Solutions Vol. II, Chapter 1

1.5

(a) We have

= o () = — [ pij(u) —m;
Yot = {5
_ X pig(w) = 3 my

=1.
Therefore, p;;(u) are transition probabilities.

(b) We have for the modified problem

) . ) - PU —my
J'(i) = min ,u)+a|l— E m E J’
(@) u€eU (i) 9(éu) ( =1 j) Zk 1Mk U )]

= min |g(%,u) +aZpij(u)J’(j) akaJ’(k)} .
j=1 k=1

ueU (3)

So

) az’ﬂ: ka/(k) ) . n ) n 1

J'(@) + kllT = i g(i,u) + aZPij(U)J’(]) - aka (1- m) J' (k)
j=1 k=1 N——
L T“a
N oy med' (k) . . aXr mJ' (k)
=S+ == = min, 9(2,U)+a;pij(U) J'(5) + 1o
Thus
J() + Sk eI R) Ly
11—«
Q.E.D.
1.7
We show that for any bounded function J : S — R, we have
J<T(J) = T(J) < F(J), (1)
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For any p, define
g0, p(@) + a3 pig (i) T (5)
B 1 — apsi(p(i))

and note that
T (J)(@) — apis(p(d))J (1)
1 — apii(p(i)) '

Fix € > 0. If J < T(J), let u be such that F,(J) < F(J) + ee. Then, using Eq. (3),

Fu(D)(@) =

Tu(J)(@) — apii(p(i))J (4)
1 — apii(u(i))

Since ¢ > 0 is arbitrary, we obtain F(J)(i) > T(J)(i). Similarly, if J > T(J), let u be such that
Tu(J) <T(J)+ ee. Then, using Eq. (3),

T(J)(#) — apii(p(i))T(J)(5)

F(J)(i) +e> Fu(J)(i) = 1 — apii(u(i))

> — T(J)(0).

F(J)(i) < Fu(J)(i) = Tu(J) (@) — apii(p(i))J (4)

T(J) (@) + € — apii(p(@)T(J) (@) . €
1 — apii(p(i)) ;

<TU)0) + 17—

IN

Since € > 0 is arbitrary, we obtain F'(J)(¢) < T'(J)(4).

From (1) and (2) we see that F' and T have the same fixed points, so J* is the unique fixed point

of F. Using the definition of F', it can be seen that for any scalar r > 0 we have
F(J+re) < F(J) + are, F(J)—are < F(J —re). (4)
Furthermore, F' is monotone, that is
J<J = F(J)<FJ). (5)
For any bounded function J, let » > 0 be such that
J—re< J*<J+re.
Applying F repeatedly to this equation and using Eqgs. (4) and (5), we obtain
Fk(J) — akre < J* < Fk(J) + akre.
Therefore F%(J) converges to J*. From Egs. (1), (2), and (5) we see that
J<T(J) = TE(J) < FR(J) < J*,

J>T(J) =  TkJ)>FkJ) > J=

These equations demonstrate the faster convergence property of F' over T
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As a final result (not explicitly required in the problem statement), we show that for any two

bounded functions J : S — R, J' : S — R, we have

max [F(J)() = F(7)()] < amax|J(7) = '), (©

so F' is a contraction mapping with modulus «. Indeed, we have

Lu)tay i, pig(w)J(g
F(J)(i) = min {9< )+, pii(u) (])}

ueU (i) 1 — apii(u)

~ i {g(i,u) +ad i pi(w)J' () N iz pij(WI(G) — J'(5)] }
weU (i) 1 — apii(u) 1 — apii(u)

< PG +max|J(G) =S G Vi,

where we have used the fact

1= apii(u) > 1= pa(u) = > pij(u).
JAi
Thus, we have

F()@) = FIG) < amax]J(G) = J' (I, Vi

The roles of J and J’ may be reversed, so we can also obtain
F(J1(0) = F(N)@) < amax]J(5) = J'()l, Vi
Combining the last two inequalities, we see that
[F()(@) = F(IN@)] < amax|J(f) = (), Vi

By taking the maximum over i, Eq. (6) follows.

1.9

(a) Since J, J’ € B(Y5), i.e., are real-valued, bounded functions on S, we know that the infimum and the

supremum of their difference is finite. We shall denote

m = min(J(z) — J'(z))

€S
and
— _ I/
M I;lgg((J(iL’) J'(z)).
Thus

m<J(z)—J(x) <M, Vaels,

39



or

J(z)+m < J(z) < J(z)+ M, Vaes.

Now we apply the mapping T on the above inequalities. By property (1) we know that T' will preserve

the inequalities. Thus
T(J +me)(z) <T(J)(z) <T(J + Me)(x), Vaes.
By property (2) we know that
T(J)(z) + minf[air, asr] < T(J 4+ re)(x) < T(J)(z) + max[air, asr].
If we replace r by m or M, we get the inequalities

T(J)(x) + minjaim, aem] < T(J' 4+ me)(z) < T(J')(x) + max[aim, aam]

and
T(J)(z) + minfa1 M, aa M| < T(J' + Me)(z) < T(J")(x) + max[a1 M, a2 M].
Thus
T(J)(x) + min[aim, aem] < T(J)(x) < T(J')(x) + max[a1 M, aa M],
so that

T(J)(x) = T(J")(x)| < max[ar|M], az2[M], a1|m), az[m]].

We also have
max[ai|M|, az| M|, ai|m], a1|m|, az|m|] < ag max[|M]|,|m|] < a2 sup |J(z) — J'(x).
z€S

Thus
() () = T @) < a2 max | (z) — J' ()

from which
max |T(J)(x) ~ T(")(@)] < a2 max | (z) — J' ()]
S fAS
Thus T is a contraction mapping since we know by the statement of the problem that 0 < a1 < a2 < 1.
Since the set B(S) of bounded real valued functions is a complete linear space, we conclude that

the contraction mapping 7" has a unique fixed point, J*, and limg_,o, T%(J)(x) = J*(x).

(b) We shall first prove the lower bounds of J*(x). The upper bounds follow by a similar argument. Since
J, T(J) € B(S), there exists a c € R, (¢ < 00), such that

J(@) + ¢ <T(J)(x). (1)
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We apply T on both sides of (1) and since T preserves the inequalities (by assumption (1)) we have by
applying the relation of assumption (2).

