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CHAPTER 1: EXERCISES AND SOLUTIONS{

1.1

Let C be a nonempty subset of &", and let A\; and A2 be positive scalars. Show
that if C is convex, then (A1 + A2)C = A\ C + X\2C [cf. Prop. 1.1.1(c)]. Show by
example that this need not be true when C' is not convex.

Solution: We always have (A1 + X\2)C C M C + \2C, even if C is not convex.
To show the reverse inclusion assuming C' is convex, note that a vector z in
AMC + XoC is of the form x = A1x1 + Aexe, where x1,x2 € C. By convexity of
C', we have

A1 A2
C
)\1+/\2x1+ )\1+)\2x2 €

and it follows that
T = Mz1+ Aexwe € (A1 + \2)C,

so M C + \2C C ()\1 =+ )\Q)C

For a counterexample when C' is not convex, let C be a set in R" consisting
of two vectors, 0 and x # 0, and let Ay = A2 = 1. Then C is not convex, and
(M +X2)C =2C = {0, 2z}, while \;C + A 2C = C+C = {0, z, 2z}, showing that
(/\1 —+ AQ)C 7é MC + X2C.

1.2 (Properties of Cones)

Show that:
(a) The intersection N;erC; of a collection {C; | ¢ € I} of cones is a cone.
(b) The Cartesian product C1 x C> of two cones C; and C5 is a cone.
(¢) The vector sum C; + C2 of two cones Cy and C- is a cone.
)

(d) The image and the inverse image of a cone under a linear transformation

is a cone.

1 Many of the exercises and solutions given here were developed as part of
my earlier convex optimization book [BNOO03] (coauthored with Angelia Nedi¢
and Asuman Ozdaglar), and are posted on the internet of that book’s web site.
The contribution of my coauthors in the development of these exercises and their
solutions is gratefully acknowledged. Since some of the exercises and/or their
solutions have been modified and also new exercises have been added, all errors
are my sole responsibility.



(e) A subset C is a convex cone if and only if it is closed under addition and
positive scalar multiplication, i.e., C'+ C' C C, and vC' C C for all v > 0.

Solution: (a) Let z € N;erC; and let a be a positive scalar. Since z € C; for
all ¢ € I and each C; is a cone, the vector ax belongs to C; for all ¢ € I. Hence,
azx € N;erCy, showing that N;crC; is a cone.

(b) Let z € C1 x C2 and let « be a positive scalar. Then z = (z1,z2) for some
r1 € C1 and x2 € C2, and since C; and Cq are cones, it follows that ax1 € C;
and azs € Cy. Hence, ax = (az1,azz) € C1 x Ca, showing that Cy x Cs is a
cone.

(c) Let x € C1 4+ C and let « be a positive scalar. Then, z = z1 + x2 for some
r1 € C1 and x2 € (2, and since C; and Cs are cones, ax; € Cy and axs € Cs.
Hence, ax = axz1 + axs € C1 + Cs, showing that Cy + Cs is a cone.

(d) First we prove that A - C is a cone, where A is a linear transformation and
A-C is the image of C' under A. Let z € A-C and let « be a positive scalar. Then,
Az = z for some z € C, and since C is a cone, ax € C. Because A(azx) = az,
the vector az is in A - C, showing that A - C is a cone.

Next we prove that the inverse image A™' - C of C under A is a cone. Let
z € A7 . C and let a be a positive scalar. Then Az € C, and since C is a cone,
aAzx € C. Thus, the vector A(ax) € C, implying that az € A~ -C, and showing
that A~!. C is a cone.

(e) Let C be a convex cone. Then vC C C, for all v > 0, by the definition of
cone. Furthermore, by convexity of C, for all x,y € C, we have z € C, where

z= %(m—i—y)

Hence (z +y) = 2z € C, since C' is a cone, and it follows that C + C C C.

Conversely, assume that C + C C C, and yC C C. Then C is a cone.
Furthermore, if z,y € C' and a € (0, 1), we have az € C and (1 — a)y € C, and
az+ (1 —a)y € C (since C + C C C). Hence C is convex.

1.3 (Convexity under Composition)

Let C be a nonempty convex subset of R". Let also f = (f1,..., fm), where
fi:C— R, i=1,...,m, are convex functions, and let g : R™ +— R be a function
that is convex and monotonically nondecreasing over a convex set that contains
the set {f(m) |z € C’}, in the sense that for all u, @ in this set such that u < 7,

we have g(u) < g(uw). Show that the function h defined by h(z) = g(f(m)) is
convex over C. If in addition, m = 1, g is monotonically increasing and f is
strictly convex, then h is strictly convex.

Solution: Let z,y € R™ and let a € [0,1]. By the definitions of h and f, we
have

h(am +(1- a)y) = g(f(al"" (1- a)y))
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g aer 1fa)y),...,fm(aer(lfa)y))
g(Oé l—a)fl(y),,afm($)+(1—oc)fm(y))
g(alf .uhnxm)+«1—axfmww.wfm@»)

ocg(fl( )seos fm(@) + (L= )g(fi(y),- - fm(y))
= ag(f(2)) + (1 - a)g(f(y))
= ah(z) + (1 — a)h(y),
where the first inequality follows by convexity of each f; and monotonicity of g,
while the second inequality follows by convexity of g.
If m = 1, g is monotonically increasing, and f is strictly convex, then the

first inequality is strict whenever = # y and « € (0, 1), showing that h is strictly
convex.

I IA

IN

1.4 (Examples of Convex Functions)

Show that the following functions from R" to (—oo, co] are convex:
(a)
1.
fl(fly-..,mn) = { —(171272" -;L‘n)n if z1 > 0,...,n > 07
00 otherwise.

)= (Tl+...+ezn).
fala) = ll2]]” with p > 1.
) =
)=

f(z)7 where f is concave and 0 < f( ) < oo for all z.

/
(f) fo(z) = €% where A is a positive semidefinite symmetric n x n matrix
and (3 is a positive scalar.

(&) fr(z) = f(Az +b), where f: R™ — R is a convex function, A is an m X n
matrix, and b is a vector in R™.

