=0

The problem now is to find p; (x), k= 0,1,..., N —1, that minimize over admissible control laws fus, (1} ),
k=0,1,...,N — 1, the cost function

E {yo’Koyo + z_: (i (Ie) = Liyr) Pe (e (I) — kak)} :
k=0
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We do this minimization by first minimizing over pux_1, then over puy_2, etc. The minimization over
un—1 involves just the last term in the sum and can be written as

min E{ (,UN—l(IN—l) — LN—lyN—l)/PN—l (,UN—l(IN—1> - LN—lyN—l)}

HN-—1

*E{mm E{(UN 1— Ly-1yn-— 1) Py_1(un-1— Ly-1yn—1)|In- 1}}

UN-—1

Thus this minimization yields the optimal control law for the last stage:
Un_1(Un-1) =Ln_1 E{qu’INA}-

[Recall here that, generically, F{z|I} minimizes over u the expression E.{(u— z)'P(u — z)| |} for any
random variable z, any conditioning variable I, and any positive semidefinite matrix P.] The minimization
over un—_go involves

E{ (un—2(In—2) — Ln—2yn—2) P2 (pn—2(In—2) — LN72yN72)}
+ E{ (BE{yn—1lIn—1} — nyl)/L/N,leflLN—l(E{nyluNfl} —yn—1) }

However, as in Lemma 5.2.1, the term E{yn—_1|In—1} — yn—1 does not depend on any of the controls (it
is a function of xp,wo, ..., wN_2,v0,...,vn—1). Thus the minimization over puy_o involves just the first
term above and yields similarly as before

Un_o(IN—2) = Ly_2 E{nyz ’IN72}-
Proceeding similarly, we prove that for all &
(k) = L E{yk‘lk}
Note: The preceding proof can be used to provide a quick proof of the separation theorem for linear-
quadratic problems in the case where zg, wo, ..., wn—-1,v0, ..., vn—1 are independent. If the cost function
is

N-—1
E {$N/QN$N + Z (z1'Qrr + Uk/RkUk)}

k=0

the preceding calculation can be modified to show that the cost function can be written as

N—-1
E {:Eo’Koxo + Z ((ux — Liax) "Pe(uy — Lyxy) + wy Kk-i—lwk)}
k=0

By repeating the preceding proof we then obtain the optimal control law as

pi(Iy) = Li E{l’k’Ik}
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5.3 (www

The control at time k is (ug, ), where oy is a variable taking values 1 (if the next measurement at time
k+ 1 is of type 1) or 2 (if the next measurement is of type 2). The cost functional is

N-1 N-1
E {xN’Ql’N + ) (e’ Qup + up/Rug) + > gak} -

k=0 k=0
We apply the DP algorithm for N = 2. We have from the Riccatti equation

Ji(I1) = J1(20, 21, u0, o)
= B{a1/(A'QA+ Q)z1| I} + E{w'Qu}

+ min{w’(B'QB + R)u1 + 2 E{z1 | L} A’QBu1 }
uy

+ min[g1, g2].

So
wi(lh) = —(B'QB+ R)~'B'QA E{x1 | 1},

wry - )L ifgr < go,
of(h) = { 2, otherwise.

Note that the measurement selected at kK = 1 does not depend on I;. This is intuitively clear since the
measurement ze will not be used by the controller, so its selection should be based on measurement cost
alone and not on the basis of the quality of estimate. The situation is different once more than one stage
is considered.

Using a simple modification of the analysis in Section 5.2 of the text, we have

Jo(]o) = Jo(Zo)
= min{ E {woleo + uo’ Ruo + Azxg + Bug + wo' KoAxo + Buo + wo ‘ Zo}}

uo ‘zg,wo

+min| B{ E{[e1 — B{z1 | 1} Polay — B{er | B}| 11}

ap Lz Lz

ZO7U’O7 ao} + ga():|

+ F{wi’Qwi} + min[g1, g2].
wi

Note that the minimization of the second bracket is indicated only with respect to ag and not ug. The
reason is that quantity in the second bracket is the error covariance of the estimation error (weighted by
Py) and, as shown in the text, it does not depend on ug. Because all stochastic variables are Gaussian,
the quantity in the second bracket does not depend on zp. (The weighted error covariance produced by
the Kalman filter is precomputable and depends only on the system and measurement matrices and noise
covariances but not on the measurements received.) In fact

B{ E{[e1 — B{z1 | L} Polay — B{er | L}| 11}

20, U0, 040}
z1 \xq

1 1

Tr (Pf Sin Pf) . ifag =1,
12 i .

Tr | Py 21|1 P2, ifag =2,
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where Tr(-) denotes the trace of a matrix, and Zhl (Zfll) denotes the error covariance of the Kalman

filter estimate if a measurement of type 1 (type 2) is taken at k = 0. Thus at time k = 0, we have that
the optimal measurement chosen does not depend on zg and is of type 1 if

Tr <P 21\1P )+91§T7" <P 21|1P )Jrgg

and is of type 2 otherwise.

5.1

a) We have

pi_i_l =P(Zkt1 =7 | 20y« Zkt1, U0, -« -, Uk)
= P(@p+1 = | Ipt1)
_ P(xpg1 = J, zpq1 | I, ug)
P2kt | Iy, ur)
Y Plaeg =0)P(agyr = J | ar = i, up) P(zpg | up, 211 = J)
Y S Plak = )Pz = s | o = i, uk) P2k | g, Trgpr = 8)
2 i1 PiPis ()75 (W, 2541)
D et Dim Pibis (wi)Ts (U, zit1)

Rewriting py, 41 in vector form, we have

b= 7 (ks 2r1) [P (uk) Pl
T s (uns zi1) [P (ur) Pils”

j=1...,n.

Therefore,
[r (g, zi11)] * [P (ug) Py
r(uk, zk+1)’P(uk)’Pk

Pii =

b) The DP algorithm for this system is:
JIn— 1(PN 1 —Inln ZPN 12]713 gN 1’LU])

= rrgn {Zp?Vl [GNl(u)L}

i=1

= HEH{P]/V,lGNfl(U)}
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0=1

T (Pr) —mm{Zkang w)gr (i, u, j +Zpk Zpu Z u,0)Jet1(Prs | P, 9)}

~ mind P’ - (1, ) P(u) [r(u, 0)] * [P(u)’ Py
= mi {P G (u +9§ 0)/ P (u)' Py Ji11 [ a0y PLu) P, ”
¢) For k=N —1,
ijl()‘PZ/V—l) = m&n{)\PZ’V_lGNfl(u)}
— muin{z Ay 1 [Grn-1(w)],}

i=1

= muin{)\ Zp%,l[GN—l(U)]i}

i=1

=\ muin{Zpﬁ'v_l [Gn-1(u)i}

i=1

=\ muin{szjlvfl [Gr_1(u)]i}

i=1
= An_1(Pyn_1).
Now assume Ji(APy) = AJg(Py). Then,

q
jk_l(AP,gl)zmin{APk 1Gro1(u) + > r(u, 0) P(w) APy 1 Ji(Pi| Py, u, 9)}
6=1
q —
:min{)\Pk 1Gk 1 +)\Z7‘ Uu, 9 ’P /Pk_ljk(Pk|Pk_1,u,9)}
6=1

q
)\min{Pk 1Gk 1 +Z7’u 9/P /Pk 1Jk(Pk|Pk 1, U, 9)}
=1

= M—1(Pi_1). Q.E.D.
For any u, r(u,0)’ P(u)' Py, is a scalar. Therefore, letting A = r(u, )’ P(u)’ P, we have