J(x) +minfc + aic, ¢ + azc] < T(J)(x) + minfarc, azc] < T(J + ce)(x) < T2(J)(z). (2)

Similarly, if we apply T again we get,
J(z) + n(lin)[c + aie,c+a2c] < T(J) + minfaic + a?c, azc + ac]
i€(1,2

< T2(J) + minf[ac,a3c] < T(T(J) + minfaic, azcle)(x) < T3(J)(z).

Thus by induction we conclude

k k k k
) + min Z alc, Z afre] <T(J)(x)+ mln[z aie, Z afre] < ... 3)
m=0 m=0

By taking the limit as k — oo and noting that the quantities in the minimization are monotone, and

either nonnegative or nonpositive, we conclude that

1
e~
1l—a1 '1—as

7 .
(m)—i—mln{ T ——

c} < T(J)(z) + min [Lc &c}

ak ak
< Tk(J)(x) + min L —1a1 €1 —2(12 c]

a ay

< Tk+1 i
< T () (o) 4 min | e, 2

k+1 k+1 ]

< J*(x).

Finally we note that
min[a¥e, ake] < THH(J)(x) — T*(J)(x).

Thus

min[afe, ake] < ;Ielfs (TkHL()(z) = Tk(J)(x)) .

Let b1 = infyes (T*+H1(J)(x) — T*(J)(x)) . Thus min[a¥c, akc] < byi1. From the above relation we infer

that

. a’f“c a’SHC . ai az
min , < min bk, bry1| = Cry1
1-— al 1-— a

Therefore

This relationship gives for k =1

T(J)(x) + min [1 St .



Let

¢ = inf (T(J)(x) — J(x)

Then the above inequality still holds. From the definition of ¢; we have

aic asc ]

¢1 = min | ———
[1—a1’1—a2

Therefore
T(J)(x) +c1 <T2(J)(x) + c2

and T'(J)(z) + c1 < J*(z) from Eq. (4). Similarly, let Ji(z) = T(J)(z), and let

be = min(T2(J) (@) — T(J)(z)) = min(T(J2)(z) = T(1)(x))

If we proceed as before, we get

1
J inl— py
1(x) + min Tl —

be| <T(J1)(x) + min [ aby _a1bz }

1—(12,1—(12

a2b2 a2b2

<72 i L 2 < J*(x).

< T2(J1)(x) + min L ' 1 _@] < J*(x)
Then

mina1bz, azbe] < min[T2(J1)(z) — T(J1)(«)] = min[T(J)(z) - T2(J)(z)] = bs
Thus
i atbs ’ a3ba < min a1bz ’ azb3 .
170,1 17&2 — a 170,2
Thus
. aiba  a2b . aibs  a2bs
T < T2
(0)(a) 4 min | {2 2222 | < 72(0)(0) 4 min | 1, 0202
or
T2(J)(x) +c2 <T3(J)(x) +c3

and

T2(J)(x) + ca < J*(z).

Proceeding similarly the result is proved.

The reverse inequalities can be proved by a similar argument.

(c) Let us first consider the state z =1

F()(1) = min §90.5)+ad I ()
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Thus

F(J+re)(1) = min §g(Lu)+ Ozzpij(J tre)(j) p = min §o(1u)+ azpljj(j) +ar
=F(J)(1) +ar
Thus
F(J+re)(1) — F(J((1) — (1)

r

Since 0 < o < 1 we conclude that a® < a. Thus

o < FUATOM) = FHO)

For the state x = 2 we proceed similarly and we get

F(J)(2) = urenUi%) {g(lu) + apa F(J)(1) + a szjJ(j)}
J=2

and

F(J +7re)(2) = ug%) {g(2, )+ apar F(J +re)(1) + > paj(J + re)(j)}
J=2

= glUi?Q) {9(2#) +apa F(J)(1) + a2rpar + o > paJ(j) + sz'ﬂe(j)}
u J=2 J=2

where, for the last equality, we used relation (1).
Thus we conclude
F(J +re)(2) = F(J)(2) + a2rpar + Y pajr = F(J)(2) + a2rpa1 + ar(1 — p21)
j=2

which yields
F(J+re)(2)— F(J)(2)

=a2Py + a(l — pa1) (2)

Now let us study the behavior of the right-hand side of Eq. (2). We have 0 < @ < 1 and 0 < p21 < 1, so

since a2 < «, and a?pa; + a(l — pa1) is a convex combination of a2, a, it is easy to see that

a2 <aZpy+(1-—pa)a<a (3)

which is the pursued result.
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Claim:

Proof: We shall employ an inductive argument. Obviously the result holds for x = 1,2. Let us assume

that it holds for all z < 4. We shall prove it for z =i+ j

F(J)(i+1) = uegl(iir}rl) gli+Lu)+ad pr F()G) +a > pispivisJ ()
j=1 j=i+1

i
F(J+re)i+1) = min gli+Lu)+a Y piri;F(J +re)(i) +a Y pip1i(J+re)(d)
J=1 j=it1n

We know ad < F(J +7re)(j) < a, V j <4, thus

F()(i+1)+rad F(J)(i+1)+a2rp+ar(l-p)

j=1
where .
K2
b= ZPHU
j=1
Obviously
i i

Zajpi+1j > ot Zp”lj = alp

j=1 j=1
Thus

F(J +re)(d) = F(J)()

r

aitlp+a(l —p) <

<a?p+ (1 -pa

Since 0 < ait! < a2 < a < 1and 0 < p < we conclude that ait? < aitlp+a(l—p) and a?p+(1—p)a <

o. Thus
it < F(J4+re)(i+1)—F(J)(i+1) <a
r

which completes the inductive proof.

Since 0 < a” < ot <1 for ¢ <1i < n, the result follows.

