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Solutions Vol. I, Chapter 1

1.5 (www)

We first show the result given in the hint. We have for all p € M

max{ Go(w) + G [ f(w), u(f (w)) ] } = max{Go(w) +min G [£(w), u] }

we weWw
and, taking min over u € M we obtain

min max{Go(w) e [f(w),u(f(w))}} > max{Go(w) + min G [ (w), u] } (1)

pneM weW weWw

We must therefore show the reverse inequality. For any € > 0, let u. € M be such that
G1[ f(w), pe(f(w)) ] gir.leilrleﬂf(w),u} + e, YweW
(Such a puc exists because of the assumption that minyey G1[f(w),u] > —o0c.) Then

min max{ Go(w) + G [ f(w), u(f (w))] } < max{Go(w) + G [ £(w), pe(F(w)) ]}

peEM weW

< urjnea‘/%{Go(w) + Lnei(IJlGl [f(w)m]} +e .

Since € > 0 can be taken arbitrarily small we obtain the reverse inequality to Eq. (1), and thus the desired

result.

To see how this result can fail without the condition min,cy G1 [ f(w), u] > —oo for all w, let u
be a real number, let w = (w1, w2) be a two-dimensional vector, let there be no constraints on u and w
(U =R, W =R x R, where R is the real line), let Go(w) = w1, f(w) = w2, and G1[f(w), u] = f(w) + u.
Then

max {Go(w) + G1 [f(w).u(F) ]} = max _{fwi+ws+p(ws)} =00, Ve,
so that
min max{ Go(w) + G [ f(w). p(f(w))] | = oc.
On the other hand,
lrvnea%{Go(w) + min G1 [f(w),u]} = wle%l,am}jzeéﬁ{wl + Eﬂel;%{wz + u}} = —00,
since minyep{wsz + u} = —oco for all wa.

We now turn to showing the DP algorithm. We have

N—1
J*(xp) = min--- min max max Tk, Tk), W) + T
(o) Ho KN—1 woEW [z0,H0o(z0)] wN—1EW[zN_1,uNn-1(zN-1)] {kz—o gl w). )+ o N)}
N-—2

= min--- min { min max max k(Xk, e (TE), Wk

1o HN2{MN1 woEW [z0,p0(20)] wNzEW[ﬂENz,HNz(INz)]{kZ_Og ( K ( ) )
max {gv_1(zn—1,pn—1(zN_1), wN_1) + JN(CBN)}}}

wy_1EW[rN_1,unv—1(zN_1)]
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Applying the result of the hint with the identifications
w = (wo, w1, ... wWN—2), U=UN_1, fw) =xn_1,

Go(w) = Sese k(@ e (zn),wr) if wp € Wilzy, p(zn)), ¥k,
0 otherwise,

G [ (w), u] = {@1[f(w),u] if u € Uy [f(w)],

00 otherwise,

where

wn—1EWN_1[f(w),u]

Gilf(w)ul=  max {gN_l(f<w>,u7wN_1)+JN(fN_1<f<w>,u,wN_1>)},

we have

J*(x0) = min- - - min

Mo MN—2
N-2
max max Tk, ik (Tk), wi) + In—1(xN—
. WN_QGW[IN_W_M_M{kzzom o (), wr) + T (o n}

The required condition minyey G1[f(w),u] > —oo for all w is implied by the assumption Jy_1(zn-1) >
—oo for all zy—1. Without this assumption, it can be seen that mathematical anomalies of the type

demonstrated in the earlier example may arise.

By working with the preceding expression for J* (o) and by similarly continuing backwards, with
N — 1 in place of N, etc., after N steps we obtain J*(xg) = Jo(xo).

1.13 (www)

The DP algorithm is

JN(QL‘N) = C?VJCN

Ji(zp) =min  E {czr + gi(ue) + Jes1 [Aezi + fro(wr) +wi] b

Uk wg,Ag

We will show that Ji(xy) is affine through induction. Clearly Jy(xy) is affine. Assume that Jiy1(2g41)
is affine; that is,

Jey1(@rs1) = Uy 2h1 + drgr.

Then

Ji(xp) =min FE {ckxk + gr(uk) + b;chlAkxk + b;CJrlfk(uk) + b;chlwk + dk+1}
k

U ’wk,A

= [, + b1 E {Ar}] =k + byr1 E{we} + 12}611 {gr(ur) + b§€+1fk(uk)} + diy1.

Note that E{Ax} and E{wx} do not depend on xj, or ug. If the optimal value is finite then min{g (ug)+
Vjy1 fr(ur)} is a real number and Ji(xy) is affine. Furthermore, if there is an optimal policy, for each k,
the optimal control solves this minimization which is independent of x;. Thus, there is an optimal policy

that consists of constant functions.



1.16 (www)

(a) Given a sequence of matrix multiplications
MiMs - MMyt --- My

we represent it by a sequence of numbers {ni,...,ny4+1}, where ng x ngy1 is the dimension of Mj.
Let the initial state be 20 = {n1,...,nn+1}. Then choosing the first multiplication to be carried out
corresponds to choosing an element from the set zo — {n1,ny+1}. For instance, choosing na corresponds
to multiplying M7 and My, which results in a matrix of dimension n; X ng, and the initial state must
be updated to discard n2, the control applied at that stage. Hence at each stage the state represents the
dimensions of the matrices resulting from the multiplications done so far. The allowable controls at stage

k are uy € xx, — {n1,nn+1}. The system equation evolves according to
Th1 = T — {ur}

Note that the control will be applied N — 1 times, therefore the horizon of this problem is N — 1. The
terminal state is zy—1 = {n1,nny41} and the terminal cost is 0. The cost at stage k is given by the

number of multiplications,

Gk (Tr, ur) = Nang, Ny,

where ng, = uy and

a=max{i€{l,..., N+1} | i <y, i €z},
b=min{i € {1,.... N+ 1} | i >y, i € z}.
The DP algorithm for this problem is given by
JIn-1(zn-_1) =0,

Ji(xg) = min {nangknb + Jk+1(mk — {uk})} , k=0,...,N—2.

up€rg—{n1,ny41}

Now consider the given problem, where N = 3 and

M is 2 x 10,
M 15 10 x 5,

Ms is 5 x 1.

The optimal order is M; (M2 Ms3), requiring 70 multiplications.
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(b) In this part we can choose a much simpler state space. Let the state at stage k be given by {a, b},
where a,b € {1,..., N} and give the indices of the first and the last matrix in the current partial product.
There are two possible controls at each stage, which we denote by L and R. Note that L can be applied
only when a # 1 and R can be applied only when b # N. The system equation evolves according to

{a—1,b}, fur=0L,
ol =
i {a,b+ 1}, if ux = R,

The terminal state is zy = {1, N} with cost 0. The cost at stage k is given by

Ng—1NaNpy1, if up =1L,

gk (Tk, ug) = k=1,...,N—1.
NgNpt1Npy2, if up = R,

For the initial stage, we can take xo to be the empty set and ug € {1,...,N}. The next state will be

given by x1 = {uo,uo0}, and the cost incurred at the initial stage will be 0 for all possible controls.

1.19 (www)

Let t1 < tg < -+ < ty—1 denote the times where g1(t) = g2(t). Clearly, it is never optimal to switch
functions at any other times. We can therefore divide the problem into N — 1 stages, where we want to

determine for each stage k& whether or not to switch activities at time t.

Define
{ 0 if on activity g; just before time ¢y,
T =

1 if on activity g2 just before time ty,

0 to continue current activity,
U =

1 to switch between activities.

Then the state at time ¢4 is simply zp+1 = (zx + ur) mod 2, and the profit for stage k is
Tkt
gk (xk, uk) = / Gty () dt — uge.
tk

The DP algorithm is then

Jn(zn) =0

Ji(zk) = I{LILH [gk (zh, ur) + Jit1 ((z 4 ug) mod 2)] .