7 = min / - riu, / / [T(u7 9)] * [P(u)/Pk]
Jk(Pk) = mi {P Gk +ez:; 9 P Pka—i- |: T(U,G)’P(U)/Pk :|}

MQ

PGr(u

= HllIl

* [P (u)' Py))

=1

d) For k= N — 1, we have Jy_1(Py_1) = min, [Py_;Gn-1(u)], and so JN—1(Px_1) has the desired
form

jN—l(PN—l) == min[P]’V_loa}v_l, ey PJ/V—IOJIG—J’
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where O‘g\lfl = Gn-_1(uw) and wJ is the jth element of the control constraint set.

Assume that

7 (P o1 ;o MEt
Jet1(Prt1) = mln[PkJrlakJrl’ s Prog ]

Then, using the expression from part (c) for Ji(Px),

Jo(Py) = min | P{Gr(u) + > e ([r(u, 0)] # [P(u) Py])
6=1

q

= min | P[Gy(u) + Z min {{[T(u, 0)] = [P(u)/Pk]}’oz?_HH
L 6

m=1,....m
1 k+1

r q
= min P,gGk(u) + Z min [PJQP(U)T(% 9)/a2n+1]]
0=

u

=min | P] {Gk(u) + Z m_lr{l-in [P(u)r(u, 9)/04};3_1} }]

/ T

= min [P,ga}v, o Ployg },

where a,lc, e a;n’“ are all possible vectors of the form

q

Gr(w) + Y Plu)r(u, ) ay ',

6=1
as u ranges over the finite set of controls, 6 ranges over the set of observation vector indexes {1,...,q},
and m,, ¢ ranges over the set of indexes {1,...,my41}. The induction is thus complete.

For a quick way to understand the preceding proof, based on polyhedral concavity notions, note
that the conclusion is equivalent to asserting that .Ji(Py) is a positively homogeneous, concave polyhedral
function. The preceding induction argument amounts to showing that the DP formula of part (c) preserves
the positively homogeneous, concave polyhedral property of Jii1(Pyy1). This is indeed evident from
the formula, since taking minima and nonnegative weighted sums of positively homogeneous, concave
polyhedral functions results in a positively homogeneous, concave polyhedral function.
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Solutions Vol. I, Chapter 6

6.8 (www

First, we notice that o — 8 pruning is applicable only for arcs that point to right children, so that at
least one sequence of moves (starting from the current position and ending at a terminal position, that
is, one with no children) has been considered. Furthermore, due to depth-first search the score at the
ancestor positions has been derived without taking into account the positions that can be reached from
the current point. Suppose now that a-pruning applies at a position with Black to play. Then, if the
current position is reached (due to a move by White), Black can respond in such a way that the final
position will be worse (for White) than it would have been if the current position were not reached. What
a-pruning saves is searching for even worse positions (emanating from the current position). The reason
for this is that White will never play so that Black reaches the current position, because he certainly has
a better alternative. A similar argument applies for § pruning.

A second approach: Let us suppose that it is the WHITE’s turn to move. We shall prove that a f—cutoff
occurring at the nth position will not affect the backed up score. We have from the definition of § 3 =
min{7T BS of all ancestors of n (white) where BLACK has the move}. For a cutoff to occur: TBS(n) > £.
Observe first of all that 5 = T'B.S(n1) for some ancestor n; where BLACK has the move. Then there exists
a path ni,ng, ..., ng,n. Since it is WHITE’s move at n we have that TBS(n) = max{T BS(n), BS(n;)} >
B, where n; are the descendants of n. Consider now a position ng. Then TBS(ng) will either remain
unchanged or will increase to a value greater than (§ as a result of the exploration of node n. Proceeding
similarly, we conclude that TBS(ng) will either remain the same or change to a value greater than f.
Finally at node n; we have that TBS(n1) will not change since it is BLACK’s turn to move and he will
choose the move with minimum score. Thus the backed up score and the choice of the next move are
unaffected from S—pruning. A similar argument holds for a—pruning.
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Solutions Vol. I, Chapter 7

7.8 (www

A threshold policy is specified by a threshold integer m and has the form

Process the orders if and only if their number exceeds m.
The cost function corresponding to a threshold policy specified by m will be denoted by .J,,. By Prop.
3.1(c), this cost function is the unique solution of system of equations

(K ta(l—p)Jm(0) +apdn(l)  ifi>m,
(1) = {cz' N B (1)

Thus for all i < m, we have
¢t + apdm(i+1)

=00
. e = 1)+ apJm (i)
Im(i—1) = “ali—p)

From these two equations it follows that for all 7 < m, we have
In()) < Inp(i+1) = Jn(i—1) < Jn(i). (2)
Denote now
v=K+ a(l —p)Jm(0) + apJn(1).

Consider the policy iteration algorithm, and a policy & that is the successor policy to the threshold policy
corresponding to m. This policy has the form
Process the orders if and only if

K+ a(l —p)Jm(0) + apdn(1l) < ci+ a(l — p)Jm (i) + apdm(i +1)

or equivalently
v <ci+ ol = p)Jm(i) + apdm (i + 1).

In order for this policy to be a threshold policy, we must have for all ¢
y<ce(i—1)+a(l=p)Jn(i—1)+apJn(i) = ~v<ci+all—p)Jni)+apn(i+1). (3)

This relation holds if the function J,, is monotonically nondecreasing, which from Egs. (1) and (2) will
be true if Jp,(m) < Jp(m+1) = 1.
Let us assume that the opposite case holds, where v < Jp,(m). For i > m, we have J, (i) = 7, so
that
ci+ ol = p)Jm (i) + apJm(i + 1) = ci + ary. (4)
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We also have n
() = cm + apy

Cl-a(l-p)
from which, together with the hypothesis J,,(m) > ~, we obtain

em 4 ary > . (5)
Thus, from Egs. (4) and (5) we have
ci + a(l —p)Jm(i) + apdm(i+ 1) > 7, for all i > m, (6)

so that Eq. (3) is satisfied for all i > m.
For i < m, we have ci + a(1 — p)Jm (i) + apJm (i + 1) = Jn (i), so that the desired relation (3) takes
the form
V< Im(i=1) = 7 < JIm(i). (7)

To show that this relation holds for all i < m, we argue by contradiction. Suppose that for some i < m
we have Jy, (i) < v < Jm(i —1). Then since J,,(m) > 7, there must exist some i > i such that
JIm (i — 1) < Jpn(i). But then Eq. (2) would imply that J,,(j — 1) < Jp () for all j <4, contradicting the
relation Jp, (i) < v < Jm(i — 1) assumed earlier. Thus, Eq. (7) holds for all i < m so that Eq. (3) holds
for all i. The proof is complete.