(d) Let J(z) < J'9z)(=).J'(z) — J(x) > 0 Since all the elements m;; are non-negative we conclude that
M(J'(z) = J(x)) > 0(=)M.J'(z) > MJ(x)
g(x) + MJ'(z) = g(x) + MJ(z)
T(J)(x) = T(J) ()

thus property (1) holds.
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For property (2) we note that

T(J+re)(x) =g(x)+ M(J +re)(x) =g(x) + MJ(z) +rMe(z) = T(J)(z) + rMe(z)

‘We have
a1 < Me(z) < as
so that
T(J + re)(a;) —T(J)(x) — Me(x)
and

o < T(J+re)(x) —T(J)(x)

Thus property (2) also holds if ag < 1.

1.10

(a) If there is a unique p such that 7),(J) = T'(J), then there exists an € > 0 such that for all A € R»

with max; |A(7)| < e we have
FJ+A)=TJ+A)—-J-A=g,+aP,(J+A)—J—-A=g,+ (aP, —I)(J+ A).

It follows that F' is linear around J and its Jacobian is a P, — I.

(b) We first note that the equation defining Newton’s method is the first order Taylor series expansion of
F around Jj. If pF is the unique p such that T),(J) = T'(Jx), then F is linear near J; and coincides with
its first order Taylor series expansion around Ji. Therefore the vector Jyy1 is obtained by the Newton

iteration satisfies

F(Jk+1) =0

or

Tuk(Jk+1) == Jk+1.

This equation yields Ji41 = Jk, so the next policy pk+1l is obtained as
phtt = argmin T),(J k).
”w

This is precisely the policy iteration of the algorithm.
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1.12

For simplicity, we consider the case where U(i) consists of a single control. The calculations are very
similar for the more general case. We first show that Z;’:l M;j = a. We apply the definition of the

quantities M; i

n B n (17 )(M n n 674)
ZMij: -1 (5ij+ al—mz > ;6Z]+Z 1—mz :

j=1 j j=1

:1+(1704)Z J'f Zé‘lj_1+ @) m 7( @)
m; g

L+ 1 — 1—my 1—my
Jj=1
Let Jf, ..., J satisfy

Jr=gi+ Yy MylJr. (1)
j=1

We substitute J* into the new equation

J¥ =g + ZMijJ;

=1

and manipulate the equation until we reach a relation that holds trivially

gl(l * l-a . *
Jl = W—F E 5”J = E (Mij—él-j)Jj
T 1]21
gi(1 —a) l—a & 1-—«
A M, J* — *

1—my; +Jl+1—miz jJJ 1—miJl

1—
=Jit— g+ > My J; - J;

lfml-

1.17

The form of Bellman’s Equation for the tax problem is

J(z) = min ch(xi) + aE i {J[zt, i1, fi(zt, wi)
R
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Let J(x) = —J(x)

j(fE) - m?x [_ Z cl (xj) + CZ(‘TZ) + aEwi{j[' : ]}]
j=1

Let J(z) = (1—a)J(z)+ >j=1 Ci(x7) By substitution we obtain

J(a) = max [—(1 ~ )Y e (a9) + (1~ @)ei(a?) + By (1~ ) [ -]}]
j=1
= max[c!(a?) — By, {c/(f (2!, w)}] + aBu, {J(--)}].
Thus J satisfies Bellman’s Equation of a multi-armed Bandit problem with

Ri(z) = ¢'(a?) — aBw {c'(f (27, w?)) .

1.18

Bellman’s Equation for the restart problem is
J(x) = max[R(zo) + aE{J[f(z0,w)]}, R(x) + aE{J([f (z, w)]}].
Now, consider the one-armed bandit problem with reward R(x)
J(x, M) = max{M, R(z) + aE[J(f(z,w), M)]}.

We have
J(xo, M) = R(x0) + aE[J(f(xo,w), M)] > M

if M < m(zo) and J(xo, M) = M. This implies that
R(zo) + aB[J (f(x0,w))] = m(o).

Therefore the forms of both Bellman’s Equations (A) and (B) are the same when M = m(xo).
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Solutions Vol. II, Chapter 2

2.1

(a) (i) First, we need to define a state space for the problem. The obvious choice for a state variable
is our location. However, this does not encapsulate all of the necessary information. We also need to
include the value of c if it is known. Thus, let the state space consist of the following 2m + 2 states:
{S,S1,...,Sm,I1,...I;m, D}, where S is associated with being at the starting point with no information,
S; and I; are associated with being at S and I, respectively, and knowing that ¢ = ¢;, and D is the

termination state.

At state S, there are two possible controls: go directly to D (direct) or go to an intermediate
point (indirect). If control direct is selected, we go to state D with probability 1, and the cost is
g(S,direct, D) = a. If control indirect is selected, we go to state I; with probability p;, and the cost is
g(Syindirect, I;) = b.

At state S;, for i € {1,...,m}, we have the same controls as at state S. Again, if control direct is
selected, we go to state D with probability 1, and the cost is g(S;, direct, D) = a. If, on the other hand,

control indirect is selected, we go to state I; with probability 1, and the cost is g(.S, indirect, I;) = b.

At state I;, for i € {1,...,m}, there are also two possible controls: go back to the start (start) or
go to the destination (dest). If control start is selected, we go to state S; with probability 1, and the
cost is g(1;, start,S;) = b. If control dest is selected, we go to state D with probability 1, and the cost is
g(I;,dest, D) = ¢;.

We have thus formulated the problem as a stochastic shortest path problem. Bellman’s equation

for this problem is

J*(S) = minfa,b+ Y piJ*(I)]

=1

J*(S;) = min[a, b+ J*(I;)]
We assume that b > 0. Then, Assumptions 5.1 and 5.2 hold since all improper policies have infinite cost.
As a result, if p*(I;) = start, then p*(S;) = direct. If p*(I;) # start, then we never reach state S; and

so it doesn’t matter what the control is in this case. Thus, J*(S;) = a, and p*(S;) = direct. From this,

it is easy to derive the optimal costs and controls for the other states

J*(I;) = min[e;, b+ al

dest, ifc;<b+a
(L) = ,
start, otherwise,
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J*(S) = minfa, b+ Zpi min(c;, b + a))

i=1
direct, ifa<b+ ", pimin(c;,b+ a)
p*(S) =

indirect, otherwise.

For the numerical case given, we see that a < b+ Zﬁlpi min(c;, b + a) since a = 2 and b +
™ pimin(c;, b+ a) = 2.5. Hence u(S) = direct. We need not consider the other states since they will
=1

never be reached.