1.24 (www)

(a) Consider the problem with the state equal to the number of free rooms. At state x > 1 with y
customers remaining, if the inkeeper quotes a rate r;, the transition probability is p; to state x — 1 (with
a reward of ;) and 1 — p; to state x (with a reward of 0). The DP algorithm for this problem starts with
the terminal conditions
J(x,0)=J(0,y) =0, Vz>0,y>0,
and is given by
J(@,y) = max [pi(ri+J(z—1y—1)+1-p)J(z,y-1)], Vx>0
i=1,....m
From this equation and the terminal conditions, we can compute sequentially J(1,1),J(1,2),...,J(1,7)

up to any desired integer . Then, we can calculate J(2,1),J(2,2),...,J(2,7), etc.
We first prove by induction on y that for all y, we have
J(x,y) > J(x—-1,y), YVo>1
Indeed this is true for y = 0. Assuming this is true for a given y, we will prove that
Jxy+1)>Jx—-1,y+1), Vz>1
This relation holds for z = 1 since r; > 0. For > 2, by using the DP recursion, this relation is written

as

max [pi(ri +J(x = Ly)) + (1= pi)J(2,9)] = max [pi(ri + J(x = 2,9)) + (1= pi)J(z = 1,y)].

i=1,....m =1,....m
By the induction hypothesis, each of the terms on the left-hand side is no less than the corresponding

term on the right-hand side, so the above relation holds.
The optimal rate is the one that maximizes in the DP algorithm, or equivalently, the one that
maximizes
piri+pi(J(x =1y —1) = J(z,y — 1)).
The highest rate r,, simultaneously maximizes p;r; and minimizes p;. Since

J(Z’ - ]-ay* 1) - J(:L'7y7 1) S 07
as proved above, we see that the highest rate simultaneously maximizes p;r; and p;(J(x — 1,y — 1) —
J(xz,y — 1)), and so it maximizes their sum.
(b) The algorithm given is the algorithm of Exercise 1.22 applied to the problem of part (a). Clearly, it

is optimal to accept an offer of r; if r; is larger than the threshold

F(z,y)=J(x,y—1)— J(x -1,y — 1).



1.25 (www)

(a) The total net expected profit from the (buy/sell) investment decisions after transaction costs are

deducted is

E { i (ukPk(xk) — c|uk|)} 5

k=0

where
1 if a unit of stock is bought at the kth period,

ur = § —1 if a unit of stock is sold at the kth period,

0 otherwise.

With a policy that maximizes this expression, we simultaneously maximize the expected total worth of

the stock held at time N minus the investment costs (including sale revenues).

The DP algorithm is given by

Ji(zp) =  max upPr(z) — clug| + E{Jk+1(xk+1) | xk}],
up€{—1,0,1}

with
JIn(zn) =0,

where Ji+1(zk+1) is the optimal expected profit when the stock price is x;4+1 at time k4 1. Since uy does
not influence x4 and E{Jk+1($k+1) | xk}, a decision uy, € {—1,0, 1} that maximizes ug Py (zr) — ¢ |ug]
at time k is optimal. Since Pj(z)) is monotonically nonincreasing in xy, it follows that it is optimal to

set .
1 ifay <z,

up =< —1 if xp > T,
0 otherwise,
where z;, and Ty, are as in the problem statement. Note that the optimal expected profit Jy(xy) is given

by
N—1

e =S i, o)l

i=k

(b) Let ny be the number of units of stock held at time k. If ng is less that N — k (the number of
remaining decisions), then the value nj should influence the decision at time k. We thus take as state
the pair (zy,ny), and the corresponding DP algorithm takes the form

maXy, e{—1,0,1} {ukpk(xk) = clug| + E{Vig1 (@p41, 7k + uk) | xk}} if ny > 1,

Vie(zg, ng) =
maxXy, c{0,1} [ukPk(xk) —cluk| + E{Vk+1(xk+1,nk + ug) | CL’;C}} if np =0,

with
VN(.%'NJ’LN) =0.
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Note that we have
Vi(zr, ne) = Ji(zr), if ny > N —k,

where Ji(z1) is given by the formula derived in part (a). Using the above DP algorithm, we can calculate

Vn_1(zn_1,nn—1) for all values of ny_1, then calculate Viy_o(xn_2,nn_2) for all values of ny_o, etc.

To show the stated property of the optimal policy, we note that Vi (xy, nk) is monotonically nonde-
creasing with nyg, since as ny decreases, the remaining decisions become more constrained. An optimal

policy at time k is to buy if
Pi(xy) — ¢+ E{Vir1(zhs1,mk + 1) = Vigr (T, 1) [ 1} >0, (1)

and to sell if

—Py(zi) — ¢+ E{Vis1(zit1,nk — 1) = Vi1 (g1, ne) | 2} > 0. (2)
The expected value in Eq. (1) is nonnegative, which implies that if z;, < z,, implying that Py(xr)—c > 0,
then the buying decision is optimal. Similarly, the expected value in Eq. (2) is nonpositive, which implies
that if z) < Ty, implying that — Py (x) — ¢ < 0, then the selling decision cannot be optimal. It is possible
that buying at a price greater than z,, is optimal depending on the size of the expected value term in Eq.

(1).

(c) Let my, be the number of allowed purchase decisions at time k, i.e., m plus the number of sale decisions
up to k, minus the number of purchase decisions up to k. If my, is less than N —k (the number of remaining
decisions), then the value my should influence the decision at time k. We thus take as state the pair

(zk, my), and the corresponding DP algorithm takes the form

Welzs,me) = max,, c{—1,0,1} [ukPk(xk) — c|uk| + E{Wii1(Tpq1, mp — up) | xk}} if my, > 1,
max,, {—1,0} [ukPk(xk) — clug| + E{Wii1(ps1, mp — ug) | :z:k}} if mg =0,
with

Wy (zn,mn) =0.

From this point the analysis is similar to the one of part (b).
(d) The DP algorithm takes the form
Hy(xk, mp,ng) = uker{n_ai(m} [ukPk(xk) —clug| + E{Hk+1(ack+17mk — U, Mg + Uk) | xk}}
if mp > 1 and ny, > 1, and similar formulas apply for the cases where my = 0 and/or ny = 0 [compare

with the DP algorithms of parts (b) and (c)].

(e) Let r be the interest rate, so that x invested dollars at time k will become (1 +7)N—Fz dollars at time

N. Once we redefine the expected profit Py (zx) to be
Py(z) = E{zn |xp =2} — (1 +r)N kg,

9



the preceding analysis applies.

1.27 (www)

We consider part (b), since part (a) is essentially a special case. We will consider the problem of placing
N — 2 points between the endpoints A and B of the given subarc. We will show that the polygon of
maximal area is obtained when the N — 2 points are equally spaced on the subarc between A and B.
Based on geometric considerations, we impose the restriction that the angle between any two successive

points is no more than .

As the subarc is traversed in the clockwise direction, we number sequentially the encountered points
as xr1,x2,...,TN, where x1 and x are the two endpoints A and B of the arc, respectively. For any point
x on the subarc, we denote by ¢ the angle between = and zn (measured clockwise), and we denote by
Ag(¢) the maximal area of a polygon with vertices the center of the circle, the points x and zy, and

N — k — 1 additional points on the subarc that lie between x and z .

Without loss of generality, we assume that the radius of the circle is 1, so that the area of the
triangle that has as vertices two points on the circle and the center of the circle is (1/2) sin u, where w is

the angle corresponding to the center.

By viewing as state the angle ¢ between xp and xp, and as control the angle ug between xj and

ZTk+1, we obtain the following DP algorithm

1
Lo 1+ A — , k=1,...,N —2. 1
02u, 208Xy |25+ A (O — k) (1)

Ay (or) =

Once xny_1 is chosen, there is no issue of further choice of a point lying between xy_1 and zy, so we

have

An-1(9) = %Sin¢7 (2)

using the formula for the area of the triangle formed by xxy—_1, £, and the center of the circle.