7.12

Let Assumption 2.1 hold and let # = {uo, 1, ...} be an admissible policy. Consider also the sets Sk ()
given in the hint with So(:) = {i}. If t € S, (i) for all 7 and i, we are done. Otherwise, we must have for
some 7 and ¢, and some k < n, Sk(i) = Si4+1(¢) while ¢ ¢ Si(i). For j € Sk(i), let m(j) be the smallest
integer m such that j € S,,. Consider a stationary policy p with 1u(j) = iy (j)(j) for all j € Sk(i). For
this policy we have for all j € Sy (4),

pii(u(G) >0 = leSu).

This implies that the termination state ¢ is not reachable from all states in Sy (7) under the stationary
policy u, and contradicts Assumption 2.1.
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Solutions Vol. II, Chapter 1

1.5
(a) We have
j=1 = U e
_ X pi(w) =3 my
1 — 22:1 my
=1.

Therefore, p;j(u) are transition probabilities.

(b) We have for the modified problem

. . - - pzy ) m;
J'(i) = min |g(i,u) +« 175 m —
(@) wel (i) ( j) <1 =3y My ( )]

= Ienl}l(l) g(z’,u)JrozZpij(u)J’(j)akaJ’(k)].
usE j=1 k=1

So
. a>  mpJ (k . ) n
J'(i) + % = urenl}r(ll) g(i,u) + aZpij(u)J’ j (k)
j — —
L T=a
sy o Ok " () " , < sy Qe med (k)
= J'(i) + T uIEIll}I(ll) g(z,u)+a;p”(u) J(j)+—1_a )
Thus
J(k
J(i) 4 Skt MR ey
11—«
Q.E.D.
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1.7
We show that for any bounded function J : S — R, we have
J<T(J) = T(J) < F(J), (1)

J>T() =  T(J)>F(). 2)

For any p, define
(i, (@) + a3, pig (i) J (5)
1 — apii(u(i))

Fu(D)(@) =

and note that

B (o) = D= 0nep OV, ®)

Fix € > 0. If J < T(J), let u be such that F,(J) < F(J) + ee. Then, using Eq. (3),

Ty (J) (@) — apis(u(@)J () _ T(J) (@) — aps(p@)T(J)([E) i
1 — apii(p(i)) = 1— apii(p(i)) =T(J)(9).

F(J)(@) +e=> Fu(J)(i) =

Since € > 0 is arbitrary, we obtain F(J)(¢) > T(J)(i). Similarly, if J > T'(J), let u be such that
Tu(J) <T(J)+ ee. Then, using Eq. (3),

Tu(J) (i) — apii(p(i))J ()

T(J)(i) + € — apii (u(i)T'(J)(3) - €
1 — apii(p(i)) '

F(7)(i) < Fu(J)(i) = e < T + .

<

Since € > 0 is arbitrary, we obtain F'(J)(z) < T(J)(q).
From (1) and (2) we see that F' and T have the same fixed points, so J* is the unique fixed point
of F. Using the definition of F, it can be seen that for any scalar r > 0 we have
F(J+4re) < F(J) + are, F(J)—are < F(J —re). (4)
Furthermore, F' is monotone, that is
J<J = F(J) < FE(J). (5)
For any bounded function J, let r > 0 be such that
J—re< J*<J+re.
Applying F repeatedly to this equation and using Egs. (4) and (5), we obtain
Fk(J) — akre < J* < FE(J) + akre.
Therefore Fk(J) converges to J*. From Egs. (1), (2), and (5) we see that
J<T() = THJ)<FRHJ) < T,
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J>T(J) =  TkUJ)>FkJ) > J*

These equations demonstrate the faster convergence property of F' over T
As a final result (not explicitly required in the problem statement), we show that for any two
bounded functions J : S — R, J' : S — R, we have

max | F(J)(j) ~ F(P)G)| < amax| 1) = 7)), g

so F' is a contraction mapping with modulus «. Indeed, we have

nu)tay i, pij(u)J(g
F(J)(i) = min {9< )+ pi(u) (3)}

weU (i) 1 — apii(u)

— min {g(i,u) + azj';ﬁipij(u)*]/(j) i aZj;éipij(u)[J(j) = J'(5)] }
weU (i) 1 — apjii(u) 1 — apjii(u)

< PG +max]J(G) =S G Vi,

where we have used the fact
1= apii(u) > 1= pi(u) =Y pij(u).
J#i
Thus, we have
F(J)(@) = F(J)(i) < amax|J(j) — J'(4), Vi
J

The roles of J and J’ may be reversed, so we can also obtain
B0 = F(J)(i) < amax[J(j) = J'(), Vi
J
Combining the last two inequalities, we see that

[F(N)@) = 0] < amax[J(G) = (), Vi
By taking the maximum over i, Eq. (6) follows.

1.9

(a) Since J, J' € B(S5), i.e., are real-valued, bounded functions on S, we know that the infimum and the
supremum of their difference is finite. We shall denote

m =min(J(z) — J'(z))

zeS

and

M =max(J(z) — J'(z)).

pASES
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Thus
m < J(x)— J'(z) < M, Vzes,

or

J(x)+m < J(x) < J(z)+ M, Vaelbs.

Now we apply the mapping T on the above inequalities. By property (1) we know that T will preserve
the inequalities. Thus

T(J +me)(z) <T(J)(z) <T(J + Me)(z), Vaxzes.
By property (2) we know that
T(J)(z) + minfair, azr] < T(J 4 re)(x) < T(J)(z) + max[air, asr].
If we replace r by m or M, we get the inequalities

T(J")(z) + min[aim, agm] < T(J" + me)(x) < T(J")(x) + max[aim, agm)

and
T(J")(x) + minfa1 M, aa M| < T(J' + Me)(x) < T(J')(x) + max[a1 M, aa M].
Thus
T(J)(x) + min[aim, aem] < T(J)(x) < T(J')(x) + max[a1 M, as M],
so that

[ T(J)(x) = T(J")(2)| < max[ar|M], az[ M|, a1|m), az|m|].