Solution: (a) Denote X = dom(f1). It can be seen that fi is twice continuously
differentiable over X and its Hessian matrix is given by

i=n 1 1
$% T1TY T1Tn
1 l-n 0 _1
ToxT a:2 QTN
Vi (2) = fi(z) | #2m:1 2 2
1 1 1-n
TnT] T T 1%
for all z = (z1,...,2,) € X. From this, direct computation shows that for all
z:(zl,...,zn)e%"andx:(xl,...,a:n)e)( we have
/2 _ fl(l')
=1
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Note that this quadratic form is nonnegative for all z € R" and = € X, since
f1(z) <0, and for any real numbers a1, ..., a,, we have

(a1++an)? <n@f+--+al),

in view of the fact that 2c;ou < of +aj. Hence, V? fi() is positive semidefinite
for all zx € X, and it follows from Prop. 1.1.10(a) that fi is convex.

(b) We show that the Hessian of f is positive semidefinite at all z € R™. Let
B(z) = e®1 +--- 4 e". Then a straightforward calculation yields

Y fale)z = %@2 Z Ze(ziﬂj)('zi —2z)?>0, VzeR"

i=1 j=1

Hence by Prop. 1.1.10(a), f2 is convex.

(¢) The function f3(z) = ||z||” can be viewed as a composition g(f(x)) of the
scalar function g(t) = t¥ with p > 1 and the function f(x) = ||z||. In this case, g is
convex and monotonically increasing over the nonnegative axis, the set of values
that f can take, while f is convex over R" (since any vector norm is convex).
Using Exercise 1.3, it follows that the function fs(z) = ||z||” is convex over R".

(d) The function fa(z) = ﬁ can be viewed as a composition g(h(z:)) of the
function g(t) = —1 for ¢ < 0 and the function h(x) = —f(z) for z € R". In this
case, the g is convex and monotonically increasing in the set {¢ | ¢ < 0}, while h
is convex over R". Using Exercise 1.3, it follows that the function fi(z) = f(lw)
is convex over R".

(e) The function f5(x) = af(x) + B can be viewed as a composition g(f(x)) of
the function g(t) = at + 3, where t € R, and the function f(z) for x € R". In
this case, g is convex and monotonically increasing over R (since a > 0), while f
is convex over R". Using Exercise 1.3, it follows that fs5 is convex over R".

(f) The function fe(z) = 'A% can be viewed as a composition g(f(a:)) of the
function g(t) = €’ for t € R and the function f(z) = 2’ Az for € R". In this
case, ¢ is convex and monotonically increasing over R, while f is convex over R"
(since A is positive semidefinite). Using Exercise 1.3, it follows that fs is convex
over R".

(g) This part is straightforward using the definition of a convex function.

1.5 (Ascent/Descent Behavior of a Convex Function)

Let f: R +— R be a convex function.

(a) (Monotropic Property) Use the definition of convexity to show that f is
“turning upwards” in the sense that if x1, x2, x3 are three scalars such that
1 < 2 < x3, then

flz2) = fz1) _ flas) - f($2)'

T2 — 1 - T3 — T2




(b) Use part (a) to show that there are four possibilities as x increases to co:
(1) f(x) decreases monotonically to —oo, (2) f(z) decreases monotonically
to a finite value, (3) f(x) reaches some value and stays at that value, (4)
f(z) increases monotonically to co when z > T for some = € .

Solution: (a) Let x1,x2,x3 be three scalars such that 1 < z2 < x3. Then we
can write o as a convex combination of 1 and z3 as follows

T3 — T2 T2 — X1
T2 = T+ T3,
xr3 — T1 xr3 — 1

so that by convexity of f, we obtain

T3 — T2

<
flaz) < propmpeat A C20 —, /(@8
This relation and the fact
_ Tr3 — T2 T2 — X1
fl2) = pr— 2) + pr— f(@2),

imply that

B2 (fla) — flan)) < 2220 (f(as) — flx2).

r3 — T1 r3 — 1

By multiplying the preceding relation with zs — z1 and by dividing it with (z3 —
22)(x2 — x1), we obtain

fz2) = f(21) _ flas) = flx2)

T2 — X1 - T3 — T2

(b) Let {xx} be an increasing scalar sequence, i.e., x1 < 2 < 3 < ---. Then
according to part (a), we have for all k

fz2) = f(x1) _ flws) = flz2) _ _ [(xe+r) = fan)

T2 — T - T3 — T2 - - Tk+1 — Tk

. (1.1)
Since (f(ack) — f(xkfl))/(mk — xp—1) is monotonically nondecreasing, we have

fzw) — f(zr—1)

— 7, 1.2
pa— ¥ (1.2)

where 7y is either a real number or co. Furthermore,

f(@re) = flan) <5 v k. (1.3)

)
Tk+1 — Tk

We now show that ~ is independent of the sequence {zx}. Let {y;} be
any increasing scalar sequence. For each j, choose Tk such that y; < Tk, and
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Ty < Ty < -+ < Tk, S0 that we have y; < yjp1 <@g;,, <k, By part (a),

it follows that
Flys+1) = fys) Feng o) = Flang,,)
Yji+1 — Yj - mkj+2 - mkj.H

and letting j — oo yields

lim fQys+1) = flys)

Jj—o0 Yji+1 = Yj B
Similarly, by exchanging the roles of {zx} and {y;}, we can show that

fim LWt = FWs) o

Jj—oo Yi+1 — Y

Thus the limit in Eq. (1.2) is independent of the choice for {z\}, and Eqgs. (1.1)
and (1.3) hold for any increasing scalar sequence {zy}.

We consider separately each of the three possibilities v < 0,7 = 0, and
~ > 0. First, suppose that v < 0, and let {zx} be any increasing sequence. By
using Eq. (1.3), we obtain

foﬁl )(50 1 —25) + f (@)

Ti+1 — Ty

<ZW Tjr1 — xj) + f(z1)

= 7($k —z1) + f(z1),

and since v < 0 and zx — oo, it follows that f(zx) — —oo. To show that f
decreases monotonically, pick any  and y with < y, and consider the sequence
1 =z, 12 =y, and x = y + k for all £ > 3. By using Eq. (1.3) with &k = 1, we

have
S =@
y—x
so that f(y) — f(x) < 0. Hence f decreases monotonically to —oco, corresponding
to case (1).