It can be verified by induction that the above algorithm admits the closed form solution

1
Ak(¢k):§(N—k)sin(N¢_kk>, k=1,...,N—1, (3)
and that the optimal choice for ug is given by
. Ok
U= N &

Indeed, the formula (3) holds for k = N — 1, by Eq. (2). Assuming that Eq. (3) holds for k 4+ 1, we have
from the DP algorithm (1)
Ar(or) = max Hy, (uk, ¢r), (4)

0<up<min{¢y,m}

10



where

Hy(ug, ¢3) = %sinuk—F%(N—k—l) sin (Af”“_;li’“l) (5)

It can be verified that for a fixed ¢, and in the range 0 < uy < min{¢y, 7}, the function H(-, ¢x) is
concave (its second derivative is negative) and its derivative is 0 only at the point u} = ¢ /(NN — k) which
must therefore be its unique maximum. Substituting this value of u} in Egs. (4) and (5), we obtain

Ap(dr) = = sin (&> + %(N —k—1) sin <¢’“ ;V(/)k/k(Nl_k)) = %(N — k) sin (%) ,

and the induction is complete.

Thus, given an optimally placed point xj on the subarc with corresponding angle ¢y, the next point
Zk+1 is obtained by advancing clockwise by ¢ /(N — k). This process, when started at z1 with ¢; equal
to the angle between x1 and x, yields as the optimal solution an equally spaced placement of the points

on the subarc.

11



Solutions Vol. I, Chapter 2

2.4 (www)

(a) We denote by Py, the OPEN list after having removed k nodes from OPEN, (i.e., after having performed
k iterations of the algorithm). We also denote dé? the value of d; at this time. Let by = min;cp, {df} First,
we show by induction that by < b1 < --- < bg. Indeed, bp = 0 and b1 = minj{asj} > 0, which implies that
bo < b1. Next, we assume that by < --- < by for some k > 1; we shall prove that by < bi41. Let jigy1 be
the node removed from OPEN during the (k + 1)th iteration. By assumption d?k-‘-l = minjep, {df} = by,

and we also have

d* 1 = min{d¥,d Jk+1 + ajy g}
We have P11 = (Pr — {jr+1}) U Ng+1, where Nj4q is the set of nodes ¢ satisfying al]”'1 = d§k+1 + @y i
and i ¢ Pj. Therefore,
Zg’ilﬁl—l{dk+l} - ZE(Pk*{JIII:i?})UNkH{df-H} = min iGPkrE‘i{IJ’lk+1}{d§+1}’ iErJI\l’ilﬁrﬁl—l{d?+l}
Clearly,
16%231{%“} - zenl\liin1{ (e Wppri} 2 dﬂkﬂ

Moreover,

iep}ﬂr{l}ﬁﬂ}{dfﬂ _ iePkrEJi(?kH} [mm{df, dfkﬂ + ij+1i}:|

. . k _ k
> min [iepkm}?k-ﬁ—l}{d 1 jk+1] mln{d b= jk+17

because we remove from OPEN this node with the minimum df. It follows that bi41 = minieplchl {df“} 2'
dfkﬂ = bg.

Now, we may prove that once a node exits OPEN, it never re-enters. Indeed, suppose that some node
1 exits OPEN after the k*th iteration of the algorithm; then, df*_l = bp+_1. If node i re-enters OPEN
after the £*th iteration (with ¢* > k*), then we have del > df* = dgfl F Qi = dﬁ;:l = bgx_1. On the
other hand, since d; is non-increasing, we have bgx_1 = dfhl > df*fl. Thus, we obtain bgx _1 > bp=_1,
which contradicts the fact that by is non-decreasing.

Next, we claim the following: after the kth iteration, d¥ equals the length of the shortest possible
path from s to node ¢ € Py under the restriction that all intermediate nodes belong to C. The proof will be
done by induction on k. For k = 1, we have C1 = {s} and d} = as;, and the claim is obviously true. Next,

we assume that the claim is true after iterations 1,..., k; we shall show that it is also true after iteration

12



k + 1. The node jipi1 removed from OPEN at the (k + 1)-st iteration satisfies min;ep, {dF} = s, -

Notice now that all neighbors of the nodes in Cj belong either to C or to Py.

It follows that the shortest path from s to ji4+1 either goes through Cy or it exits Cy, then it passes
through a node j* € Py, and eventually reaches ji11. In the latter case, the length of this path is at least
equal to the length of the shortest path from s to j* through Cy; by the induction hypothesis, this equals
d¥., which is at least d;?kﬂ. It follows that, for node ji41 exiting the OPEN list, d§k+1 equals the length

of the shortest path from s to jiy1. Similarly, all nodes that have exited previously have their current

estimate of d; equal to the corresponding shortest distance from s.

Notice now that

k41 _ ok gk o
d;"" = mln{di,dj’€+1 —|—ajk+lz}.

For i ¢ P, and i € Py it follows that the only neighbor of i in Cyy1 = Cy U {jr+1} is node jg41; for
such a node i, d¥ = oo, which leads to df“ = d§k+1 + ajy, i For i # jri1 and @ € Py, the augmentation
of Ck by including jri1 offers one more path from s to ¢ through Cii1, namely that through jri:.
Recall that the shortest path from s to ¢ through C has length df (by the induction hypothesis). Thus,

di%l = min{d’f, d?k-!—l + aiji} is the length of the shortest path from s to ¢ through Cj41.

The fact that each node exits OPEN with its current estimate of d; being equal to its shortest

distance from s has been proved in the course of the previous inductive argument.

(b) Since each node enters the OPEN list at most once, the algorithm will terminate in at most
N — 1 iterations. Updating the d;’s during an iteration and selecting the node to exit OPEN requires
O(N) arithmetic operations (i.e., a constant number of operations per node). Thus, the total number of

operations is O(N?2).

2.6 (www)

Proposition: If there exists a path from the origin to each node in T', the modified version of the label
correcting algorithm terminates with UPPER < oo and yields a shortest path from the origin to each

node in T'. Otherwise the algorithm terminates with UPPER = oc.

Proof: The proof is analogous to the proof of Proposition 3.1. To show that this algorithm terminates,

we can use the identical argument in the proof of Proposition 3.1.

Now suppose that for some node ¢t € T', there is no path from s to ¢. Then a node ¢ such that (4,¢)
is an arc cannot enter the OPEN list because this would establish that there is a path from s to ¢, and
therefore also a path from s to ¢. Thus, d; is never changed and UPPER is never reduced from its initial

value of oco.

13



Suppose now that there is a path from s to each node t € T. Then, since there is a finite number
of distinct lengths of paths from s to each ¢ € T that do not contain any cycles, and each cycle has
nonnegative length, there is also a shortest path. For some arbitrary t, let (s,7j1,J2,...,jk,t) be a
shortest path and let d} be the corresponding shortest distance. We will show that the value of UPPER
upon termination must be equal to d* = maxser df. Indeed, each subpath (s,j1,...,j4m),m =1,... k,
of the shortest path (s,7j1,...,Jk,t) must be a shortest path from s to jm,. If the value of UPPER is
larger than d* at termination, the same must be true throughout the algorithm, and therefore UPPER
will also be larger than the length of all the paths (s, j1,...,Jm),m = 1,..., k, throughout the algorithm,
in view of the nonnegative arc length assumption. If, for each ¢t € T, the parent node jj enters the OPEN
list with d;, equal to the shortest distance from s to jix, UPPER will be set to d* in step 2 immediately
following the next time the last of the nodes ji is examined by the algorithm in step 2. It follows that, for
some t € T, the associated parent node jj will never enter the OPEN list with dj, equal to the shortest
distance from s to j,. Similarly, and using also the nonnegative length assumption, this means that node
jr—1 will never enter the OPEN list with dj, _, equal to the shortest distance from s to jrx—1. Proceeding
backwards, we conclude that j; never enters the OPEN list with d;, equal to the shortest distance from
s to j1 [which is equal to the length of the arc (s, j1)]. This happens, however, at the first iteration of
the algorithm, obtaining a contradiction. It follows that at termination, UPPER will be equal to d*.