We also have

max[ai|M|, az| M|, ai|m], a1|m|, az|m|] < ag max[|M|,|m|] < azsup |J(z) — J'(x).
z€S

Thus
IT(J)(z) = T(J)()] < azmax|J(z) — J'(z)]

from which

max |T(J)(z) = T(J)(2)] < azmax|J(z) — J'(2)].

Thus T is a contraction mapping since we know by the statement of the problem that 0 < a; < a2 < 1.
Since the set B(S) of bounded real valued functions is a complete linear space, we conclude that
the contraction mapping 7" has a unique fixed point, J*, and limy_,oc T#(J)(x) = J*(x).

(b) We shall first prove the lower bounds of J*(z). The upper bounds follow by a similar argument. Since
J, T(J) € B(S), there exists a ¢ € R, (¢ < 00), such that

J(z) + ¢ < T(J)(2). (1)
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We apply T on both sides of (1) and since T preserves the inequalities (by assumption (1)) we have by
applying the relation of assumption (2).

J(x) + minfe + aic, ¢ + age] < T(J)(x) + minfaic, ase] < T(J + ce)(x) < T2(J)(z). (2)
Similarly, if we apply T again we get,
J(z) + zg(li%)[c +a;c,c+ a?c] < T(J)+ minfaic + afc, azc + a3c]
< T2(J) + minfa?c, a?c] < T(T(J) + minlaic, azcle)(x) < T3(J)(z).
Thus by induction we conclude

k k k k
J(z) + min[z aie, Z afrel < T(J)(z) + min[z a’c, Z alrd]

m=0 m=0 m=1 m=

IN

(3)

By taking the limit as k& — oo and noting that the quantities in the minimization are monotone, and
either nonnegative or nonpositive, we conclude that

J(x) + min {;c Lc} < T(J)(x) +min[ il Lc}

ng(J)(x)—i—min{ of a3 c]

170,1 ’170,2

ak-{-l al2€+1
1l—a; '1—ay

< Tk+1(J)(z) 4+ min [1—

Finally we note that
min[a¥ec, akc] < Trk+1(J)(z) — Tk(J)(z).
Thus
min[afe, akc] < ing (TF+HL()(z) = T*(J)(x)) .
zTE

Let bgy1 = infyes (T*+1(J)(x) — Tk(J)(x)) . Thus min[a¥c, akc] < bgi1. From the above relation we infer

that
| adte abtle . ai az
min ) < min bkla bk-‘rl = Ck+1
170,1 170,2 170,1 170,2
Therefore
afc aéc

& .
Tk(J)(x) + min [1 o0

} < THL(J) (@) + .

This relationship gives for £k =1

ajc asc

T(.J)(z) + min { ] < T2(J)(2) + c2

l—a;’1—as
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Let

¢ = inf (T(J)(x) — J(x)

Then the above inequality still holds. From the definition of ¢; we have

aic asc ]

¢] = min | ———
|:1—a1’1—a2

Therefore
T(J) (@) + 1 <T(J)(x) + 2
and T'(J)(z) + c1 < J*(z) from Eq. (4). Similarly, let Ji(z) = T'(J)(z), and let

b = min(T2(J) (@) — T(J)(x)) = min(T(2)(z) —~ T()1) ()

If we proceed as before, we get

1
J in | ——
1(x) 4+ min T 2’1—@2

by gT(Jl)(:c)+min[ by _aib: }

l—a2’ 1 —as

2 2
al bQ a2 b2

<T? i
<T2(J1)(x) 4+ min L_@,l_@

] < J*(x).

Then
minfaibz, azbe] < min[T?(1)(z) - T(1)(x)] = min[T3(J)(z) - T2(J)(2)] = bs
Thus
i a3by ’ a3ba < min aibz ’ azbs |
170,1 170,2 170,2 170,2
Thus
. aibz  a2b2 . a1bs  a2b2
T < T2
(J1)(x) + min [1 ' 1o (12] < T2(J1)(z) + min [1 —’ 1o (12]
or
T2(J)(w) + 2 < TS (a) + s
and

T2(J)(x) + c2 < J*(x).

Proceeding similarly the result is proved.
The reverse inequalities can be proved by a similar argument.

(c) Let us first consider the state z =1

F(J)(1) = min 3905+ azpuJ(j)
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Thus

F(J+re)(1) = min ¢ (1) +a) pilJ+re)j) ¢ = min 9 9(Lu) +a) pd()+ar
=F(J)(1) + ar
Thus
F(J +re)(h) = PO _ 0

r
Since 0 < a < 1 we conclude that o < «. Thus
F(J+re)(1) = F(J)(1)

an < =«
r

For the state x = 2 we proceed similarly and we get

F(J)(2) = Jin {9(2,10 +apa F(J)(1) + Zmﬂ(j)}
J=2

and

F(J+re)(2) = uglui?m {9(2, )+ apa F(J +re)(1) +a Y po(J + Te)(j)}
J=2

- glUiI(12) {g(z, u) + apn F(I)(1) + a?rpor + a3 paJ (j) + Zpijre(j)}
v J=2 J=2

where, for the last equality, we used relation (1).
Thus we conclude

F(J+re)(2) = F(J)(2) + a?rpa1 + « Zpgjr = F(J)(2) + a?rpa1 + ar(l — po1)
which yields
F(J+re)(2) — F(J)(2)

Now let us study the behavior of the right-hand side of Eq. (2). We have 0 < @ < 1 and 0 < p21 < 1, so
since a2 < «, and a2pa; + a(l — pa1) is a convex combination of a2, a, it is easy to see that

= a?Py1 + a1l — p21) (2)

a2 <a?py+(1—pa)a<a (3)
If we combine Eq. (2) with Eq. (3) we get

F(J+re)(2) — F(J)(2)

an§a2§
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which is the pursued result.

Claim:
L FUtrE) - PO _

r

Proof: We shall employ an inductive argument. Obviously the result holds for x = 1,2. Let us assume
that it holds for all x < 4. We shall prove it for x =i + j

F(J)(i+1) = weinin gli+1,u)+a Y pryi F(N)G) +a D pir1ipi1; ()
j=1 j=it1

F(J+re)i+1) = min (gli+lu+ad puyF+ro()+a > prg(d+re)))
j=1 j=i+1n

We know ad < F(J +7re)(j) < a, V j < i, thus

F@E+1)+ raZF(J)(i + 1) +a2rp+ar(l —p)

j=1
where )
3
p= Zlerij
j=1
Obviously
i i

Do aipisy >ty pisiy = aip

j=1 j=1
Thus

F(J +re)d) — F(J))

r

aitlp +a(l —p) < <aZp+(1-p

Since 0 < ait! < a2 < a < 1and 0 < p < i we conclude that a+! < aitlp+a(l—p) and a?p+(1—p)a <
«. Thus ] '
F(J+re)i+1)—F(J)@i+1) <

ai—i—l S

(67
r

which completes the inductive proof.
Since 0 < a™ < ot <1 for ¢ < i < n, the result follows.