(ii) In this case, every time we are at the starting location, our available information is the same. We

thus no longer need the states S; from part (i). Our state space for this part is then S, I1, ..., I, D.

At state S, the possible controls are {direct,indirect}. If control direct is selected, we go to state
D with probability 1, and the cost is g(S, direct, D) = a. If control indirect is selected, we go to state I;
with probability p;, and the cost is g(S,indirect, I;) = b [same as in part (ii)].

At state I;, for i € {1,...,m}, the possible controls are {start,dest}. If control start is selected,
we go to state S with probability 1, and the cost is g(I;, start, S) = b. If control dest is selected, we go
to state D with probability 1, and the cost is g(I;, dest, D) = ¢;.

Bellman’s equation for this stochastic shortest path problem is
J*(S) = minfa, b+ Y piJ* ()]
i=1
J*(I;) = min[e;, b+ J*(9)].

The optimal policy can be described by

direct, ifa<b+ Y " piJ*(L)
p*(S) =

indirect, otherwise,
dest, if ¢; <b+ J*(S5)
p*(li) = ,
start, otherwise.

We will solve the problem for the numerical case by “guessing” an optimal policy and then showing
that the resulting cost J, satisfies J = T'J. Since J* is the unique solution to this equation, our policy

is optimal. So let’s guess the initial policy to be
w*(S) = direct w*(I1) = dest w*(I3) = start.

Then
J(S)=a

I
[\
=
~
=
N—
[
e}
5
|
o
=
hox
N—
[
S
+
-
*
—~
n
S~——
|
—
+
[\]
[



From Bellman’s equation, we have

J(S) = min(2,140.5(3 4 0)) = 2

J(I) =min(0,14+2)) =0

J(I2) = min(5,1+ 2)) = 3.
Thus, our policy is optimal.

(b) The state space for this problem is the same as for part a(ii): {S,I1,..., I, D}.

At state S, the possible controls are {direct,indirect}. If control direct is selected, we go to state
D with probability 1, and the cost is g(S, direct, D) = a. If control indirect is selected, we go to state I;
with probability p;, and the cost is g(S,indirect, I;) = b [same as in part a,(i) and (ii)].

At state I, for i € {1,...,m}, we have an additional option of waiting. So the possible controls
are {start,dest,wait}. If control start is selected, we go to state S with probability 1, and the cost
is g(I;, start, S) = b. If control dest is selected, we go to state D with probability 1, and the cost is
g(Ii,dest, D) = ¢;. If control wait is selected, we go to state I; with probability p;, and the cost is
g(Li, wait, I;) = d.

Bellman’s equation is

J*(S) = minfa, b+ Y piJ*(I)]

=1
J*(I;) = min[e;, b+ J*(S),d + > _p;J*(I))].
j=1

We can describe the optimal policy as follows:

direct, ifa<b+ Y " piJ*(L)
p(S) =

indirect, otherwise.

If direct was selected, we do not need to consider the other states (other than D) since they will never

be reached. If indirect was selected, then defining & = min(20b, d), we see that

dest, ifc;i <k-+> i, J*(L)
we(I;) = o start, ife;>k+ Y -, J*(I;) and 2b < d
wait, ifc¢; >k+> ", J*(I;) and 2b > d.
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2.2

Let’s define the following states:
H: Last flip outcome was heads
T: Last flip outcome was tails

C': Caught (this is the termination state)

(a) We can formulate this problem as a stochastic shortest path problem with state C' being the termina-
tion state. There are four possible policies: w1 = {always flip fair coin}, 72 = {always flip two-headed coin} |}
73 = {flip fair coin if last outcome was heads / flip two-headed coin if last outcome was tails}, and 74 =
{flip fair coin if last outcome was tails / flip two-headed coin if last outcome was heads}. The only way
to reach the termination state is to be caught cheating. Under all policies except 71, this is inevitable.

Thus 7 is an improper policy, and 72, 3, and 74 are proper policies.

(b) Let Jx, (H) and Jx,(T) be the costs corresponding policy 71 where the starting state is H and T,
respectively. The expected benefit starting from state T up to the first return to T' (and always using the

fair coin), is

1 11 m 1
21+ 4+ — 4. )= Z(2-m).
2<+2+22+ ) 3 ~32—m

Therefore
+oo ifm<?2

—oc0 ifm > 2.

Also we have

T (H) = S(U+ Ja(H)) + 3 Jn(T),

SO

Je (H) =1+ J(T).
It follows that if m > 2, then m; results in infinite cost for any initial state.

(c,d) The expected one-stage rewards at each stage are
Play Fair in State H: 3
Cheat in State H: 1 —p
Play Fair in State T 1_Tm
Cheat in State T 0
We show that any policy that cheats at H at some stage cannot be optimal. As a result we can eliminate

cheating from the control constraint set of state H.
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Indeed suppose we are at state H at some stage and consider a policy 7 which cheats at the first

stage and then follows the optimal policy 7* from the second stage on. Consider a policy 7 which plays

fair at the first stage, and then follows 7* from the second stage on if the outcome of the first stage is H

or cheats at the second stage and follows 7* from the third stage on if the outcome of the first stage is

T. We have

where the inequality follows from the fact that Jr« (H) > Jx(H) since 7* is optimal. Therefore the reward

of policy 7 can be improved by at least % by switching to policy 7, and therefore 7 cannot be optimal.

We now need only consider policies in which the gambler can only play fair at state H: m; and 3.

Under 71, we saw from part b) that the expected benefits are

400
I (T)=<¢0
—00
and
400
I (H)=<1
—00

Under 73, we have

Jﬂs(H) =

Solving these two equations yields

ifm<?2
ifm=2

if m > 2,

ifm<2
ifm=2

ifm > 2.