Finally, it can be seen that, upon termination of the algorithm, the path constructed by tracing the
parent nodes backward from d to s has length equal to dj for each ¢ € T. Thus the path is a shortest
path from s to t.

2.9 (www)

(a) It was shown in the proof to proposition 3.2 that (P, p) satisfies CS throughout the original algorithm.
Note that deleting arcs does not cause CS conditions to no longer hold. Therefore (P,p) satisfies CS
throughout this algorithm. It was also shown in the text that if a pair (P,p) satisfies the CS conditions,
then the portion of the path P between node s and any node i € P is a shortest path from s to i. Now,
consider any node j that becomes the terminal node of P through an extension using (¢, 7). If there is a
shortest path from s to ¢ that does not include node j, then removing the arcs (k, j) where k # ¢ yields
a graph including the same shortest path. If the only shortest path from s to ¢t does include node j, then
since P is a shortest path from s to j, there is a shortest path from s to ¢ that has P as its portion to node
j. Thus removing the arcs (k, j), where k # i yields a graph including a shortest path from the original
graph. If node j has no outgoing arcs, then any path from s to ¢ can not include j. Thus removing j
yields a graph including the same paths from s to ¢ as in the original graph. Therefore, both types of arc

deletions leave the shortest distance from s to ¢ unaffected.
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We can view the auction algorithm with graph reduction as follows: an iteration of the original
auction algorithm is applied, followed by arc deletions that do not affect the CS conditions and which
leaves the shortest distance from s to ¢ unchanged; another iteration of the original auction algorithm
is applied to the new graph, followed by arc deletions; and so on. If an iteration of the original auction
algorithm yields a path P with ¢t as the terminal node, P is a shortest path from s to ¢ in the latest
modified graph. Since we have shown that each new graph has the same shortest distance from s to ¢ as

in the original graph, P must also be a shortest path from s to t in the original graph.

Now assume that no iteration of the original auction algorithm ever yields a path P with t as the
terminal node; i.e., there is no path from s to t. Assume that the modified algorithm never terminates.
Since there are a finite number of arcs and nodes, there can be only a finite number of arc and node
deletions. Consider the algorithm after the last deletion. Since there are no more deletions, there must
be an outgoing arc (i1,42) from any terminal node i1 of P. Since the algorithm never terminates, io must
eventually be added to P. There must also be an outgoing arc (i2,43) from iz, and so on. However, there
is only a finite number of nodes so some nodes must be repeated, which implies there is a cycle in P.
Since there are no arcs incident to s, there must be some arc not part of the cycle that is incident to a
node k in the cycle. But then this node has two incoming arcs. When k became the terminal in P, one of
these arcs should have been deleted, yielding a contradiction. Thus the algorithm must terminate. Since

there is no path from s to ¢, the algorithm can only terminate by deleting s.

(b) Consider any cycle of zero length. Let j be the first node of the cycle to be a terminal node of path
P. Let i be the node preceding j in the path P, and [ be the node preceding j in the cycle. All incoming
arcs (k,7) of j with k # 4, including arc (I,7), are deleted. Therefore, our problem reduces to one in

which there are no cycles of zero length.

(c) The iterations of the modified algorithm applied to the problem of Exercise 2.8 are given below. The
first 13 iterations are the same as in the original algorithm, with the exception that at iteration 2, where
the path is extended to include node 2, arc (4,2) is also deleted. As a result of this deletion, after the
contraction in iteration 13, the price of node 4 is changed to L, resulting in faster convergence of the

algorithm.
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Iteration Path Price vector p Action

1 (1) (0,0,0,0,0) contraction at 1
2 (1) (1,0,0,0,0) extension to 2
3 (1,2) (1,0,0,0,0) contraction at 2
4 (1) (1,1,0,0,0) contraction at 1
5 (1) (2,1,0,0,0) extension to 2
6 (1,2) (2,1,0,0,0) extension to 3
7 (1,2,3) (2,1,0,0,0) contraction at 3
8 (1,2) (2,1,1,0 0) contraction at 2
9 (1) (2,2,1,0,0) contraction at 1
10 (1) (3,2,1,0,0) extension to 2
11 (1,2) (3,2,1,0,0) extension to 3
12 (1,2,3) (3,2,1,0,0) extension to 4
13 (1,2,3,4) (3,2,1,0,0) contraction at 4
14 (1,2,3) (3,2,1,1.,0) contraction at 3
15 (1,2) (3,2,L+1,L,0) contraction at 2
16 (1) (3,L+2,L+1,1,0) contraction at 1
17 (1) (L+3,L+2,L+1,1,0) extension to 2
18 (1,2) (L+3,L+2,L+1,1,0) extension to 3
19 (1,2,3) (L4+3,L4+2,L4+1,L,0) | extension to 4
20 (1,2,3.4) (L+3,L+2,L+1,1,0) extension to 5
21 (1,2,3,4,5) | (L+3,L+2,L+1,L,0) done

2.13 (www)

(a) We first need to show that d¥ is the length of the shortest k-arc path originating at 4, for i # ¢. For
k=1,
d} = minc;;
J
which is the length of shortest arc out of i. Assume that dffl is the length of the shortest (k — 1)-arc

path out of . Then

d¥ = min{c;; + d;?_l}
J

If d¥ is not the length of the shortest k-arc path, the initial arc of the shortest path must pass through
a node other than j. This is true since d;?_l < length of any (k — 1)-step arc out of j. Let ¢ be the

alternative node. From the optimality principle
distance of path through ¢ = ¢;; + dk < d¥

But this contradicts the choice of df in the DP algorithm. Thus, df is the length of the shortest k-arc
path out of 4.
Since df = 0 for all k, once a k-arc path out of i reaches t we have df = d¥ for all k > k. But with

all arc lengths positive, d¥ is just the shortest path from i to ¢. Clearly, there is some finite k such that
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the shortest k-path out of ¢ reaches ¢. If this were not true, the assumption of positive arc lengths implies
that the distance from 4 to ¢ is infinite. Thus, the algorithm will yield the shortest distances in a finite

number of steps. We can estimate the number of steps, N; as

min; d;
Ni<¢

- Inin];,k djk
(b) Let d¥ be the distance estimate generated using the initial condition dY = co and Qlf be the estimate
generated using the initial condition dY = 0. In addition, let d; be the shortest distance from i to .

Lemma:

dy <dit' <di <ditt < df (1)
d¥ =d; =dF for k sufficently large (2)

Proof: Relation (1) follows from the monotonicity property of DP. Note that d; > dY and that d} < d?.

Equation (2) follows immediately from the convergence of DP (given d? = co) and from part a).