(d) Let J(x) < J'9z)(=)J'(x) — J(z) > 0 Since all the elements m;; are non-negative we conclude that
M(J(2) — J(@)) > 0(=) M. () > M ()

g(x) + M.J' ()
T(J")(x)

g(x) + MJ(x)

>
> T(J)(x)
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thus property (1) holds.
For property (2) we note that

T(J+re)(x) =g(x)+ M(J +re)(x) =g(x) + MJ(z) +rMe(z) =T(J)(z) + rMe(z)

We have
a1 < Me(z) < as
so that
T(J +re)(z) —T(J)(x) — Me(z)
r
and

Thus property (2) also holds if ag < 1.

1.10

(a) If there is a unique p such that T, (J) = T'(J), then there exists an € > 0 such that for all A € R»
with max; |A(7)| < e we have

F(J4+A)=T(J+A) —J-A=gu+aP,(J+A)—J-A=g,+ (aP, —I)(J+A).

It follows that F'is linear around J and its Jacobian is o P, — I.

(b) We first note that the equation defining Newton’s method is the first order Taylor series expansion of
F around Ji. If p* is the unique p such that T),(Jx) = T'(Jx), then F is linear near Ji and coincides with
its first order Taylor series expansion around Jj. Therefore the vector Jii1 is obtained by the Newton
iteration satisfies

F(Jk_;,_l) = 0

or

Tk (Jr+1) = Ji1-

This equation yields Jiy1 = Jk, so the next policy puk+1 is obtained as

pktl = argmin T),(J k).
o

This is precisely the policy iteration of the algorithm.
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1.12

For simplicity, we consider the case where U(i) consists of a single control. The calculations are very
similar for the more general case. We first show that 2?21 M;; = . We apply the definition of the

quantities Mij

Let Jf, ..., J; satisfy

n
=it ) MiJj
j=1
We substitute J* into the new equation
n
Ji=gi+ Y MyJ;
j=1

and manipulate the equation until we reach a relation that holds trivially

1 -«
1—my;

L_gil—a) N~s
e P

g9i(l—a) l—a & 1-—«
SIS R £ M J* — Jx
1—my + Zle—?’I’LiZ / m;

1—
1—m

i +ZM”JJ* - Jz*

j=1

JF+
This relation follows trivially from Eq. (1) above. Thus J* is a solution of

Ji =gi + Z Miij.
J=1
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1.17
The form of Bellman’s Equation for the tax problem is
J(x) = min |:Z cd(xt) + aB,{J[xt, o1, fi(ar, wi)]
Nz
Let J(x) = —J(x)

J(x) = max {— ch(xj) + ci(zt) + aB i {J[ ]}]

Jj=1

Let J(z) = (1 —a)J(z) + >j=1 Ci(x7) By substitution we obtain

J(x) = max [—(1 —a) ch(xj) + (1= a)ci(a) + aBi{(1 - a)J[ - ']}]
= max[c!(7) — By, {c/(f (@, w)}] + aBu, {J(--)}].

Thus J satisfies Bellman’s Equation of a multi-armed Bandit problem with

Ri(x") = ¢'(a") — aBuw; {c'(f (27, w?))}.

1.18
Bellman’s Equation for the restart problem is
J(x) = max[R(zo) + aE{J[f(z0,w)]}, R(z) + aE{J[f(z, w)]}].
Now, consider the one-armed bandit problem with reward R(z)
J(z, M) = max{M, R(x) + aE[J(f(z,w), M)]}.

We have
J(xo, M) = R(xo) + aE[J(f(xo,w), M)] > M

if M < m(xo) and J(xo, M) = M. This implies that
R(wo) + aE[J (f(x0, w))] = m(wo).

Therefore the forms of both Bellman’s Equations (A) and (B) are the same when M = m(xo).
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7.28

a) This follows from the nonnegativity of the one-stage cost.

)
b) Follow the hint.

d) Follow the hint.

(
(
(c) Take the limit as & — 1 in Bellman’s equation for a discounted cost.
(
(e) Follow the hint.
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Solutions Vol. II, Chapter 2

2.2

Let’s define the following states:
H: Last flip outcome was heads
T: Last flip outcome was tails
C': Caught (this is the termination state)

(a) We can formulate this problem as a stochastic shortest path problem with state C' being the termina-
tion state. There are four possible policies: 71 = {always flip fair coin}, m2 = {always flip two-headed coin},
73 = {flip fair coin if last outcome was heads / flip two-headed coin if last outcome was tails}, and 74 =
{flip fair coin if last outcome was tails / flip two-headed coin if last outcome was heads}. The only way
to reach the termination state is to be caught cheating. Under all policies except 71, this is inevitable.
Thus 1 is an improper policy, and 72, 73, and 74 are proper policies.

(b) Let Jx, (H) and Jr,(T) be the costs corresponding policy 71 where the starting state is H and T,
respectively. The expected benefit starting from state T' up to the first return to T' (and always using the

fair coin), is
1 1 1 m 1
S T IR S
2<+2+22+ > 5y —32—m

Therefore
+oo fm<?2
Jm(T)z{o if m=2
—o0 ifm > 2.
Also we have . .
T (H) = 514 Ju(H)) + 3 Ja(T),

" Jﬂ"l(H) - 1+J7r(T)

It follows that if m > 2, then m; results in infinite cost for any initial state.

(c,d) The expected one-stage rewards at each stage are

Play Fair in State H: %

Cheat in State H: 1 —p

Play Fair in State T: 152

Cheat in State T: 0
We show that any policy that cheats at H at some stage cannot be optimal. As a result we can eliminate
cheating from the control constraint set of state H.

Indeed suppose we are at state H at some stage and consider a policy & which cheats at the first
stage and then follows the optimal policy 7* from the second stage on. Consider a policy © which plays
fair at the first stage, and then follows 7* from the second stage on if the outcome of the first stage is H
or cheats at the second stage and follows 7* from the third stage on if the outcome of the first stage is
T. We have

Ja(H) = (1 = p)[1 + Jue (H)
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Ja(H) = (14 Jee () + {(1 = p)[1 + Joe (1))}

2 2
:%Jr%[J,r*(H)wLJﬁ(H)] Z%*‘]ff(H)’

where the inequality follows from the fact that Jr« (H) > Ji(H) since 7* is optimal. Therefore the reward
of policy 7 can be improved by at least % by switching to policy 7, and therefore 7 cannot be optimal.

We now need only consider policies in which the gambler can only play fair at state H: m; and 7s.
Under 71, we saw from part b) that the expected benefits are

+oo ifm <2
JFI(T):{O ifm=2
—oc0 ifm > 2,

and

1 ifm=2

{—l—oo ifm<?2
—o0 ifm > 2.