1-p

Iy (T') = —
1
Jﬂs(H) = 5

Thus if m > 2, it is optimal to cheat if the last flip was tails and play fair otherwise, and if m < 2, it is

optimal to always play fair.
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2.7

(a) Let ¢ be any state in Sy,. Then,

J(i) = urenUiJEli)[E{g(i?u,j) +J(5)}]

= min | Y pi(w)gli,u,5) + I ()] + > pij(W)[g(i;u, 3) + J(5)]

weU (@ K .
@ | JE€Sm JESm_1U---US Ut

FESm_1U--US Ut pij(u)lg(i, u, ) + J(7)]

(1 =2 es,, Pii(u)

In the above equation, we can think of the union of Sy,,_1,...,51, and t as an aggregate termination state

= min | > pii(u)lg(i,u, ) + I+ (1= Y pij(ﬂ))z

vl | | 4
eV | jes, j€Sm

tm associated with Sy,. The probability of a transition from ¢ € Sy, to t,, (under ) is given by,
Pit (W) = 1= pij(u).
JESm
The corresponding cost of a transition from i € Sy, to t,, (under u) is given by,
ijsm_lu~~~uslut pij(w)[g(i,u, ) + J(5)]
Pityn (1) '
Thus, for ¢ € Sy, Bellman’s equation can be written as,

g(’l,, u, t’m) =

J@) = min | > piy(w)lgli,u,5) + ()] + it (w)[G(0, s tn) +0]
JE€Sm

Note that with respect to Sy,, the termination state ¢,, is both absorbing and of zero cost. Let t,, and

g(i,u,tm) be similarly constructed for m =1,..., M.

The original stochastic shortest path problem can be solved as M stochastic shortest path sub-
problems. To see how, start with evaluating J(i) for i € S1 (where t; = {t}). With the values of J(7),
for ¢ € S, in hand, the g cost-terms for the Sy problem can be computed. The solution of the original

problem continues in this manner as the solution of M stochastic shortest path problems in succession.

(b) Suppose that in the finite horizon problem there are 7 states. Define a new state space Spew

and sets Sy, as follows,
Snew = {(k,1)|k € {0,1,...,M — 1} and i € {1,2,...,7}}
Sm = {(k,i)|Jk =M —m and i €{1,2,...,n}}
for m = 1,2,..., M. (Note that the Sp,’s do not overlap.) By associating S,, with the state space of
the original finite-horizon problem at stage k = M — m, we see that if ix, € S;,—1 under all policies. By
augmenting a termination state ¢ which is absorbing and of zero cost, we see that the original finite-

horizon problem can be cast as a stochastic shortest path problem with the special structure indicated in

the problem statement.
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2.8

Let J* be the optimal cost of the original problem and J be the optimal cost of the modified problem.

Then we have

(i) =min Y pis(u) (90w, ) + T*(7))
and
2. — min = pij(u) i i g(iauvi)pii(u) T/,
o =mn 3 22N (i1, + L0 00) 4 ) )

For each i, let u*(¢) be a control such that

Zpu g(i, w(i),3) + J*(j)) -

Then

n

J*(i) = Z pij (0 () (g(i, p*(2), ) + J*(5)) | + pai(pr (@) (g(i, p*(3),7) + J*(3)) .
j=1,j7i

By collecting the terms involving J*(i) and then dividing by 1 — pi; (u*(4)),

JH) = > pig () (g (0), 5) + T*(3)) | + pai (e (8)) g, (i), 0)
1= pii(p*(2)) J=T1 i
Since 77 13#1%:1’ we have

1 *())

T = T ) j:;#p“(“ (i) (g0, (1), 5) + T*(5)) +j=§# 71729”(# w2 )gl (D))
_ oy [t )y 9.9+ 12+ 201

J=1j#i

Therefore J*(i) is the cost of stationary policy {u*, u*,...} in the modified problem. Thus
Je(@) > JE) Y
Similarly, for each i, let fi(¢) be a control such that

i L 1- Pu( ( ))

Then, using a reverse argument from before, we see that J(i) is the cost of stationary policy {f, fi,...}

in the original problem. Thus
J@) > JG) Y.
Combining the two results, we have .J(i) = .J*(i), and thus the two problems have the same optimal costs.

If pii(u) = 1 for some i # t, we can eliminate u from U (i) without increasing J*(i) or any other
optimal cost J*(j),j # . If that were not so, every optimal stationary policy must use u at state ¢ and

therefore must be improper, which is a contradiction.
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2.17

Consider a modified stochastic shortest path problem where the state space is denoted by S’, the control
space by U’, the transition costs by ¢’, and the transition probabilities by p’. Let the state space
S’ =S5 US_y, where

S ={1,...,n,t} where each i € S corresponds to i € S

Ss_y =1{l,uw)|i € S,u € U(i)} where each (i,u) € S§_,, corresponds to i € S and u € U().

For i,j € Sg,u € U'(i), we define U’'(i) = U(i),¢'(i,u,j) = g(i,u,j), and p;(u) = pi;(u). For (i,u) €
S —U and j € S§, the only possible control is u/ = u (i.e.,U’(i,u) = {u}), and we have g'((i,u), v, j) =
g(i,u, j) and pi; \;(u) = pi;(u).

Since trajectories originating from a state ¢ € S§ are equivalent to trajectories in the original
problem, the optimal cost-to-go value for state ¢ in the modified problem is J*(4), the optimal cost-to-go
value from the original problem. Let us denote the optimal cost-to-go value for (i,u) € S5_,; by J*(i,u).

Then J*(i) and J*(i,u) solve uniquely Bellman’s equation of the modified problem, which is

(@) = min > pij(u)(g(iug) + J*(7)) (1)

T (iu) =Y pig(u)(g(isu, ) + J*(5))- (2)

Jj=1

The Q-factors for the original problem are defined as
Qi u) = pij(u)(g(i,u, ) + J*(4)),
j=1

so from Eq. (2), we have

Qi,u) = J*(i,u), V (i,u). (3)

Also from Egs. (1) and (2), we have
J*(i) = min J*(¢ V4. 4
(@) = mmin J*(iu), Vi (4)

Thus from Egs. (1)-(4), we obtain
Q@mgymw@@mﬁﬁg%puwﬁ. )

There remains to show that there is no other solution to Eq. (5). Indeed, if Q(i,u) were such that

Qi = Y pot) (st + gmin Q) ). ¥ (i) ©)

uw €U(j)

55



then by defining

J(0) = min QG u) (7)
we obtain from Eq. (6)
Qiyu) =Y pij(w)(9(iyu, j) + (), ¥ (i,u). (8)
j=1
By combining Egs. (7) and (8), we have
J(i) = min > pii(u)(g(i u, §) + J(5), Vi 9)
j=1

Thus .J (i) and Q(i, u) satisfy Bellman’s Eq. (1)-(2) for the modified problem. Since this Bellman equation

is solved uniquely by J*(i) and J*(i,u), we see that

Qli,u) = J*(i,u) = Q(i,u), V (i,u).