Suppose now that v = 0, and let {zx} be any increasing sequence. Then,
by Eq. (1.3), we have f(zx+1)— f(ar) < 0for all k. If f(ar41)— f(zk) < 0 for all
k, then f decreases monotonically. To show this, pick any = and y with z < vy,
and consider a new sequence given by y1 = x, y2 = vy, and yx = Tk ykr—3 for all
k > 3, where K is large enough so that y < zx. By using Egs. (1.1) and (1.3)
with {yx}, we have

f&) = 1) _ flxn) - fax)

y—x - TK4+1 — TK

<0,

implying that f(y) — f(z) < 0. Hence f decreases monotonically, and it may
decrease to —oo or to a finite value, corresponding to cases (1) or (2), respectively.
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If for some K we have f(zxx+1) — f(zx) = 0, then by Egs. (1.1) and (1.3)
where v = 0, we obtain f(zx) = f(xzk) for all k > K. To show that f stays at
the value f(xk) for all z > xk, choose any = such that z > 2k, and define {yx}
as y1 = Tk, Y2 = x, and yr = rn+k—3 for all £ > 3, where N is large enough so
that z < zn. By using Eqgs. (1.1) and (1.3) with {yx}, we have

f@) = flax) _ flan) = fl2)

T — T - IN — X -7

so that f(z) < f(zk) and f(zn) < f(z). Since f(zx) = f(zn), we have
f(x) = f(zk). Hence f(x) = f(xk) for all x > zx, corresponding to case (3).

Finally, suppose that v > 0, and let {x} be any increasing sequence. Since
(f(mk) — f(xk_l))/(mk — Z—1) is nondecreasing and tends to vy [cf. Egs. (1.2)
and (1.3)], there is a positive integer K and a positive scalar e with e < v such
that

ESM, V> K. (1.4)
Tk — Tk—1

Therefore, for all k > K

flaony = S L@ = @) 0 b o) 2 eon - ax) + o),

Tj41 — T4
J=K J+ J

implying that f(zr) — co. To show that f(z) increases monotonically to oo for
all z > xk, pick any x < y satisfying x < z < y, and consider a sequence given
by y1 = 2k, y2 =, ys =y, and yx = TN+k—a for k > 4, where N is large enough
so that y < zn. By using Eq. (1.4) with {yx}, we have

< fly) = f)
Yy—x

€

Thus f(z) increases monotonically to co for all x > xk, corresponding to case
(4) with T = zk.

1.6 (Posynomials)

A posynomial is a function of positive scalar variables yi, ...,y of the form
91, yn) = > By,
i=1

where a;; and (; are scalars, such that 8; > 0 for all i. Show the following:
(a) A posynomial need not be convex.

(b) By a logarithmic change of variables, where we set

f@) =m(g(yr,...,yn)),  bi=Ingi, Vi, a;=Iny;, Vj



we obtain a convex function

f(z) = Inexp(Az + b), VaxeR",
where exp(z) = €1 + .-+ ¢€*™ for all z € R™, A is an m X n matrix with
components a;j, and b € R™ is a vector with components b;.

(¢) Every function g : " — R of the form

9y) =g ()"t gr(y)"",

where gi is a posynomial and ~; > 0 for all k, can be transformed by a
logarithmic change of variables into a convex function f given by

fl@) = Inexp(Aiz +b),

k=1
with the matrix Ay and the vector by being associated with the posynomial
gi for each k.

Solution: (a) Consider the following posynomial for which we have n =m =1
and 8 = %,
1
9(y)=y2, Vy>0.

This function is not convex.

(b) Consider the following change of variables, where we set

f@) =m(g(y,...,yn)), bi=Igi, Vi, a;=Iny;, ¥j

With this change of variables, f(z) can be written as

f(z)=1In (Z eb¢+%‘111+~-~+amzn> )

i=1
Note that f(x) can also be represented as
f(z) = lnexp(Az +b), VzeR",

where Inexp(z) = 1n(ez1 + -4 ez’") for all z € R™, A is an m X n matrix with
entries a;;, and b € R™ is a vector with components b;. Let f2(z) = In(e®! +
-+ 4 ¢€*m). This function is convex by Exercise 1.4(b). With this identification,
f(z) can be viewed as the composition f(z) = f2(Axz + b), which is convex by
Exercise 1.4(g).

(c) Consider a function g : " +— R of the form

gy) =g ()"t g0 (y)",

where gy is a posynomial and v, > 0 for all k. Using a change of variables similar
to part (b), we see that we can represent the function f(z) =1lng(y) as

F(@) = e nexp(Agz + by),
k=1
with the matrix Ay and the vector by being associated with the posynomial g
for each k. Since f(z) is the weighted sum of convex functions with nonnegative
coefficients [part (b)], it follows that f(x) is convex.



1.7 (Arithmetic-Geometric Mean Inequality)

Show that if a1, ..., a, are positive scalars with Z?:l a; = 1, then for every set
of positive scalars x1, ..., T, we have
il as? 2™ < onwy 4 axwa + o+ A,
with equality if and only if 1 = z2 = -+ = z,. Hint: Show that (—Inz) is a
strictly convex function on (0, c0).
Solution: Consider the function f(z) = —In(z). Since V*f(z) = 1/2% > 0 for
all z > 0, the function —In(z) is strictly convex over (0,00). Therefore, for all
oy . n

positive scalars z1,...,x, and a1, ...q, with Zi:l a; = 1, we have

—In(aaz1 + -+ anzn) < —arIn(z1) — -+ — an In(zn),

which is equivalent to

eln(alzl+~-+anajn) Z eoq In(zq)+--+an In(zn) _ eal In(zq) .. Lan ln(zn)7

- €

or

[e3 «
a1z1 4t anTy > 27tz

as desired. Since — In(z) is strictly convex, the above inequality is satisfied with
equality if and only if the scalars x1,...,z, are all equal.

1.8 (Young and Holder Inequalities)

Use the result of Exercise 1.7 to verify Young’s inequality
P q
<= +L, Va0, vy>0,
p q
where p > 0, ¢ > 0, and
1/p+1/q=1.