Under 73, we have
Jns (T) = (1 = p)Jns (H),

Jea(H) = {1+ Jay ()] + 32 (1),

Solving these two equations yields

J?T3(H> =

Thus if m > 2, it is optimal to cheat if the last flip was tails and play fair otherwise, and if m < 2, it is
optimal to always play fair.

2.7
(a) Let ¢ be any state in Sy,. Then,

J(0) = min [B{g(i,u.3) + JG)}]

= min Z pZ](u)[g(lvuaJ)+J(.7)]+ Z pZ](u)[g(lauaJ)+J(.7)]

[SUC
uel (i) _jGSm JESm—_1U---US Ut

T  Ses s P, ) + TG
= uIenI}I(lz) _jezszn Dij (u)[g(z,u,j) + J(])] + (1 - j;mpw (U)) (1 _ ZjeSm pij(u))
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In the above equation, we can think of the union of S,,—1,..., 51, and ¢ as an aggregate termination state
tm associated with Sy,. The probability of a transition from ¢ € Sy, to t,, (under u) is given by,

Pity (W) =1 =Y pij(u).

JESm
The corresponding cost of a transition from i € Sy, to t,, (under ) is given by,

ijsm_lu“‘uslut pij(w)[g(i,u, ) + J(5)]
Pityn (1) '

g(ivua tm) =

Thus, for ¢ € S,,,, Bellman’s equation can be written as,

J(i) = min | Y~ pii(u)g(i,u, 5) + T(G)] + pitn (WG v, tn) + 0]
weU (3) jEom

Note that with respect to Sy,, the termination state ¢,, is both absorbing and of zero cost. Let t,, and
g(i,u, tm) be similarly constructed for m =1,..., M.

The original stochastic shortest path problem can be solved as M stochastic shortest path sub-
problems. To see how, start with evaluating J(i) for i € S1 (where ¢t1 = {t}). With the values of J(),
for ¢ € S1, in hand, the g cost-terms for the Sy problem can be computed. The solution of the original
problem continues in this manner as the solution of M stochastic shortest path problems in succession.

(b) Suppose that in the finite horizon problem there are 7 states. Define a new state space Spew
and sets Sy, as follows,

Snew = {(k, )k € {0,1,...,M —1} and i € {1,2,...,7}}

Sy = {(k,i)Jk =M —mand i € {1,2,...,7}}

for m = 1,2,..., M. (Note that the Sy,’s do not overlap.) By associating S,, with the state space of
the original finite-horizon problem at stage k = M — m, we see that if iy € S,,—1 under all policies. By
augmenting a termination state ¢t which is absorbing and of zero cost, we see that the original finite-
horizon problem can be cast as a stochastic shortest path problem with the special structure indicated in
the problem statement.

2.8

Let J* be the optimal cost of the original problem and J be the optimal cost of the modified problem.
Then we have

(@) = min Y pis () (90w, ) + ()

and

J (i) = min | 3 1?’& (g(i,u,j) + % + j(j)) .



For each ¢, let pu*(i) be a control such that

pr (D) (90, 1 (0), ) + J* ().

Then

n

Ty = | > pis(pr () (g, u#(0), 5) + T*(3)) | + pua(p(0)) (g(i, = (3), 1) + J*(0)) -

j=1,j#i

By collecting the terms involving J*(i) and then dividing by 1 — p;; (1*(4)),

n

J*(i) = m j_;#ipij(u*(i))(g(i,u*(i),j)+J*(j)) + pii (= () g (i, p* (2), 0)
Since >0 ;4 % =1, we have

o
1 — pii(p* (i)

-« P (@) o o Pl (0)g (i (0), )
_j—l%i[ Py ot @) 4.0+ + PG .

Je(i) = S o (e @) gl (@), ) + 1 (G| + 3 Mﬁpii(u*<z‘>>g<z‘,u*<i>,i>
J=1,j#i

1 g 1 _pw( ( ))

Therefore J*(i) is the cost of stationary policy {u*, u*,...} in the modified problem. Thus
Je(@) > JE) Y.

Similarly, for each 4, let fi(¢) be a control such that

TN - pij (A(3)) on (4, fi(i), )pii (A(9)) 5
0= 2 T ) (067605 + LS + ).

Then, using a reverse argument from before, we see that J (i) is the cost of stationary policy {f, fi, ...}
in the original problem. Thus
J@) > JG) Y.
Combining the two results, we have J(i) = J*(i), and thus the two problems have the same optimal costs.
If psi(u) = 1 for some ¢ # t, we can eliminate w from U (i) without increasing J*(i) or any other
optimal cost J*(j),j # . If that were not so, every optimal stationary policy must use u at state ¢ and
therefore must be improper, which is a contradiction.
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Solutions Vol. II, Chapter 3

3.4

By using the relation T),(J*) < T(J*) + ee = J* + e and the monotonicity of T},, we obtain
TA(J*) < Tu(J*) + aee < J* + ace + ee.
Proceeding similarly, we obtain

k—2 k—1
TET*) < Tu(J*) + « (Zoﬂ) ce < J* + Zaiee

i=0 i=0
and by taking limit as k — oo, the desired result J, < J* 4 (¢/(1 — «))e follows.

3.5

Under assumption P, we have by Prop. 1.2(a), J’ > J*. Let r > 0 be such that
J* > J —re.
Then, applying T* to this inequality, we have
J* =Tk(J*) > Tk(J") — akre.

Taking the limit as k — oo, we obtain J* > J’, which combined with the earlier shown relation J’ > J*,
yields J’ = J*. Under assumption N, the proof is analogous, using Prop. 1.2(b).

3.8

From the proof of Proposition 1.1, we know that there exists a policy 7 such that, for all ¢; > 0.

Jr(x) < J* () + Zoﬂ'ei
i=0

Let ‘
€; — m > 0.

Thus,

=1

Jﬂe(x)SJ*($)+€ZW:J*(z)+E Y xeS.

i=0

If o < 1, choose
€
€; =

Do

which is independent of . In this case, 7, is stationary. If & = 1, we may not have a stationary policy
7e. In particular, let us consider a system with only one state, i.e. S = {0}, U = (0,00), Jo(0) = 0, and
9(0,u) = u. Then J*(0) = infrer Jx(0) = 0 but for every stationary policy, J, = > ey u = 00.
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3.9

Let 7* = {ug, 43, - - .} be an optimal policy. Then we know that

o k—o0

Je(x) = Jpex(x) = kILH;O(TMST“I . THZ)(JO)(Z')
From monotone convergence we know that

> T, (J*)(2) = T(J*)() = J*(2)

Thus T, (J*)(z) = J*(z). Hence by Prop. 1.3, the stationary policy {ug, i, ...} is optimal.