Proposition: For every k there exists a time T} such that for all T > Ty,

d¥ <dt <dF, i=1,2,...,N

Proof: The proof follows by induction. For k& = 0 the proposition is true, given the positive arc length
assumption. Assume it is true for a given k. Let N (i) be a set containing all nodes adjacent to i. For

every j € N (i) there exists a time, Tlg such that

k Tk j
di <dl' <dt VT>T]

Let T” be the first time ¢ updates its distance estimate given that all dj’“, Jj € N(i), estimates have
arrived. Let dj; be the estimate of d; that ¢ has at time 7. Note that this may differ from d;* since the

later estimates from j may have arrived before T'. From the Lemma
k T’ 7k
C_ij S dij S dj
which, coupled with the monotonicity of DP, implies
&t <dl <dtt o vr>T

Since each node never stops transmitting, 77 is finite and the proposition is proved. Using the Lemma,
we see that there is a finite k such that df = d; = cz;‘, V k > k. Thus, from the proposition, there exists
a finite time 7* such that d7 = d} for all T > T* and 1.
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Solutions Vol. I, Chapter 3

3.6 (www)

This problem is similar to the Brachistochrone Problem (Example 4.2) described in the text. As in that
problem, we introduce the system

T=u

and have a fixed terminal state problem [2(0) = a and x(T") = b]. Letting

V14 u?
gl =",

the Hamiltonian is

H(z,u,p) = g(z,u) + pu.
Minimization of the Hamiltonian with respect to u yields
p(t) = =Vug(2(t), u(?)).
Since the Hamiltonian is constant along an optimal trajectory, we have
g(z(t),u(t)) — Vug(x(t),u(t)) u(t) = constant.

Substituting in the expression for g, we have

V14 u? u2 B 1
Cx \/1+u20x_\/1+u20x

= constant,

which simplifies to
(x(t))2 (1 + (ac(t))2) = constant.

Thus an optimal trajectory satisfies the differential equation

It can be seen through straightforward calculation that the curve
(x(t)*+ (t—d)? =D

satisfies this differential equation, and thus the curve of minimum travel time from A to B is an arc of a

circle.
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3.9 (www)

We have the system @(t) = Az(t) + Bu(t), for which we want to minimize the quadratic cost

T
z(T) Qrxz(T) + / (J:(t)’Qx(t) + u(t)’Ru(t))dt.
0
The Hamiltonian here is

H(z,u,p) = 2'’Qx + v Ru + p'(Azx + Bu),
and the adjoint equation is
p(t) = —A'p(t) — 2Qu(t),

with the terminal condition

p(T) = 2Q(T).

Minimizing the Hamiltonian with respect to u yields the optimal control
u*(t) = arg Hbin [2*(t)'Qx*(t) + v Ru + p' (Az*(t) + Bu)|
= %R*lB’p(t).
We now hypothesize a linear relation between a*(t) and p(t)
2K (t)z*(t) = p(t), Vitel0,T],

and show that K (t) can be obtained by solving the Riccati equation. Substituting this value of p(t) into
the previous equation, we have

u*(t) = —R-IB'K(t)z*(t).
By combining this result with the system equation, we have
i(t) = (A— BR-IB'K(t))z*(t). (1)
Differentiating 2K (t)z*(t) = p(t) and using the adjoint equation yields
2K (t)a*(t) + 2K (t)i*(t) = —A2K (t)z* (t) — 2Qz*(t).
Combining with Eq. (1), we have
K(t)z*(t) + K(t)(A — BR-IB'K(t))a*(t) = —A'K (t)z*(t) — Qu*(t),
and we thus see that K (¢) should satisfy the Riccati equation
K(t)=-K(t)A - A'K(t)+ K(t)BR-'B'K(t) — Q.

From the terminal condition p(T) = 2Qx(T), we have K(T) = Q, from which we can solve for K (¢)
using the Riccati equation. Once we have K (t), we have the optimal control u*(t) = —R-1B/K (t)x*(t).
By reversing the previous arguments, this control can then be shown to satisfy all the conditions of the

Pontryagin Minimum Principle.
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Solutions Vol. I, Chapter 4

4.10 (www)

(a) Clearly, the function Jy is continuous. Assume that Jiy; is continuous. We have

Jp(z) = ue{rolilnm}{cu +L(z+u)+ Gz +u)}

where

Gy) = By = we)}

L(y) = E{pmax(0,wy —y) + hmax(0,y — wg)}
Wi

Thus, L is continuous. Since Ji41 is continuous, G is continuous for bounded wy. Assume that Jj is not

continuous. Then there exists a & such that as y — &, Ji(y) does not approach Ji(Z). Let

mi “}{cu +Lly+u) +Gly+u)}

uY = arg
ue{0,1

5o

Since L and G are continuous, the discontinuity of Jj at & implies

lim u¥ # u?®
yﬁi

But since u¥ is optimal for y,
lim {cuv + L(y + w¥) + Gy + w)} < lim {cu® 4+ L(y + u®) + G(y + u®) } = Ji(&)

This contradicts the optimality of Ji(Z) for Z. Thus, Ji is continuous.
(b) Let

Yi(x) = Je(x + 1) — Ji(x)

Clearly Yn(z) is a non-decreasing function. Assume that Yj41(z) is non-decreasing. Then

Yi(z+0) — Yi(z) = c(ur 0+l — uo+d) — c(ur+l — u®)
+ L(z+ 041+ urtotl) — L(x + § + urtd)
—[L(z 4+ 1+ urt) — L(x + u®)]
+ G+ 0+ 1+ust0tl) — Gz + 6 + ust9)
=[Gz + 1+ urtl) — G(z + u®)]
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Since Jj, is continuous, u¥+é = uv for § sufficiently small. Thus, with § small,
Yi(x4+6)—Ye(z)=Lx+0+14+utt)— Llz+d+u*) — [L(x+ 1+ urtl) — L(z + u®)]
+Gx+d+14+urtl) -Gz 40 +ur) — [Glx + 1+ ustl) — G(x + u®)]

Now, since the control and penalty costs are linear, the optimal order given a stock of x is less than the

optimal order given x + 1 stock plus one unit. Thus
urt+1 <qur < urt+1 +1

If ur = utt + 1, Y(z 4+ §) — Y(x) = 0 and we have the desired result. Assume that u* = u=+1. Since
L(z) is convex, L(x + 1) — L(z) is non-decreasing. Using the assumption that Y341 () is non-decreasing,

we have

Yi(x4+6)—Ye(z)=Lx+0+14u*)— L+ d+u*) — [L(zx+ 1+ u*) — L(x + u®)]
>0
+ E{Jk+1(x+5+l+ux—wk)—Jk+1(x—|—5—|—ux—wk)
Wi

—[Jer1(z+ 1+ u® —wi) — Joga(z + u® —wy)]}

>0
>0

Thus, Y (z) is a non-decreasing function in x.

(c) From their definition and a straightforward induction it can be shown that J}(z) and Ji(x,u) are

bounded below. Furthermore,since limg—.oo Ly (2, %) = 0o, we obtain limy—.o(2,0) = 0o.

From the definition of Jy(z,u), we have
Ji(z,u) = Jp(x + Lu—1) +¢, vV ou e {1,2,...}. (1)

Let Sj be the smallest real number satisfying
Jk(Sk,0) = Ji(Sk + 1,0) + ¢ (2)

We show that Sy is well defined. If no Sy, satisfying Eq. (2) exists, we must have either Ji(z,0) — Ji(z +
1,0) >¢, Vo € Ror Ji(z,0)—J(z+1,0) <0, Va € R, because Ji is continuous. The first possibility
contradicts the fact that limg_,oc Ji(2,0) = co. The second possibility implies that limz—, oo Ji(z,0)+cz
is finite. However, using the boundedness of J;;, , () from below, we obtain lim,—. —oc Ji(x,0) +cx = oco.
The contradiction shows that S is well defined.

We now derive the form of an optimal policy uj(z). Fix some  and consider first the case > Sy.

Using the fact that Ji(z,u) — Jp(z+ 1, u) is nondecreasing function of x we have for any u € {0,1,2,...}
Je(z+ 1, u) — Jp(x,u) > Jp(Sk + 1, w)Jk(Sk, u) = Jp(Sk + 1,0) — J(Sk,0) = —c
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Therefore,

Je(z,u+1) = Jp(z+ 1,u) + ¢ > Ji(z,u) Vu € {0,1,...}, Vo > S;.

This shows that v = 0 minimizes Jy(x, u), for all z > Si. Now let x € [Sp—n,Sk—n+1), n € {1,2,...}.