Then, use Young’s inequality to verify Holder’s inequality
n n 1/p n 1/q
zmms(zw) (zw) |
=1 =1 1=1

Solution: According to Exercise 1.7, we have

Qlm

1
uPv §E+E, Vu>0, Vov>0,

p q

where 1/p+1/g =1, p > 0, and g > 0. The above relation also holds if u = 0 or
v = 0. By setting u = z” and v = y?, we obtain Young’s inequality

mP yq

ry<—+=—, Vz=>0, Vy=>0.
P g
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To show Holder’s inequality, note that it holds if z; = --- = x,, = 0 or
y1 = =yn =0. If z1,...,2, and y1,...,yn are such that (z1,...,z,) # 0
and (y1,...,yn) # 0, then by using
|yl

1/q
(Z]‘:1 ‘yj|q)

||

1/p
(Zj:1 |xj|p)

xr = and y=

in Young’s inequality, we have for all i = 1,...,n,

. . P |4
| - |y:] < |4 n |yi] _
(S ale) " (Sotwle) ™ (Sialeal) o (S5 bl
By adding these inequalities over i = 1,...,n, we obtain

Doy il -l _1
n 1/p n 1/qa — P
(Zj:l |xj‘p> ( j=1 |yj|q)

which implies Holder’s inequality.

1.9 (Characterization of Differentiable Convex Functions)

Let f : R" +— R be a differentiable function. Show that f is convex over a
nonempty convex set C' if and only if

(Vi) - Vf) (@—-y) >0, VayeC.

Note: The condition above says that the function f, restricted to the line segment
connecting x and y, has monotonically nondecreasing gradient.

Solution: If f is convex, then by Prop. 1.1.7(a), we have
f@) = fl@)+Vf(@)(y—2), VayeC
By exchanging the roles of x and y in this relation, we obtain
f@) = f@)+ VW' (z-y), Vzyel,
and by adding the preceding two inequalities, it follows that
(Vi) = VI@) (@ ~y) 2 0. (1.5)

Conversely, let Eq. (1.5) hold, and let « and y be two points in C. Define
the function A : R — R by

h(t) = f(:r +t(y — m))

11



Consider some t,t' € [0,1] such that ¢ < ¢. By convexity of C, we have that
x+t(y — ) and = + t'(y — ) belong to C. Using the chain rule and Eq. (1.5),
we have

dh(t')  dh(b)\ .,

( dt _7>(t_t)
- (Vf(ert’(yfx)) fo(ert(yf:r))) (y—2)(t' — 1)
>0.

Thus, dh/dt is nondecreasing on [0, 1] and for any t € (0,1), we have

h(t) = h(0) _ 1/t ) 4y < L /1 dh(r) . _ h(1) = h(t)

t t dr - —1-—t dr 1-—1¢

Equivalently,
th(1) 4+ (1 —t)h(0) > h(t),

and from the definition of h, we obtain
tf(y) + (1= )f(2) > fty + (1 - t)z).

Since this inequality has been proved for arbitrary ¢ € [0,1] and z,y € C, we
conclude that f is convex.

1.10 (Strong Convexity)

Let f: R™ — R be a function that is continuous over a closed convex set C' C
dom(f), and let o > 0. We say that f is strongly conver over C with coefficient
o if for all z,y € C and all a € [0,1], we have

flaz+(1-a)y) + Za(l—a)|e —yl’ < af(@) + (1 - a)f(y):

(a) Show that if f is strongly convex over C with coefficient o, then f is strictly
convex over C. Furthermore, there exists a unique z* € C' that minimizes
f over C, and we have

f@) 2 f@) + Gl —a"P, Veed

(b) Assume that int(C), the interior of C, is nonempty, and that f is continu-
ously differentiable over int(C). Show that the following are equivalent:

(i) f is strongly convex with coefficient o over C.

(ii) We have

(V@) - VW) @—y) 2oz —y|>  V¥azyeint(O).
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Furthermore, if f is twice continuously differentiable over int(C'), the above
two properties are equivalent to:

(iii) The matrix V2 f(x) — o[ is positive semidefinite for every = € int(C),
where I is the identity matrix.

Solution: (a) The strict convexity of f over C' is evident from the definition of
strong convexity and the hypothesis. Strict convexity also implies that there can
be at most one minimum of f over C.

To show existence of a vector * that minimizes f over C, we show that
every level set {x € C' | f(z) < ~} is bounded and hence compact (since C' is
closed and f is continuous over C'), and then use Weierstrass’ Theorem. Assume
to arrive at a contradiction that alevel set L = {z € C'| f(z) < ~} is unbounded,
and let {1} C L be an unbounded sequence. We assume with no loss of gener-
ality that ||zx — x0]| > 1 for all k. Let ax = 1/||zx — zol|, and note that oy — 0.
Define

T — X0

yr = ek + (1 — ax)zo + xo,

e — ol

and note that |lyr — zo|| = 1 for all kK > 1. By strong convexity of f, we have

fyr) < anf(xr) + (1 — o) f(wo) — %Uak(l — ag)||lzk — x|

= auf(or) + (1= ax) f(z0) — 50(1 = ap)]an —ao]

1
< 7= 501 = a)llzk — 2ol
Hence f(yr) — —oo, which contradicts the boundedness of {yx} and the conti-
nuity of f.
To show the inequality f(z) > f(z*) + (0/2)||z — *||?, we write for any
z € C and « € (0,1),

af @)+ (1 - a)f(@") 2 f(aw+ (1= a)a") + 5ol — )z - o
7@) + soa(l = a)lle - 2|

Y

It follows that f(z) > f(z*)+ (¢/2)(1 — &)||z — 2*||?, and by taking the limit as
a — 0, we obtain the desired inequality.

(b) We first show that (i) implies (ii). We have, using the definition of strong
convexity,

F)+aV i) (z—y) < f(y+alz—y)) < af(l?)+(1—a)f(y)—%a(l—a)ﬂx—yHQ,
for all z,y € int(C) and «a € (0, 1), from which
FW) + Vi) @ —y) < f(@) = Z(1-a)lle -yl

Similarly,
o

F@) + V@) (y—2) < fly) - 50— a)llz -yl
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and adding these two inequalities:

(V) — V(@) (@ —y) < —o(l—a)llz—yl?,

or
/
(Vi) = Vi@) (y—2) > o(1 - a)llz -yl
Taking the limit as @ — 0, we obtain
(Vi) = VI@)'(y ~2) 2 ol — o).

Next we show that (ii) implies (i). For any « € (0,1) and z1,z2 € int(C)

with z1 # x2, let
To = az1 + (1 — a)za.