3.12
We shall make an analysis similar to the one of §3.1. In particular, let
Jo (,7:) =0

T(Jo)(z) = min[2'Qz + v/ Ru] = zqr = ' Kox
T2(Jo)(x) = min[z’Qx + v Ru + (Azx + Bu)'Q(Ax + Bu)] = ' Kjz,
where K1 = Q + R+ D{KoD; with D; = A+ BLy and L1 = —(R+ B'K¢B)~1B’KA. Thus

Tk(Jo)(z) = o' Kz

where K, = Q + R + D;CKk—le with Dg = A+ BLy and Ly = —(R + B’Kk_lB)le’Kk_lA. By
the analysis of Chapter 4 we conclude that K — K with K being the solution to the algebraic Ricatti
equation. Thus Joo(2) = 2/ Kz = limy .o TN (Jo)(x). Then it is easy to verify that Joo(z) = T(Jx)(2)

and by Prop. 1.5 in Chapter 1, we have that Joo(x) = J*(z).

For the periodic problem the controllability assumption is that there exists a finite sequence of

controls {uo, ..., ur} such that 2,11 = 0. Then the optimal control sequence is periodic

— * * * * * *
= {MO):U’U" '7Mp—1aMOau13" '7Mp—1a" '}7

where
p; = —(Ri 4+ B{Kiy1B;) "0, K} 11 Aix

py—y = —(Bp-1+ B, 1 KoBp-1)"'B, 1 KoAp1z

and Ko ..., K,_1 satisfy the coupled set of p algebraic Ricatti equations

Ki = Al[Kit1 — Kit1Bi(Ri + BiK;11B;) "' BIKi11]Ai + Qi, i=0,...,p—2,
Kp1= A, 4[Ko— KoBp-1(Rp-1+ B, 1 KoBp-1)"' B, Ko|]Ap-1 + Qp-1.
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3.14

The formulation of the problem falls under assumption P for periodic policies. All the more, the problem
is discounted. Since wy are independent with zero mean, the optimality equation for the equivalent
stationary problem reduces to the following system of equations

J* (.To, 0) = min EwO {.T/OQoxo + UO(.TQ)/R()UQ(.TQ) + Oéj* (Aol‘o + Boug + wo, 1)}

up €U (z0)
j*(xl, 1) = IEIE? )Ewl {:CllQll'l + ul(xl)’Rlul(xl) + aj*(Alscl + Biui + wi, 2)}
uq T
(1)
J* (Tp-1,p— 1) = min B, {2, _1Qp-12p—1 + up—1(2p-1) Rp—1up-1(zp-1)

up—1€U(zp—1)

+ aJ (Ap—12p—1 + Bp—1up-1 + wp-1,0)}

From the analysis in §7.8 in Ch.7 on periodic problems we see that there exists a periodic policy

{MSMU'T’ '7/‘2-13”?)#’33" '7/‘2—13" }

which is optimal. In order to obtain the solution we argue as follows: Let us assume that the solution is
of the same form as the one for the general quadratic problem. In particular, assume that

j*(x,z) =2 K;x + ¢,

where ¢; is a constant and K is positive definite. This is justified by applying the successive approximation
method and observing that the sets

Ui(xi, A, 1) = {ui € R™|2/Qu + ujRu; + (Azx + Bui)' K, (Az + Bu;) < A}

are compact. The latter claim can be seen from the fact that R > 0 and Kfﬂ > 0. Then by Proposition
7.7, limg_ o0 Ji(2i,7) = J*(24,1) and the form of the solution obtained from successive approximation is
as described above.

In particular, we have for 0 <¢ <p—1

J(x,1) = H}]l? )Ewi{x’Qix + wi(z) Riui(z) + aJ*(Arz 4+ Biu; +wi, i+ 1)}
u; el (x;

= H}Jl? )Ewi {:C’sz + uz(x)’RluZ(x) + « [(Azx + Biu; + wi)/kiJrl(Ai:C + Biu; + wi) =+ Ci+1]}
u; el (x;

= ml? )Ewi {:C’(Qz =+ OtAgKiJrlAi):L'i + u;(n + OZBZI-KZ'JrlBi)’U,i + 2ax’A;K¢+1Biui+
u; €U (x;

+ QOzngiJrlBiui =+ QOASC/A;KiJrl’wi =+ ngiJrlwi =+ OzCiJrl}

= ml? ){SC/(QZ + OZA;KiJrlAi):L'i + u;(RZ + OZBZ/-KiJrlBi)ui + 2ax’A;K¢+1Biui+
u; €U (x4

+ wiK;p1w; + acr }

where we have taken into consideration the fact that F(w;) = 0. Minimizing the above quantity will give

us
Uik = 704(Ri =+ OABl{KiJrlBi)_lBZ{KiJrlAi:C (2)

48



Thus
j* (:L', Z) =ua [Qz + Ag(aKiJrl — 042Ki+1(Ri + Oszl-KiJrlBi)*lel-KiJrl)Ai] r+c =2 Kix+c
where ¢; = By, {w]K;y1w;} + acip1 and

K; =Qi+ Al(aKit1 — o?Kit1(R; + aB/K;11B;) "' B.K;+1)A;.

Now for this solution to be consistent we must have K, = Ky. This leads to the following system of
equations

Ko=Qo+ A6(QK1 — OAQKl(RO + OAB()KlBo)_lB{)Kl)AO
Ki=Qi+ Al(aKiy1 — 2Kip1(Ri + aB/Ki11B;) 1B/ Ki11)A; (3)

Kpfl = prl + A;_I(QKO — OAQK()(Rpfl + OtBI/)_1K0Bp71)_1B;_1K0)Ap71
This system of equations has a positive definite solution since (from the description of the problem) the

system is controllable, i.e. there exists a sequence of controls such that {uo,...,u,} such that z,41 = 0.
Thus the result follows.

3.16
(a) Consider the stationary policy, {uo, to, - - -, }, where pg = Lox. We have
Jo (:L') =0

Ty (Jo)(x) = 2'Qx + ' LR Lox
T3, (Jo)(x) = 2'Qx + 2’ LyRLox + a(Azx + BLox + w)'Q(Ax + BLox + w)

= o/ Mix + constant

where M1 = Q + L6RLO + Ot(A + BL())/Q(A + BL()),

T3,(Jo)(z) = ’Qx + 2/ Ly RLox + a(Az + BLox + w)' M1 (Az + BLo + w) + « - (constant)

= o/ M>x + constant
Continuing similarly, we get
Myy1 =Q+ LyRLo + a(A + BLo)'Mi(A+ BLy).
Using a very similar analysis as in Section 8.2, we get
M, — Ky
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where
Ko=Q+ L6RLO + OZ(A + BL())/K()(A + BL())

N-1
Jyuy (z) = lim E_w { Z o (2], Quy + M1(xk)’RM1(zk)]}

N—o0 =0
= lim T () (@)

Proceeding as in the proof of the validity of policy iteration (Section 7.3, Chapter 7). We have

Ty (Juo) = T(Juo)
Juo (@) = /Ko + constant = Ty (S ) (2) = Ty (S (2)

Hence, we obtain
Juo (@) = Ty (Juo ) (@) = - = Ty (g ) (2) > ...

implying,
Jpo () 2 klinolo Tiiy (o) (@) = Ty ().
(c) As in part (b), we show that

Ju,, (x) = o' K + constant < Jy, ().