Thus the Q-factors Q(4,u) solve uniquely Eq. (5).
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Solutions Vol. II, Chapter 3

3.4
By using the relation T),(J*) < T'(J*) + ee = J* 4 €e and the monotonicity of T},, we obtain
TA(J*) < Ty (J*) + aee < J* + ace + ee.

Proceeding similarly, we obtain

k—2 k-1
TE(JT*) < Tu(J*) + « (Zw) ee < J* +Zaiee

=0 =0

and by taking limit as k — oo, the desired result J, < J* 4 (¢/(1 — «))e follows.

3.5
Under assumption P, we have by Prop. 1.2(a), J’ > J*. Let r > 0 be such that
J* > J —re.
Then, applying T* to this inequality, we have
J* =Tk(J*) > Tk(J') — akre.

Taking the limit as k — oo, we obtain J* > J’, which combined with the earlier shown relation J’ > J*,

yields J’ = J*. Under assumption N, the proof is analogous, using Prop. 1.2(b).

3.8

From the proof of Proposition 1.1, we know that there exists a policy 7 such that, for all ¢; > 0.

Jr(z) < J*(x) + Z ale;
i=0

Let
€
Thus,
=1
Jwe(x)gJ*(a:)JreZW:J*(x)Jre Y zeS.
i=0

57



If @ < 1, choose
€

POt

which is independent of i. In this case, 7. is stationary. If a = 1, we may not have a stationary policy

€ =

7e. In particular, let us consider a system with only one state, i.e. S = {0}, U = (0,00), Jo(0) = 0, and

9(0,u) = u. Then J*(0) = infrer Jx(0) = 0 but for every stationary policy, J, = > ey u = 00.

3.9

Let 7 = {ug, p, ...} be an optimal policy. Then we know that

J* (x) = Jﬂ—* (.23) = hm (TMSTNT .. Tuz)(.fo)(x) = hm (T“E; (TNT .. THZ))(']O)(‘]:)

k—oo k—oo
From monotone convergence we know that
J*(x) = klggo Ty (Tuf e Tu’,;)(JO)(m) =Ty (kILIEO(TuI . 'Tu’,;)(JO))(x)
> Ts (J*)(x) 2 T(J*)(x) = J*(x)

Thus Ty (J*)(z) = J*(z). Hence by Prop. 1.3, the stationary policy {ug, 11§, - - .} is optimal.

3.12

We shall make an analysis similar to the one of §3.1. In particular, let
Jo (.23) =0

T(Jo)(z) = min[z’Qx + v Ru] = zqx = 2’ Koz
T2(Jo)(x) = min[z'Qx + w Ru + (Ax + Bu)'Q(Azx + Bu)] = 2/ Kz,

where K1 =Q + R+ DllKoDl with D1 = A+ BLy and L1 = —(R + B/KOB)_lB/KOA. Thus
Tk(Jo)(z) = o' Kx

where Ky = Q + R+ D) Kj_1Dy with Dx = A+ BLy, and Ly = —(R+ B'Kp_1B)"'B'K,_1A. By
the analysis of Chapter 4 we conclude that K — K with K being the solution to the algebraic Ricatti
equation. Thus Joo(2) = 2/ Kz = limy 0o TN (Jo)(x). Then it is easy to verify that Joo(2) = T(Jx)(x)
and by Prop. 1.5 in Chapter 1, we have that Joo(2) = J*(x).

For the periodic problem the controllability assumption is that there exists a finite sequence of

controls {ug, ..., ur} such that 2,41 = 0. Then the optimal control sequence is periodic

— * * * * * *
= {MO)MI""?MP—17/’[/07M17" '7Mp—17"'},
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where
pi = —(Ri + BiKiy1Bi) 10 Kj1 Ai

.u;;—l =—(Rp-1+ B;)—lKon*l)_lB;—lKoApflx
and Ko ..., K,_1 satisfy the coupled set of p algebraic Ricatti equations
K; = Al[Kiy1 — Kit1Bi(Ri + BiK;41B;) " 'B/Ki11]Ai + Qi, i=0,...,p—2,

Kp1 = A}, [Ko— KoBp-1(Rp—1+ B, 1 KoBy-1)"'B,_ 1 Ko]Ap-1 + Qp-1.

3.14

The formulation of the problem falls under assumption P for periodic policies. All the more, the problem
is discounted. Since wy are independent with zero mean, the optimality equation for the equivalent

stationary problem reduces to the following system of equations

J*(20,0) = min  Euy{z)Qoxo + uo(0)' Rouo(wo) + aJ*(Agzo + Bouo + wo, 1)}

ug€U (zg)
j* (Il, 1) = IEI}]I? )Ewl {x’llel + ul(zl)’Rlul(xl) + ozj*(Alxl + Biui + wy, 2)}
uq T
(1)
j*(a:p_l,p -1)= min B, {2, 1Qp-12p—1 + up-1(2p—1) Rp—1up-1(zp-1)

up_1€U(zp_1)

+ aj* (Apflxpfl + Bpflupfl + wp—1, 0)}

From the analysis in §7.8 in Ch.7 on periodic problems we see that there exists a periodic policy

{MS)MT?"WMZ-UMT)M%V' '7/’6;—17"'}

which is optimal. In order to obtain the solution we argue as follows: Let us assume that the solution is

of the same form as the one for the general quadratic problem. In particular, assume that

J*(z,1) = 'Kz + ¢,

where ¢; is a constant and K is positive definite. This is justified by applying the successive approximation

method and observing that the sets
Uk (i, A, i) = {ui € R™|2/Qx + u}Ru; + (Ax 4+ Bu;)'KF  (Az + Bu;) < A}

are compact. The latter claim can be seen from the fact that R > 0 and KF,; > 0. Then by Proposition
7.7, limg oo Ji(24,7) = J*(24,1) and the form of the solution obtained from successive approximation is

as described above.
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In particular, we have for 0 <i<p—1