We have

’

f(@a) = f(z1) +/ Vf(ah +t(za — an)) (Ta — z1)dt,

Jwa) = fla2) + / VF (w2 + e — 22)) (w0 — za)at

Multiplying these relations with a and 1 — «, respectively, adding, and collecting
terms using the relations zo — z1 = (1 — a)(x2 — 1), Ta — 2 = a(z1 — x2), and

(21 + t(wa — 1)) — (22 + t(za — 72)) = (1 — ) (21 — 72),
we obtain
af(z1) + (1 —a)f(z2) — f(za)
—a(l—a) /01 (Vf(x1 +t(@a — 21)) = VF (02 + tza — m)))'(x1 ~ zo)dt

1
>oa(l —a)|z1 — az2||2/ (1—¢t)dt
0

1
= 5oa(l —a)lz — |?,

verifying the strong convexity inequality for z1, z2 in the interior of C' [and using
the continuity of f, for 1, z2 in the boundary of C as well].

Assume now that f is twice continuously differentiable over int(C).

First we show that (iii) implies (ii). Let z,y € int(C) and consider the
function g : & — R defined by

/
g(t) = Vf(tz+ (1 —t)y) (z —y).
Using the Mean Value Theorem, we have

(VF(x) = VW) (= —y) = g(1) — g(0) = dgT@
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for some ¢ € [0,1]. On the other hand,

dg(t)

1) — (=) V2 f (1o + (1= ) (@ — ) > olle — I,

where the last inequality holds because V2 f (tm—i— (1 —t)y) —ol is positive semidef-
inite. Combining the last two relations, we obtain the desired inequality.

We finally show that (i) implies (iii). For any a € (0,1) and z1,x2 € int(C)
with z1 # x2, let

To = az1 + (1 — a)za.

Using the 2nd order Mean Value Theorem, we have

f(@1) = f(za) + V(za) (1 — 2a) + %(azl —24)' V2 f(Za) (21 — 20),

f(@2) = f(xa) + V(za) (x2 — 2a) + %(m — 24)' V2 f(Za) (22 — 2a),

where T, and 2, are vectors that lie in the intervals connecting x, with z;
and x2, respectively. Multiplying these relations with a and 1 — «, respectively,
adding, canceling the terms involving V f(z), and using the relations zo — 21 =
(1—a)(x2 — 1) and xo — x2 = a(z1 — x2) and the definition of strong convexity,
we obtain

Fwa) + 5oa(l — o)z 2l < af (1) + (1 - @) f(z2)
= flwa) + (L — ) (a1 — 22)' () (1 — 22)

+ 303 (1= )1 — 22) V2 f(da) (21 — 72)

and finally,
ollzr — xa|* < (21— 22)' (1 — @) V2 f(Za) + aV? f(&a)) (21 — 22).
Dividing by ||z1 — z2||*> and letting x> approach x1, we obtain
o < dVf(z1)d,

where d = (z1 — x2)/||z1 — x2]|. Since z1 and z2 were chosen arbitrarily within
int(C), it follows that the matrix V2 f(x) — o[ is positive semidefinite for every
z € int(C). Since by the convexity of C, every point in the boundary of C can be
approached from the interior and V2f is continuous, V2 f (z) — ol is also positive
semidefinite for every = in the boundary of C.
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1.11 (Generated Cones and Convex Hulls)

Show that:

(a) For a nonempty convex subset C' of ", we have

cone(C) = Uzec{yz | v > 0}.

(b) A cone C is convex if and only if C +C C C.

(¢) For any two convex cones C71 and C> containing the origin, we have

C1+Cy = CODV(Cl @] 02)7 CinCsy; = U (OéC1 N (1 — OZ)CQ).
a€l0,1]

Solution: (a) Let y € cone(C). If y =0, then y € Uzec{yx | v > 0}. If y # 0,
then by definition of cone(C'), we have

m
Y= Z AiTi,
=1

for some positive integer m, nonnegative scalars \;, and vectors x; € C. Since
y # 0, we cannot have all \; equal to zero, implying that Z:Zl Ai > 0. Because
x; € C for all ¢ and C is convex, the vector

belongs to C. For this vector, we have

()

with 217:1 Ai > 0, implying that y € Uzec{’ym | ¥ > 0} and showing that
cone(C) C Ugec{yx | v > 0}.

The reverse inclusion follows from the definition of cone(C).

(b) Let C be a cone such that C 4+ C C C, and let z,y € C and « € [0, 1]. Then
since C'is a cone, az € C' and (1 —a)y € C,so that ax+ (1 —a)y e C+C C C,
showing that C is convex. Conversely, let C' be a convex cone and let z,y € C.
Then, since C is a cone, 2z € C and 2y € C, so that by the convexity of C,
z+y = 3(2z +2y) € C, showing that C' + C C C.

(c) First we prove that C1 + Cy C conv(Ci U C3). Choose any = € C1 + Ch.
Since C1 + C- is a cone [see Exercise 1.2(c)], the vector 2z is in C1 + C2, so that
2z = x1 + x2 for some x1 € C1 and z2 € Cy. Therefore,

x—lx +1x
=TT 5%,

16



showing that = € conv(Ci U C2).
Next, we show that conv(Cy UC3) C C1 + Cs. Since 0 € Cy and 0 € Cy, it
follows that
CiICi+0CC1+CQ, 1 =1,2,

implying that
Ci1UCy C Cy + Cs.

By taking the convex hull of both sides in the above inclusion and by using the
convexity of Ci 4+ C2, we obtain

conv(Cy UCs) C conv(Cy + Cs) = C1 + Cs.

We finally show that

CinCy = U (OZC1 Nn(l-— a)CQ).

a€(0,1]
We claim that for all @ with 0 < o < 1, we have
aCi N (1 — Oé)CQ =C1NCs.

Indeed, if z € C1 N Cy, it follows that x € C7 and x € C3. Since C; and Cs
are cones and 0 < a < 1, we have z € aC:1 and z € (1 — a)C>. Conversely, if
z € aC1 N (1 — a)Cs, we have

T

— e (4,

o
and

xT

o) €O

Since C;1 and C5 are cones, it follows that x € C1 and x € Ca, so that x € C1NCs.
If « =0 or a =1, we obtain

aC1 N (1 — 05)02 = {0} cCin 02,

since C1 and Cs contain the origin. Thus, the result follows.