Now since
0<aKix <a2'Kp_1x, Vx

we have
Kk — K.

The form of K is,
K =0a(A+BL)K(A+BL)+Q+ L'RL

L=-a(aB'KB+ R)1B'KA

To show that K is indeed the optimal cost matrix, we have to show that it satisfies

K = A'laK — oa2KB(aB'KB + R)~'B'K]A + Q
= AlaK A+ aKBL] + Q

Let us expand the formula for K, using the formula for L,
K=a(AAKA+ AKBL+ L'B' KA+ L'BKBL)+ Q+ L'RL.
Substituting, we get
K=a(AAKA+ AKBL+L'BKA)+Q —al’B'KA
=aA' KA+ oA KBL + Q.
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Thus K is the optimal cost matrix.

A second approach: (a) We know that
Tpo () = nh_{lgo Tjiy (Jo)(x).
Following the analysis at §8.1 we have

Jo(x) =0
To (J)(z) = E{2'Qz + puo(x) Rpo(x)} = 2/ Qx + po(x) Rpo(x) = 2/(Q + LoRLo)x
T3,(J)(x) = E{a'Qx + i (x) Rpto () + o Az + Bpuo () + w)' Q(Az + Bpuo() + w)}
= (Q + LyRLo + a(A + BLo)'Q(A + BLo)) z + aE{w' Qu}.

Define
K§=Q
K¥' = Q4 LiRLo + (A + BLo) KE(A + BLy).
Then
k—1
TR () (z) = o/ KE o + Z ab—mE{w' K§'w}.
m=0

The convergence of K{f“ follows from the analysis of §4.1. Thus
Juo (2) = ' Koz + %E{w’Kow}
-«

(as in §8.1) which proves the required relation.

(b) Let pi(x) be the solution of the following

min{u Ru + a(Ax + Bu)'Ko(Az + Bu)}
which yields

Uy = —(R + aB/KoB)_laB/KoA.T = Lqx.

Thus
Li=—(R+aB' KyB)"laB'K¢A=-M~1I

where M = R+ aB'KyB and Il = aB’KpA. Let us consider the cost associated with u; if we ignore w

Ty (@) = 3 @ (2}, Qun + pua(w) R () = 3 @k} (@ + LA RL ).
k=0 k=0

However, we know the following

k+1
Trgr = (A+ BL1)k+lzg + Y (A+ BLy)kt1-muw,,.

m=1
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Thus, if we ignore the disturbance w we get

Juy (¥) = 24> k(A + BL1)"*(Q + LiRL1)(A + BL1)ka.
k=0

Let us call

Ki =Y ok(A+ BL)*(Q+ LyRL1)(A + BL1)kx. (1)
k=0
We know that
K—-0- Ot(A + BL())/K()(A + BL()) — L6RLO =Q.

Substituting in (1) we have

K1 =Y ak(A+ BL)*(Ko + a(A + BL1)'Ko(A + BL1))(A + BL1)+
k=0

+ Z{O&k(A + BLl)/k [Oé(A + BLl)/Ko(A + BLl) — Ot(A + BLO)/KO(A + BLO)+
k=0
+ LyRLy — LLRLo)(A + BL1)*}.

However, we know that

Ko=Y_o*(A+ BL)* (Ko — a(A+ BL1)'Ko(A+ BL1)) (A+ BL1)*.
k=0
Thus we conclude that -
Ki— Ko=) _ a*(A+ BL)FU(A+ BL)k
k=0
where

U = Oz(A + BLl)/Ko(A + BLl) — Oz(A + BL())/K()(A + BL()) + LllKoLl + L6KOL0.
We manipulate the above equation further and we obtain
U =L{(R+aB'K,B)L, — L)(R+ aB'K¢B)Lo + oL} B’ KoA + o A’KoBL, —
- aL/OBIKQA - O(AIKoBLO

=L\MLy — LgM Lo+ LI+ 1I'Ly — L{IT — 11" L

=—(Lo—L1))M(Lo—L1) — (II4+ ML1) (Lo — L1) — (Lo — L1)’(I1 + M Ly).
However, it is seen that

I+ML; =0.
Thus
U =—(Lo— L1)M(Lo — Ly).
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Since M > 0 we conclude that
Ko— Ky =Y a*(A+ BL1)*(Lo — L1)M(Lo — L1)(A + BL1)* > 0.
k=0
Similarly, the optimal solution for the case where there are no disturbances satisfies the equation
K=Q+ LRL+«a(A+BL)YK(A+ BL)
with L = —a(R + B’KB)~1B’'K A. If we follow the same steps as above we will obtain

Ki— K=Y a*(A+BL)*(Li — LYM(Ly — L)(A+ BL1)k > 0.
k=0

Thus K < K; < K. Since K is bounded, we conclude that A + BL; is stable (otherwise K1 — 00).
Thus, the sum converges and K is the solution of K1 = a(A + BL1)'K1(A+ L1) + @ + Ly RL1. Now
returning to the case with the disturbances w we conclude as in case (a) that

Ju, (2) = o' Kz + %E{w’Klw}.
Since K < Ko we conclude that J,, () < Ju,(«) which proves the result.
¢) The policy iteration is defined as follows: Let
Ly = —a(R+ aB'Kj_1B)~1B'Kj_1 A.
Then px(z) = Lyz and
Jup, () = o' Kpx + %E{w’[(;@w}
where K}, is obtained as the solution of
Ky = a(A+ BLy)'Ki(A+ BLy) + Q + L), RLy,.
If we follow the steps of (b) we can prove that
K<Kp<...<Ki <Ko (2)

Thus by the theorem of monotonic convergence of positive operators (Kantorovich and Akilov p.
189: “Functional Analysis in Normed Spaces”) we conclude that

Koo = lim K}

p—o0
exists. Then if we take the limit of both sides of eq. (2) we have
Koo = (A4 BLoo ) Koo(A+ Loo) + Q + L RLoo

with
Loo = —a(R+ aB'KooB) 1B’ KA.

However, according to §4.1, K is the unique solution of the above equation. Thus, K. = K and
the result follows.
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