Using Eq. (1), we have
Ji(x,n+m) — Jg(xz,n) = Jp(z +n,m) — Jp(x +n,0) >0 Vm in {0,1,...}. (3)
However, if u < n then x 4+ u < Sg and
Je(x+u+1,0) — Jp(z +u,0) < Ji(Sk + 1,0) — Ji(Sk,0) = —c.
Therefore,
Jp(z,u+1) = Jp(z+u+1,0)+ (u+1)e < Jp(x+u,0) +uc = Jp(x, u) Vu € {0,1,...}, n<n. (4)

Inequalities (3) and (4) show that u = n minimizes Ji(x,u) whenever z € [Sk —n, S —n +1).

4.18 (www)

Let the state z be defined as

T, if the selection has already terminated
xp =< 1, if the Kth object observed has rank 1
0, if the Kth object observed has rank < 1

The system evolves according to

T, ifup=stoporxp=T
Tk4+1 =

wy, if up = continue

The cost function is given by

£ ifxp =1 and ug = stop

G (xh, up, wy) = { ’

N
0, otherwise

(o) 1, ifay=1
gN(TN) =
0, otherwise
Note that if termination is selected at stage k and xy # 1 then the probability of success is 0. Thus, if

x = 0 it is always optimal to continue.

To complete the model we have to determine P(wy, | zk, uy) = P(wy) when the control ug, = continue.

At stage k, we have already selected k objects from a sorted set. Since we know nothing else about these
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objects the new element can, with equal probability, be in any relation with the already observed objects

a;
"'<a/i1<"'<a/’i2<"' ...<aik...
k+1 possible positions for a;;
Thus,
Plug=1)= = Pluy=0)=
w = = — w = = —-_—
F k+1’ 4§ k+1

Proof: For k=N -1
JIn-1(0) = max[‘ 0 , E{wal}] =N
Stop  continue
and gy, (0) = continue. Also,
N -1

JACRY

N
stop

JIn-1(1) = max{

continue

and pk_;(1) = stop. Note that N —1 € Sy for all Sy.

Assume the proposition is true for Ji41(zk+1). Then

Jk(O):maX[ 0 ,E{Jk+1(wk)}}
~ ~—
st continue
st

Ji(1) = max{ , E{Jk+1(wk)}}

v f
continue

op

L2

N
op

Now,

E{Jk+1(7.Uk)}:k+1 N 1N L=

1 k+1 k k+1( 1 1
()
k(1 1
—N(m+“'+z)

Clearly

and p7(0) = continue. If k € Sy,



and p7 (1) =stop. Q.E.D.

Proposition: If £ ¢ Sy

where ¢ is the minimum element of Sy.

Proof: For k=6§—-1

19 6—196 1 1
J’“(O)_SN+TN<W+"'+S>

-1 1 - 1
- N \N-1 §—1

0—1 -1 1 1
Jk(l)max[ N <N—1+'”+6——1)]

01 1 P 1
N \N-1 §—1

and p5_4(0) = p5_,(1) = continue.

Assume the proposition is true for Ji(zx). Then

k—1

Jk-_l(O) = %Jk(l) +

and g5 _,(0) = continue.

kal(l) = max |:%J}c(1) +

and py_;(1) = continue. Q.E.D.

Thus the optimum policy is to continue until the sth object, where § is the minimum integer such

that (ﬁ + -+ %) < 1, and then stop at the first time an element is observed with largest rank.

4.31 (www)

(a) In order that Axx + Bru+ w € X for all w € Wy, it is sufficient that Agax + Biu belong to some
ellipsoid X such that the vector sum of X and Wj, is contained in X. The ellipsoid

X ={z|2Fz <1},
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where for some scalar 8 € (0,1),
F=l=(1-p) (W1 = gD

has this property (based on the hint and assuming that F—1 is well-defined as a positive definite matrix).

Thus, it is sufficient that x and u are such that
(Agz + Bru) F(Agz + Bru) < 1. (1)
In order that for a given x, there exists u with u/Riu < 1 such that Eq. (1) is satisfied as well as
r’Exr <1,
it is sufficient that x is such that

min [a:’Ea: + v Riu + (Agz + Bru)' F(Arx + Bku)] <1, (2)

uER™M

or by carrying out explicitly the quadratic minimization above,
Kz <1,

where

K = A (F-' + ByR;'B,)~! + E.

The control law

M(l‘) = —(Rk + B];FBk)_lB;CFAkJ)
attains the minimum in Eq. (2) for all z, so it achieves reachability.

(b) Follows by iterative application of the results of part (a), starting with & = N — 1 and proceeding

backwards.

(c) Follows from the arguments of part (a).
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Solutions Vol. I, Chapter 5

5.1 (www)

Define
YN = TN,
yr = ok + A twp + A A o+ AT AR Jone
Then
Yk = Tk + A,;l(wk — Tpy1) + A;lka

= ap + A; (= Akze — Brug) + Ay 'yes

= — A By, + A g
and

Y1 = ArYr + Brug.

Now, the cost function is the expected value of

N-1 N-1
oN'Qun + ) uk' Reur = yo'Koyo + Y (Y1 Ki1yirr — v Knye + un’ Riu).
k=0 k=0

‘We have

Ykt Krayirn — yn' Keyr + un’ Riur = (Agys, + Brug) Kp1 (Akyr + Bruy) + ur/ Ryuy,
— yp' A’ [Kp41 — K41 Br(Br' K41 Br) 1 Brr K1 Ay
=y’ A’ K1 Aryr + 2y}, Ay Ki1 Brug + ui! By K1 Brug,
— k' Ak’ Kis1 Aryi + yi' A’ Kis1 B Py ' By Ko Ay
+ up’ Rpug
= =2y L), Pyuy, + i’ Poui + yi' L' Pe Ly,

= (uk — Lryr) Pr(ur — Lry)-
Thus, the cost function can be written as
N—1
{yo’Koyo + Z uy, — Liyk) Pr(ug, — kak)}
k=0
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The problem now is to find py (/x), K = 0,1,..., N —1, that minimize over admissible control laws jux(1x),
k=0,1,..., N — 1, the cost function

N-1
E {yo’Koyo + Z (pue(Ix) — kak)lpk (b (Ii) — kak)} :
k=0

We do this minimization by first minimizing over px_i, then over py_2, etc. The minimization over

uN—1 involves just the last term in the sum and can be written as

min E{(MN—l(IN—1) - LN—lyN—l)IPN—l(MN—l(IN—l) - LN—1yN—1)}

BN—1

= E{ min E{(UNfl — Ly—1yn—1) Py—1(un—1 — Ly—1yn—1) ’INfl}}-

UN-—1

Thus this minimization yields the optimal control law for the last stage:
wh_1UN=1)=Ln—1 E{yN—1|IN—1}~

[Recall here that, generically, E{z|I} minimizes over u the expression E.{(u — z)'P(u— 2)| |} for any
random variable z, any conditioning variable I, and any positive semidefinite matrix P.] The minimization

over un—_o involves
E{ (un—2(In—2) — LN—QyN—Q)/PN—Q (n—2(In—2) — LN—QyN—Q)}
+ E{ (E{yn—1lIn-1} — nyl)lL/N_leflLN—l (E{yn—1lIN—1} —yn—1) }
However, as in Lemma 5.2.1, the term E{yn—_1|In—1} — yn—1 does not depend on any of the controls (it

is a function of xg,wo, ..., wN_2,v0,...,vn—1). Thus the minimization over py_o involves just the first

term above and yields similarly as before
wn_o(IN—2) = Ln_2 E{yN—Q |IN—2}~
Proceeding similarly, we prove that for all k
pi(Iy) = Ly E{yk’Ik}-

Note: The preceding proof can be used to provide a quick proof of the separation theorem for linear-
quadratic problems in the case where xg, wo, ..., WN_1,v0,...,vN_1 are independent. If the cost function
is