1.12 (Extension of Caratheodory’s Theorem)

Let X; and X5 be nonempty subsets of R", and let X = conv(X1) + cone(X3).
Show that every vector x in X can be represented in the form

k m
T = E ;T + E Y,
i=1

i=k+1
where m is a positive integer with m < n+1, the vectors z1, ...,z belong to X1,
the vectors yx+1, . .., ym belong to X2, and the scalars a1, . .., am, are nonnegative
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with a1+ - -+ar = 1. Furthermore, the vectors x2—x1, ...,k — 1, Ykt1, .- -, Ym
are linearly independent.

Solution: The proof will be an application of Caratheodory’s Theorem [Prop.
1.2.1(a)] to the subset of R"*! given by

Y:{(x,l)\x€X1}U{(y,0)|y€X2}.

If z € X, then
k m
x = Z%mi + Z YiYi,
i=1 i=k+1
where the vectors x1, ...,z belong to X1, the vectors yx41, ..., ym belong to Xo,

and the scalars ~1,...,vm are nonnegative with y1 + --- 4+ v, = 1. Equivalently,
(z,1) € cone(Y). By Caratheodory’s Theorem part (a), we have that

k m
(@ 1) =Y ail@, 1)+ Y aily:,0),
i=1 i=k+1
for some positive scalars as, ..., an and vectors
(x171)a"'(mka1)7 (yk+150)a---7 (yma0)7

which are linearly independent (implying that m < n + 1) or equivalently,

k m k
T = E iz + E QY 1= E ;.
i=1 i=1

i=k+1
Finally, to show that the vectors o — x1,..., x — 1, Yk+1,...,Ym are linearly
independent, assume to arrive at a contradiction, that there exist As,..., Am, not
all 0, such that
k m
Z)\z(xl — .%‘1) + Z )\iyi =0.
i=2 i=k+1

Equivalently, defining Ay = —(A2 + -+ - + A), we have

k m
Z)\i($i,1)+ Z Xi(yi,0) = 0,
i=1 i=k+1

which contradicts the linear independence of the vectors

(z1,1),..., (K, 1), (Yk+1,0), ..., (ym, 0).
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1.13
Let X be a nonempty bounded subset of ™. Show that
cl (conv(X)) = conv (cl(X)) :
In particular, if X is compact, then conv(X) is compact (cf. Prop. 1.2.2).

Solution: The set cl(X) is compact since X is bounded by assumption. Hence,
by Prop. 1.2.2, its convex hull, conv(cl(X)), is compact, and it follows that

cl (conv(X)) Cecl (conv (CI(X))) = conv (cl(X)) .
It is also true that
conv (cl(X)) C conv (cl (Conv(X))> =cl (conv(X)) ,

since by Prop. 1.1.1(d), the closure of a convex set is convex. Hence, the result
follows.

1.14 (Convex Hulls and Generated Cones of Cartesian Products)

Given nonempty sets X; C R", i =1,...,m, let X = X3 x --- X X, be their
Cartesian product. Show that:

(a) The convex hull (closure, affine hull) of X is equal to the Cartesian product
of the convex hulls (closures, affine hulls, respectively) of the Xj;.

(b) If all the sets X1, ..., X,, contain the origin, then
cone(X) = cone(X1) X - -+ x cone(Xm).
Furthermore, the result fails if one of the sets does not contain the origin.

Solution: (a) We first show that the convex hull of X is equal to the Cartesian
product of the convex hulls of the sets X;, i = 1,...,m. Let y be a vector that
belongs to conv(X). Then, by definition, for some k, we have

k k
y:Zaiyi, with a; >0, i =1,...,m, Zaizl,
i=1 i=1

where yi € X for all i. Since y; € X, we have that y; = (z¢,...,z%,) for all i,
with 21 € Xu,...,2;, € Xm. It follows that

k k k
Y= al(xlv"wxm)_ ALy, .-, AT |
=1 1=1 =1
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thereby implying that y € conv(X1) X --- X conv(Xm).

To prove the reverse inclusion, assume that y is a vector in conv(Xy) x - - - x
conv(Xy,). Then, we can represent y as y = (y1,...,Ym) with y; € conv(X;),
ie, foralli=1,...,m, we have

i i
yi:Za;-m}, zj € Xy, V4, a; >0, Vj, Za}zl

First, consider the vectors

1 2 m 1 2 m 1 2 m
(xl,xr17"'7xrm_1)7 ('TZ:xrla"'7xrm_1)7'"7(xki,xr17"'7x'rm_1)7

for all possible values of 7r1,...,rm_1, i.e., we fix all components except the
first one, and vary the first component over all possible ac;’s used in the convex
combination that yields y1. Since all these vectors belong to X, their convex
combination given by

k1
1.1 2 m
Q; T 723T1 gee ey fL'Tm71
=1

belongs to the convex hull of X for all possible values of 71,...,7m—1. Now,
consider the vectors

k1

1.1 2 m
a;T; )T, T | oz]m] mkw ..,xrm .y

j=1

i.e., fix all components except the second one, and vary the second component
over all possible x?’s used in the convex combination that yields y2. Since all
these vectors belong to conv(X), their convex combination given by

k1

(Seied). (Z%) o

j=1

belongs to the convex hull of X for all possible values of r2, ..., rm—1. Proceeding
in this way, we see that the vector given by

k1 k2 km
1.1 2 2 m,_m
Otjxj 5 Otjxj geeey a] CL']

j=1 j=1 j=1

belongs to conv(X), thus proving our claim.

Next, we show the corresponding result for the closure of X. Assume that
y = (21,...,Tm) € cI(X). This implies that there exists some sequence {y" } CcX
such that y* — y. Since y* € X, we have that y* = (zf,...,z%) with 2F € X;
for each ¢ and k. Since yk — y, it follows that z; € cl(X;) for each 4, and

hence y € cl(X1) X -+ X cl(Xrm). Conversely, suppose that y = (z1,...,Zm) €
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cl(X1) x -+ x cl(X,,). This implies that there exist sequences {z¥} C X; such
that ¥ — a; for each i = 1,...,m. Since zF € X; for each i and k, we have that
y* = (aF,...,2") € X and {y*} converges to y = (21,...,%m), implying that
y € cl(X).

Finally, we show the corresponding result for the affine hull of X. Let’s
assume, by using a translation argument if necessary, that all the X;’s contain
the origin, so that aff(X1),...,aff(X,,) as well as aff(X) are all subspaces.