J(x,i) = ug}}&) Euw {2/ Qiz + ui(x) Ryui(x) + a*(Arz + Bru; +wi,i+ 1)}

= H(ljl? )Ewi {2'Qiz + uwi(z) Riui(x) + a [(Aiz + Biui + w;) ki1 (Aix + Bius + wi) + cit1]}
u; €U (x4

- uzg}}&) Ew{2"(Qi + aA[Kiv1 Ai)zi + uj(ri + aBKiy1Bi)ui + 20z’ A]Kit1 Biui+
+ 20w K11 Biu; + 2ax’ ALK 11w; + w,Kip1w; + aciyr}
= uiénUi&i){x'(Qi + a A K1 Ai) i + ub(Ri + aB! K1 Bi)u; + 200’ ALK 11 Biui+
+wKit1w; + acy }

where we have taken into consideration the fact that F(w;) = 0. Minimizing the above quantity will give
us

Ui*x = 70&(R7; -+ aB;Ki+1Bi)_lB£Ki+1Aix (2)
Thus

J* (93, ’L) =ua [Qz + A;(O[Ki+1 — OZQKZ'+1(R1‘ + aB;Ki+1Bi)_1BZ{Ki+1)Ai] r+c =2 Kix+ ¢
where ¢; = By, {w,K;11w;i} + aciy1 and
Ki=Qi+ Aj(aKit1 — o?Kiy1(Ri + aBK;11B;) " 'B/K; 1) Ai.

Now for this solution to be consistent we must have K, = Ky. This leads to the following system of

equations

Ko=Qo+ Aé(OéKl — 052K1(R0 + O(B(')KlBo)_lB()Kl)AQ

Ki=Qi+ Al(aKit1 — a?Ki1(Ri + aBKi+1B;) 1B/ Ki+1)A; (3)

Kpfl = prl + A;fl(OéKo — OéQKO(Rp71 -+ OzB;flKonf1)_1B;71K0)Ap71

This system of equations has a positive definite solution since (from the description of the problem) the
system is controllable, i.e. there exists a sequence of controls such that {uo,...,u,} such that x,4; = 0.

Thus the result follows.

3.16

(a) Consider the stationary policy, {uo, to, - - -, }, where pg = Lox. We have

Jo(.’L‘) =0
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T (Jo)(z) = 2’Qx + x' LR Lox
T3, (Jo)(x) = 2'Qx + 2’ Ly RLox + a(Ax + BLox + w)'Q(Ax + BLox + w)
= 2/ M1z + constant

where M1 = Q + L6RLO + a(A + BLQ)’Q(A + BLQ),

T3,(Jo)(z) = ’Qx + 2/ Ly RLox + a(Az + BLox + w)' M1 (Az + BLo + w) + « - (constant)
= x' Mz + constant

Continuing similarly, we get
M1 =Q+ LyRLo + (A + BLo) Mk (A + BLy).
Using a very similar analysis as in Section 8.2, we get
My, — Koy

where

Ko=Q+ L6RLO + Oé(A + BLo)' Ko(A + BL0>

N-1
Jyuy () = Jim Ek=0 e {Z ok (2], Quy, + /«H(M)’RM(M)]}

k=0

Proceeding as in the proof of the validity of policy iteration (Section 7.3, Chapter 7). We have
Ty (J/LO) = T(Jlto)

Juo () = ' Koz + constant = T}, (Jug)(2) > Ty (Juo ()

Hence, we obtain

Juo () 2 Ty (Jpp) () > .00 > T;If1(']/to)(517) ESTe

implying,
Juo (-T) 2 kh_)n;o Tl]fl (JH0>($> = Jm ($>

(c) As in part (b), we show that
Jup, (x) = o' K + constant < J,, ().

Now since

0<a'Kipx <az'Kp_1x, Yz
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we have

K, — K.

The form of K is,
K=a(A+BL)YK(A+BL)+Q+ L'RL

L=—-a(aB’KB+ R)"1B'KA
To show that K is indeed the optimal cost matrix, we have to show that it satisfies
K =A'laK — o2KB(aB'KB+ R)"'B'K|A+Q
= A'laKA+ aKBL| +Q

Let us expand the formula for K, using the formula for L,
K=a(AAKA+ AAKBL+ L'B'KA+ L'B'KBL)+ Q + L'RL.

Substituting, we get
K=a(AAKA+ AKBL+L'B'KA)+Q —al’B'KA
=aA' KA+ oA KBL+ Q.

Thus K is the optimal cost matrix.

A second approach: (a) We know that

Juo) = T T (Jo)(2).

n—

Following the analysis at §8.1 we have

Jo(x) =0

Tpuo () (2) = E{2'Qx + po(x)' Ruo(2)} = 2'Qu + po(x) Rpo () = 2/(Q + LyRLo)x
T, () (x) = E{a'Qx + py(2) Rpo (v) + a(Az + Buo(z) +w)'Q(Az + Buo(z) +w)}

=2’ (Q + LyRLo + a(A+ BLo)'Q(A + BLo)) z + aE{w Qu}.

Define
K§=0Q
KE*Y = Q + LLRLo + a(A + BLo) K}(A + BLy).
Then
k—1
T () (@) = 2/ K5 e+ > ab-mB{uw K§'w).
m=0

The convergence of K(/f“ follows from the analysis of §4.1. Thus
@
Juo () = 2’ Koz + mE{w’Kow}
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(as in §8.1) which proves the required relation.

(b) Let p1(x) be the solution of the following
min{u' Ru + a(Azx + Bu)'Ko(Az + Bu)}

which yields
ur = 7(R + O‘B/KOB)_loéB/KoA.T =1Lz

Thus
L = —(R+ aB'KyB)"laB'KgA = —-M~11

where M = R+ aB'KyB and Il = aB'KpA. Let us consider the cost associated with u; if we ignore w

Juy () =Dk (24,Qui +  (wx) Rma(wx)) = > ok (Q + Ly RL1 ).
=0 k=0

However, we know the following

k+1
41 = (A+ BL1)k+1zy 4+ Z (A + BLy)kt1=mqp,,.

m=1

Thus, if we ignore the disturbance w we get

Juy () = 2 Y k(A + BL1)*(Q + LiRL1)(A + BL1)ka.
k=0

Let us call

Ki =Y oak(A+ BL)*(Q+ LyRL1)(A + BL1)kx. (1)
k=0

We know that
K—-0-— a(A + BL())IK()(A + BL()) — L/ORLO =Q.