N-1

E {QCN’QNQUN + Z (z1' Qray + uk’Rkuk)}
k=0

the preceding calculation can be modified to show that the cost function can be written as

N-1

E {I’O/Kol‘o + Z ((uk — Lkl'k;)lpk(uk — kak) =+ wk’Kk+1wk)} .
k=0

By repeating the preceding proof we then obtain the optimal control law as

i (Ix) = Ly, E{xx|Ix}
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5.3 (www)

The control at time k is (ug, ax), where «y, is a variable taking values 1 (if the next measurement at time
k+11is of type 1) or 2 (if the next measurement is of type 2). The cost functional is
N-1 N-1
E {xN/QxN + Z (xk/Q:ck + uk/Ruk) + Z gak} .

k=0 k=0
We apply the DP algorithm for N = 2. We have from the Riccatti equation

J1(1h) = Ji(zo0, 21, w0, o)
= E{m’(A’QA + Qa1 | I} +§1{w’Qw}
+min{ur/(B'QB + Rjus + 2 B{ay | LY AQBur}
+ min[g1, g2].
So
pi(h) = —(B'QB + R)"'B'QA E{x1| L1},

*(I ) ]-7 lfgl §g2a
(0% 1) =
! 2, otherwise.

Note that the measurement selected at k = 1 does not depend on I;. This is intuitively clear since the
measurement zo will not be used by the controller, so its selection should be based on measurement cost
alone and not on the basis of the quality of estimate. The situation is different once more than one stage
is considered.

Using a simple modification of the analysis in Section 5.2 of the text, we have

Jo(]o) = Jo(Zo)

= min{ E {l‘o/Ql‘o + uo’ Rug + Axo + Bug + ’wolKoA.'L‘o + Bug + wo ’ Zo}}

uo  \xg,wo
+ rgtn LEI’{E{[LM — E{z1 |} Prlzy — E{a1 [ 1Y) | 1} ‘ 20, U, ao} + gao]
+ E{wﬂ@wl} + minlgy, g2
Note that the minimization of the second bracket is indicated only with respect to ag and not ug. The
reason is that quantity in the second bracket is the error covariance of the estimation error (weighted by
Py) and, as shown in the text, it does not depend on ug. Because all stochastic variables are Gaussian,
the quantity in the second bracket does not depend on zp. (The weighted error covariance produced by

the Kalman filter is precomputable and depends only on the system and measurement matrices and noise

covariances but not on the measurements received.) In fact

E{E{[m — E{z1 |1} Pi[xr — E{z1 | LY | L} ‘ Zo,uoﬂo}

z1 Lz
1 1
Tr P12 Zl\l P12 5 lf ap = 17

1 1
Tr (Pf > Pf) , ifag =2,
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where T'r(-) denotes the trace of a matrix, and Zhl (qu) denotes the error covariance of the Kalman
filter estimate if a measurement of type 1 (type 2) is taken at k = 0. Thus at time & = 0, we have that

the optimal measurement chosen does not depend on zp and is of type 1 if

Tr (P ZHIP )—i—gl <Tr (P 21\1P )+g2

and is of type 2 otherwise.

5.7 (www)

Exercise 5.7

a) We have

piJrl ZP(Qik_H Zj | zo,...,zk+1,u0,...,uk)

=P(xty1 =7 | Iet1)
_ P(xi41 = J, 2k+1 | Ik, ur)
Pzt | Tr, k)
Y Pk =) P(wkgr = J | ak = i, up) Pzrgr | Uk, Trg1 = )
- 22:1 E:’L:l Pz =9)P(xry1 = s | o = 4, up) P(2k41 | uk, Thg1 = 8)
_ S Pipig (wk)r (g, Zi41)
ZZ:I 2?21 pzpis(uk)Ts(uk, Zk11)

Rewriting p{c 41 In vector form, we have

o= 75 (ks 241) [P (uk) Prl;
M s (ks 2k 1) [P(ur) Pl

j=1,...,n.

Therefore,

P = [r(uk, zk+1)] * [P(ug) Pyl
. 7(Uk, 2k41)" P(uk ) P

b) The DP algorithm for this system is:

JN—1(PNn_1) —mln ZpN 12}7” w)gn—1(i,u,5)

i=1
= muin{PN—lGNfl(u)}

—mln{ZpN 1 [Gr-1(w)], }
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J mln{Zpk szj w)gr (i, u, 5) +Zpk Zpu Z (u, Q)Jk-'rl(Pk-i-l | Py, u, 9)}

=1

= min - r(u, 0)' P(u) PpJ, [r(u, 0)] * [P(u)’ Py
= 1 {P Gk +gz:; 9 P Pka+1 [ r(u,@)’P(u)’Pk :|}

c) Fork=N-1

In-1(APy_y) = min{APy_,Gn-1(u)}

= muin{z Aply_1 [Gr1(u)],}

i=1

= min{\ > o [Groa(w))i}

=1

= Arrbin{Zpﬁvfl[GN—l(u)]i}

i=1

=\ muin{zmv,l [Gn-1(w)]i}

i1
= AJn_1(Pn_1).

Now assume Ji(APy) = AJx(Px). Then,
N q
Je-1(AP)_}) :min{)\Pk 1Groa(u) + > r(u, 0) P(u) APy 1 Ji(Pi| Pe1, 9)}
u
=1
q —
_mm{)\Pk 1Gro1(u) + A r(u,0) P(u /Plik(Pk|Pk1,u,9)}
0=1

q
= \Amin {P,;lel(u) + ZT(U, 9)/P(u)/Pk,1Jk(Pk‘Pk71, U,H)}
0=1

= AMi—1(Pr_1). Q.ED.

For any u, r(u,0)’P(u)’ Py is a scalar. Therefore, letting A = r(u, ) P(u)’ P, we have

I = min - r(u,0)’ / [7(u, 0)] * [P(u) Py]
Ji(Py) = mi {P G(u +0§ 0)' P(u)' Py Jys1 [ PR, ]}

PLGi(w)+ " Tt « [P(u) Py))

=1

= InlIl

d) For k= N — 1, we have Jy_1(Pn_1) = min, [Py_;Gn-1(u)], and so JN—1(Pn—1) has the desired

form

ijl(PNfl) = min [P]l\/'—lajl\f—h N 7PJ,\/'—1O/1</'L—1]’
where 0‘5\#1 = Gn-_1(w) and wJ is the jth element of the control constraint set.
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Assume that

Jer(Prar) = min[F oy Pl og

Then, using the expression from part (c) for Ji(Py),

Ji(Pe) = min | PG (u) + Z Tit1 ([r(u, 0)] % [P(u) Py))

= min | PG (u +Zm min {{[T(Uﬂ)]*[P(u)’Pk]}/a?H”

M1

= min | P} {Gk(u) + Z . 1mln [P(u)r(u, 0) o ] H

u = m
= k41
1 /Mg
= min [P o, ..., Prog ],
where aj, ..., a,* are all possible vectors of the form

q

Gr(u) + Y Pw)r(u,0)af,,
=1

as u ranges over the finite set of controls {ul,...,u™}, 0 ranges over the set of observation vector indexes

{1,...,¢}, and m ranges over the set of indexes {1,...,mg4+1}. The induction is thus complete.

For a quick way to understand the preceding proof, based on polyhedral concavity notions, note
that the conclusion is equivalent to asserting that Ji(Py) is a positively homogeneous, concave polyhedral
function. The preceding induction argument amounts to showing that the DP formula of part (c¢) preserves
the positively homogeneous, concave polyhedral property of Jii1(Pgi1). This is indeed evident from
the formula, since taking minima and nonnegative weighted sums of positively homogeneous, concave

polyhedral functions results in a positively homogeneous, concave polyhedral function.
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First, we notice that o — 8 pruning is applicable only for arcs that point to right children, so that at
least one sequence of moves (starting from the current position and ending at a terminal position, that
is, one with no children) has been considered. Furthermore, due to depth-first search the score at the
ancestor positions has been derived without taking into account the positions that can be reached from
the current point. Suppose now that a-pruning applies at a position with Black to play. Then, if the
current position is reached (due to a move by White), Black can respond in such a way that the final
position will be worse (for White) than it would have been if the current position were not reached. What
a-pruning saves is searching for even worse positions (emanating from the current position). The reason
for this is that White will never play so that Black reaches the current position, because he certainly has

a better alternative. A similar argument applies for 8 pruning.