Assume that y € aff(X). Let the dimension of aff(X) be r, and let
y',...,y" be linearly independent vectors in X that span aff(X). Thus, we

can represent y as
y=> B,
i=1

where B*,...,B" are scalars. Since y° € X, we have that 3* = (z%,...,2%,) with
x; € X;. Thus,

T I
i=1 i=1 i=1
implying that y € aff(X1) x --- x aff(X,,). Now, assume that y € aff(X;) x
-+ x aff(X,,). Let the dimension of aff(X;) be r;, and let z},...,z,’ be linearly
independent vectors in X; that span aff (X;). Thus, we can represent y as

1 m
- (Zﬂ{x{,---,Zﬁfnw%> |
j=1 i=1
Since each X; contains the origin, we have that the vectors

1 T2 Tm
(Zﬁ{x{,O,...,O) : <0,Zﬂgm;’,o7...,o> (0,...,253@%),
j=1 j=1 j=1

belong to aff (X), and so does their sum, which is the vector y. Thus, y € aff (X),
concluding the proof.

(b) Assume that y € cone(X). We can represent y as

y=> a'y,
i=1

for some r, where a',...,a" are nonnegative scalars and y; € X for all 4. Since
y* € X, we have that y* = (21, ...,2;,) with 2} € X;. Thus,

™ ™ ™
_ i i iy i i i i
y= o' (xly .y Ty) = a'zy,. .., o'z, |,
i=1

i=1 =1
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implying that y € cone(X1) X -+ x cone(Xm).
Conversely, assume that y € cone(X1) X --- X cone(X,,). Then, we can

represent y as
71 Tm
— J pd J
Yy = E alxl,...,g AUy T, |
j=1 j=1

where xz € X; and ozf > 0 for each i and j. Since each X; contains the origin,
we have that the vectors

1 T m
(Za{x{,o,...,()) , <O,Za%x%,0,...,0> e (0,...,Zainx§n> ,
j=1 j=1 j=1

belong to the cone(X), and so does their sum, which is the vector y. Thus,
y € cone(X), concluding the proof.
Finally, consider the example where

X1 ={0,1} C &, Xo={1} CR.
For this example, cone(X1) X cone(X2) is given by the nonnegative quadrant,

whereas cone(X) is given by the two halflines «(0,1) and «(1,1) for @ > 0 and
the region that lies between them.

1.15 (Characterization of Twice Continuously Differentiable
Convex Functions)

Let C be a nonempty convex subset of R" and let f : R" — R be twice continu-
ously differentiable over *". Let S be the subspace that is parallel to the affine
hull of C. Show that f is convex over C' if and only if 4/ V2f(z)y > 0 for all
xz € Cand y € S. [In particular, when C has nonempty interior, f is convex over
C if and only if V2 f(x) is positive semidefinite for all z € C'.]

Solution: Suppose that f: R" — R is convex over C. We first show that for all

x €1i(C) and y € S, we have 3y V2 f(z)y > 0. Assume to arrive at a contradiction,
that there exists some Z € ri(C) such that for some y € S, we have

y'V2f(E)y < 0.

Without loss of generality, we may assume that ||y|| = 1. Using the continuity of
V2f, we see that there is an open ball B(T, €) centered at Z with radius e such
that B(Z,¢) Naff(C) C C [since Z € ri(C)], and

YV f(x)y <0, V& B(Te). (1.6)
For all positive scalars a with o < €, we have
_ _ _ 1 o
F@+ay) = f(2) +aVI@)y+ 5y’ V(@ +ay)y,
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for some & € [0, @]. Furthermore, ||(Z + ay) — Z|| < € [since ||y|| =1 and & < €].
Hence, from Eq. (1.6), it follows that

f(@+ay) < f(&) +aV @)y, YV a € [0,¢).

On the other hand, by the choice of € and the assumption that y € S, the vectors
Z + ay are in C for all a with o € [0,¢), which is a contradiction in view of
the convexity of f over C. Hence, we have y'V2f(x)y > 0 for all y € S and all
z € ri(C).

Next, let T be a point in C that is not in the relative interior of C'. Then, by
the Line Segment Principle, there is a sequence {zx} C ri(C) such that x, — Z.
As seen above, y' V2 f(zr)y > 0 for all y € S and all k, which together with the
continuity of V2f implies that

YV @y = lim 'V f(ar)y >0, VyeS.

It follows that y' V> f(z)y > 0 for allz € C and y € S.

Conversely, assume that y'V2f(z)y > 0 for all z € C and y € S. For all
x,z € C' we have

F(z) = f(@) + (2 = 2) V(@) + 5(z = 2) V[ (2 + a(z — 7)) (= — @)

for some a € [0,1]. Since z,z € C, we have that (z — z) € S, and using the
convexity of C' and our assumption, it follows that

f(z) > flx) + (z — 2) Vf(2), Vaz,zeC.

From Prop. 1.1.7(a), we conclude that f is convex over C.

1.16

Construct an example of a point in a nonconvex set X that has the prolongation
property of Prop. 1.3.3 but is not a relative interior point of X.

Solution: Take two intersecting lines in the plane, and consider the point of
intersection.

1.17 (Characterizations of Relative Interior)

Let C be a nonempty convex set.

(a) Show the following refinement of the Prolongation Lemma (Prop. 1.3.3):
z € ri(C) if and only if for every T € aff(C'), there exists a v > 0 such that
z+vy(x—-7T)eC.

(b) Show that cone(C) = aff(C) if and only if 0 € ri(C).
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Solution: (a) Let = € ri(C). We will show that for every T € aff(C'), there exists
a v > 1 such that z + (v — 1)(x — T) € C. This is true if T = z, so assume that
T # x. Since z € ri(C), there exists € > 0 such that

{z | lz —z| < e} Naff(C) c C.

Choose a point z. € C in the intersection of the ray {x +a—z)|a> 0} and
the set {z ||z — | < e} Naff(C). Then, for some positive scalar o,

T —Te = ae(r — 7).
Since z € ri(C) and Z. € C, by Prop. 1.3.1(c), there is v > 1 such that
z+(Ye—1(x—T) €C,
which in view of the preceding relation implies that
z+ (e — Dac(z —7) € C.

The result follows by letting v = 1 + (7. — 1)a. and noting that v > 1, since
(Ye — Dae > 0.
The converse assertion follows from the fact C' C aff(C') and Prop. 1.3.1(c).