Substituting in (1) we have

Ki =Y ak(A+ BL)*(Ko+ a(A+ BL1)'Ko(A+ BL1))(A+ BLy)+
k=0

+ > {a*(A+ BL1)"*[a(A + BL1)'Ko(A + BL1) — a(A + BLo)'Ko(A + BLo)+
k=0
+ L/ RLy — L),RLo](A + BLy)k}.

However, we know that

Ky = Z Ozk(A + BLl)/k (Ko — Oé(A + BLl)/Ko(A + BLl)) (A + BLl)k.
k=0
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Thus we conclude that

Ki— Ko=) ak(A+ BL)*V(A+ BLy)*
k=0

where

U =«a(A+BL)Ko(A+ BL1) —a(A+ BLy)' Ko(A+ BLo) + L) KoL1 + Ly Ko Lo.
We manipulate the above equation further and we obtain
V=L (R+aB'K,B)L1 — L{,(R+ aB'KoB)Lo + aL} B’ KoA + aA’KoBL1—
—aLyB'KoA — aA’KoBLg
=L\MLy — LyMLo+ LTI+ 1I'Ly — L{II — 11’ Lo
=—(Lo—L1)M(Lo— L1) — (I1+ MLy) (Lo — L1) — (Lo — L1)/(IT + M Ly).

However, it is seen that

II+ ML, =0.

Thus
U =—(Lyo— L1))M(Lo — L1).

Since M > 0 we conclude that

Ko—Ki =Y a*(A+ BL)*(Lo — L1)M(Lo — L1)(A + BL1)k > 0.
k=0

Similarly, the optimal solution for the case where there are no disturbances satisfies the equation
K=Q+LRL+«a(A+BL)YK(A+ BL)
with L = —a(R + B'’KB)~1B'K A. If we follow the same steps as above we will obtain

o0
Ki— K =) ak(A+ BL)*(L — LYM(L — L)(A+ BL1)k > 0.
k=0
Thus K < K; < Kj. Since K; is bounded, we conclude that A + BL; is stable (otherwise K1 — 00).
Thus, the sum converges and K; is the solution of K1 = a(A + BL1)'K1(A+ L1) + Q + LY RL1. Now

returning to the case with the disturbances w we conclude as in case (a) that
a
Ju, () = 'Kz + mE{w’Klw}.

Since K1 < Ko we conclude that J,, (x) < Ju,(x) which proves the result.
¢) The policy iteration is defined as follows: Let
L, = —Oé(R + OzB'Kk_lB)*lB/Kk_lA.
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Then pi(z) = Lix and
Jup () = o' K + %E{w’K;@w}
-«

where K}, is obtained as the solution of
Ky = a(A+ BLy)'Ki(A+ BLy) + Q + L|,RLy,.
If we follow the steps of (b) we can prove that
K <Kp<...< K <Ko (2)

Thus by the theorem of monotonic convergence of positive operators (Kantorovich and Akilov p.

189: “Functional Analysis in Normed Spaces”) we conclude that

Ky = lim Kj

p—0C0

exists. Then if we take the limit of both sides of eq. (2) we have
Koo = (A4 BLoo)Koo(A+ L) + Q + Lo RLoo

with
Lo = —a(R+ aB' Ko B) 1B’ KA.

However, according to §4.1, K is the unique solution of the above equation. Thus, Ko = K and

the result follows.
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Solutions Vol. II, Chapter 4

4.4

(a) We have
Tk+1p0 =T (TFh0) =T (k¥ + (T*hO)(i)e) = Th¥ + (T*hO)(i).

The ith component of this equation yields
(TH110) ) = (THE) () + (T519) ().
Subtracting these two relations, we obtain
Tk+1R0 — (TH+110) (i) = ThE — (Th¥) (i),

from which

hith = ThE — (Th¥)(i).
Similarly, we have

A 1 A 1

Th+1p0 = T(T*RO) = T <hk + = Z(Tkho)(i)e) =Thh+ = (T*h0)(i)e.

From this equation, we obtain
1

% > (TEHLR0) (i) = % > (Th*) () + - > (TERO) (i)

By subtracting these two relations, we obtain

hk+1 = Thk — % > (ThE) ().

The proof for h¥ is similar.

(b) We have

bk = TkhO — (% Z(Tkho)(z’)) e= %zn:hf.

(2

So since h¥ converges, the same is true for h*. Also,
b = T*RO — min(T*10) (i)e
and
hE(5) = (T*h0)(7) — min(T*hO) (i)
— max((TER0) (j) — (Th0) (7))

K2

= max b ().

K2

Since h¥ converges, the same is true for h*.
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4.8

Bellman’s equation for the auxiliary (1 — 8)—discounted problem is as follows:

J(i) = min i) + (1= B) 3 pis(w) T3] (1)

Using the definition of p;;(u), we obtain

> pi(u) I () =D (1= B) " pi(u) - J(§) + (1= B)~L(pir(u) — B)J(2),
J j#t
Zm(u)j(j) = Z(l — B) " pij(u)J(j) — (1= B)~1BJ(t).

This together with (1) leads to

- 7 J t 9
J(i) = ulemn (i,u) + E pij(u — BJ(t)]
or, equivalently,
BJ(t) + J(i) = m n + g i 2
(t) (i) = e i g i,u) pij(u (2)

Returning to the problem of minimizing the average cost per stage, we notice that we have to solve the
equation

A+ R(i) = ! 3
+h(0) = min [9(i, ) +ij (3)

Using (2), it follows that (3) is satisfied for A = 3.J(t) and h(i) = J(i) for all 5. Thus, by Proposition 2.1,

we conclude that $J(t) is the optimal average cost and .J(4) is a corresponding differential cost at state 4.
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