A second approach: Let us suppose that it is the WHITE’s turn to move. We shall prove that a f—cutoff
occurring at the nth position will not affect the backed up score. We have from the definition of § 3 =
min{7T BS of all ancestors of n (white) where BLACK has the move}. For a cutoff to occur: TBS(n) > .
Observe first of all that 3 = T BS(n1) for some ancestor n; where BLACK has the move. Then there exists
a path ni,na,...,ng,n. Since it is WHITE’s move at n we have that TBS(n) = max{T'BS(n), BS(n;)} >
B, where n; are the descendants of n. Consider now a position ny. Then TBS(ny) will either remain
unchanged or will increase to a value greater than § as a result of the exploration of node n. Proceeding
similarly, we conclude that T'BS(n2) will either remain the same or change to a value greater than f.
Finally at node n; we have that TBS(n1) will not change since it is BLACK’s turn to move and he will
choose the move with minimum score. Thus the backed up score and the choice of the next move are

unaffected from S—pruning. A similar argument holds for a—pruning.

6.12 (www)
(a) We have for all ¢
F(i) > F(i) = aij) + F(5(2)- (1)

Assume, in order to come to a contradiction, that the graph of the N — 1 arcs (4,j(i)), i =1,...,N — 1,

contains a cycle (41,12, ...,1k,71). Using Eq. (1), we have

F(i1) > aiyip + F(i2),
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F(i2) > Qigiz + F(i3),

F(Zk) > Qipiq + F(Zl)

By adding the above inequalities, we obtain
0 > Giyig + Qigig + - + Qipiy -

Thus the length of the cycle (i1,42,...,1k,%1) is nonpositive, a contradiction. Hence, the graph of the
N — 1 arcs (z’,j(i)), i=1,...,N — 1, contains no cycle. Given any node i # N, we can start with arc
(4,7(i)), append the outgoing arc from j(i), and continue up to reaching N (if we did not reach N, a
cycle would be formed). The corresponding path, called P;, is unique since there is only one arc outgoing
from each node.

Let P; = (4,41,%2,...,ik, N) [so that 41 = j(i1),42 = j(i1),..., N = j(ix)]. We have using the
hypothesis F(i) < F(i) for all i

F(i) = aiiy + F(i1) > ai, + F(i1),

and similarly

F(ir) = aiyiy + Fli2) > aiyi, + F(ia),

F(’Lk) = Qi N —+ F(ZN) = @i, N.
By adding the above relations, we obtain

F(i) > aji, + aiyip + -+ @i N-
The result follows since the right-hand side is the length of P;.

(b) For a counterexample to part (a) in the case where there are cycles of zero length, take a;; = 0 for all
(4,7), let F(i) = 0 for all ¢, let (i1,42,...,%k,i1) be a cycle, and choose j(i1) = i2,...,J(ix—1) = ik, j(ix) =
1.
(¢) We have
F(i) = I.giJn[az‘j +F(5)] < aig, + F(ji) < F(0).

JeT;
(d) Consider the heuristic which at node i, generates the path P;. Then P; is the path generated by
the rollout algorithm based on this heuristic. The inequality F'(¢) > a5, + F'(j;) implies that the rollout
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algorithm is sequentially improving, so the rollout algorithm yields no worse cost than the base heuristic

starting from any node, i.e., the length of P; is less or equal to the length of P;.

(e) Using induction, we can show that after each iteration of the label correcting method, we have for all
i=1,...,N—1,

F(i) > min laij + F(5)],
{j1(i,5) is an arc}

and if F'(#) < oo, then F(i) is equal to the length of some path starting at ¢ and ending at N. Furthermore,
for the first arc (7, ;) of this path, we have

F(i) > aij; + F(ji).

Thus the assumptions of part (c) are satisfied.
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A threshold policy is specified by a threshold integer m and has the form
Process the orders if and only if their number exceeds m.

The cost function corresponding to a threshold policy specified by m will be denoted by J,,. By Prop.

3.1(c), this cost function is the unique solution of system of equations

_ K+ a(l —p)Jm(0) + apJm (1) if i > m,
Im(i) =9 ‘ . . (1)
i+ a(l —p)Jm(i) +apn(i+1) ifi <m.
Thus for all i < m, we have
) m ) 1
(i) = ci + apdm (i + )7
1—a(l-p)
1 e
Jm(z'—l):c(z )+ apJ, (z)
1—oa(l-p)
From these two equations it follows that for all i < m, we have
I (i) < Tn(i+1) = Jni—1) < In(i). (2)

Denote now

v=K+a(l —p)Jm(0) + apn(1).

Consider the policy iteration algorithm, and a policy 7 that is the successor policy to the threshold policy

corresponding to m. This policy has the form

Process the orders if and only if
K+ a1l —p)Im(0) + apdm(l) < ci+ a(l — p)Jm (i) + apJm (i + 1)

or equivalently

v <ci+a(l —p)Im(i) + apJm(i + 1).
In order for this policy to be a threshold policy, we must have for all ¢
vy<ce(i—1)+a(l—p)Jnii—1)+aptn(i) = vy<ci+a(l—p)Jn(i)+apn(i+1). (3)

This relation holds if the function Jy,, is monotonically nondecreasing, which from Egs. (1) and (2) will

be true if Jp,(m) < Jp(m+1) =1.
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Let us assume that the opposite case holds, where v < Jp,(m). For ¢ > m, we have Jpn, (i) = 7, so

that
i+ a(l = p)Jm(i) + apJn(i+ 1) = ci + ary. (4)
We also have
cm + apy
Im =
) =1- a(l—p)

from which, together with the hypothesis J,,(m) > v, we obtain
cm + oy > 7. (5)
Thus, from Egs. (4) and (5) we have
ci+ a(l —p)Jm (i) + apJm(i+ 1) > 7, for all 7 > m, (6)

so that Eq. (3) is satisfied for all i > m.
For i < m, we have ci + a(1 — p)Jm (i) + apJm (i + 1) = Jm (i), so that the desired relation (3) takes
the form

V< Im(i=1) = v < (i) (7)

To show that this relation holds for all i < m, we argue by contradiction. Suppose that for some i < m
we have Ji,(i) < v < Jm(i —1). Then since J,,(m) > =, there must exist some i > i such that
Jm(i—1) < Jm(i). But then Eq. (2) would imply that J,,(j — 1) < Jn(j) for all j < 4, contradicting the
relation Jp, (1) < v < Jp (i — 1) assumed earlier. Thus, Eq. (7) holds for all i < m so that Eq. (3) holds

for all . The proof is complete.

7.12 (www)

Let Assumption 2.1 hold and let # = {uo, u11, ...} be an admissible policy. Consider also the sets Sk ()
given in the hint with So(i) = {i}. If t € S, (i) for all 7 and 4, we are done. Otherwise, we must have for
some 7 and ¢, and some k < n, Si(i) = Si4+1(¢) while ¢ ¢ Si(i). For j € Si(i), let m(j) be the smallest
integer m such that j € S,,. Consider a stationary policy u with 1u(j) = iy (;)(j) for all j € S (). For
this policy we have for all j € Sk (i),

pii(u(i) >0 = e Ski).

This implies that the termination state ¢ is not reachable from all states in S (i) under the stationary

policy u, and contradicts Assumption 2.1.

36