(b) Assume that 0 € ri(C'). Then, the inclusion cone(C) C aff(C) is evident. For
the reverse inclusion, note that if T € aff(C'), then —7 € aff(C), so applying part
(a) with « = 0, we have that & € C for some v > 0. Hence T € cone(C) and
aff(C) C cone(C).

Conversely, assume that aff (C') = cone(C). We will show that 0 € ri(C).
Indeed if this is not so, by applying part (a) with z = 0, it follows that there
exists T € aff(C) such that v(—z) ¢ C for all v > 0. Hence —% ¢ cone(C), a

contradiction.

1.18

Let f: R™ — (—o0, 0] be a convex function, let v be a scalar, and let C be a
nonempty convex subset of R".

(a) Show that if f(x) < v for some z, then f(z) < ~ for some z € ri(dom(f)).

(b) Show that if C' C ri(dom(f)) and f(z) < v for some z € cl(C), then
f(z) < v for some z € ri(C).

(c) Show that if C' C dom(f) and f(x) > v for all x € C, then f(z) >  for all
z € cl(C).

Solution: (a) Assume the contrary, i.e., that f(x) > « for all z € ri(dom(f)).
Let Z be such that f(Z) < 7 and let Z be any vector in ri (dom(f)). By the Line

Segment Principle, all the points on the line segment connecting T and %, except
possibly Z, belong to ri(dom(f)) and therefore,
flaz+(1-a)z) >y, Vac(01]
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Thus, we have
af(@)+(1-a)f@) > flaz+(1—a)7) =7, VYae(01]
By letting o — 0, it follows that f(Z) > v, a contradiction.

(b) Define
g(z) = {f(x) if x € cl(C),
00 otherwise.

Then

ri(C) C dom(g) C cl(C),
so that ri(dom(g)) = ri(C'), by Prop. 1.3.5. By hypothesis, there is an T with
9(T) < 7, so by part (a), there exists an Z € ri(dom(g)) with ¢g(Z) < . This
vector belongs to ri(C) and satisfies f(Z) < a.

(c) Assume the contrary, i.e., that f(z) < ~ for some z € cl(C). Then, by part
(b), we have f(z) < v for some x € ri(C), which contradicts the hypothesis.

1.19 (Closure and Relative Interior of Cones)
(a) Let C be a nonempty convex cone. Show that cl(C) and ri(C) is also a

convex cone.

(b) Let C = cone({xl7 e ,wm}). Show that

I‘i(C) = {Z QT4

a; >0, i=1,...,m}.

Solution: (a) Let = € cl(C) and let a be a positive scalar. Then, there exists a
sequence {zr} C C such that zx — z, and since C is a cone, azy € C for all k.
Furthermore, azr — azx, implying that ax € cl(C). Hence, cl(C) is a cone, and
it also convex since the closure of a convex set if convex.

By Prop. 1.3.2(a), the relative interior of a convex set is convex. To show
that ri(C') is a cone, let z € ri(C). Then, € C and since C is a cone, ax € C
for all & > 0. By the Line Segment Principle, all the points on the line segment
connecting = and ax, except possibly az, belong to ri(C). Since this is true for
every a > 0, it follows that ax € ri(C) for all « > 0, showing that ri(C') is a cone.

(b) Consider the linear transformation A that maps (ai,...,am) € R™ into
S iz € R™. Note that C is the image of the nonempty convex set

i=1
{(al,...,am) a1 >0,...,am 20}
under A. Therefore, by using Prop. 1.3.6, we have

ri(C):ri(A-{(al,...,ozm)\oq >0,...,0m 20})

:A-ri({(al,,..,am)\alzo,...7am20})

:A~{(o¢1,‘..7am)|a1>0,...,am>0}
m
Z{Zaixi|a1>0,.,.,am>0}.
i=1
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1.20 (Closure and Relative Interior of Level Sets)

Let f: R" — (—o0,00] be a proper convex function, and let v > infexn f(z).

(a) Show that
ri({x | flz) < 'y}) = ri({x | f(z) < fy}) = {:U € ri(dom( )) | f(z) < ’y}
A({z 1 7@ < 7)) =a({e | @) <)) = {z | @)@ <},

(b) The sets {x | flz) < 7} and {:c | flz) < ’y} have the same dimension as
dom(f).

(c¢) If f is real-valued, {a: | flz) < 'y} has nonempty interior. Furthermore,
for all v,7 with inf,egn f(z) < v < 7, the interior of {1’ | flz) < 7} is
contained in the interior of {a: | f(z) < 7}.

Solution: We have for every v € R

{(@.9) | f(z) <7} =epi(f) N M, (1.7)

where M is the set
M = {(x,'y) |z e 8‘?”}.

By Prop. 1.3.10,
ri(epi(f)) = {(:mw) |z € ri(dom(f))7 f(z) < w}, (1.8)

so for v > inf,enn f(z), using also Exercise 1.18(a), we have ri (epi(f)) NnNM # @.
It follows from Eq. (1.7) and Prop. 1.3.8 that

({0 | (@) <)) = riepi() N,

cl({(m Y| fz) < 'y}) = cl(ep1(f)) N M.

The last two equations together with Eq. (1.8) show that for every v > inf enn f(2),
we have

i({o | £) <7}) = {o e vitdom(£) | £=) <},
cl({a: | flz) < 'y}) {a: | (cl f)(z) < 'y}.

Next, we show that
d({z| f(z) <v}) =d({z | f2) <7}). (1.9)

Clearly,

cl({w | f(z) < fy}) D) cl({a: | f(z) < 'y})
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To show the reverse inclusion, let T € cl({:c | f(z) < ’y})7 or equivalently,
(cl f)(Z) < ~v. Also, choose & such that Z € ri (dom(f)) and f(Z) < v [such a
vector exists by Exercise 1.18(a), in view of the assumption v > infycpn f(x)].
Then, by Prop. 1.3.15, along the line segment connecting & and =, there is a
sequence {xy} C ri(dom(f)) that converges to T and satisfies f(zx) < v for all

k. It follows that = € cl({m | flz) < 'y}), showing that

A({z | fx) <)) ced({x| f(z) <)),

and thereby proving Eq. (1.9).
Next note that since the sets {x | f(z) < ’y} and {x | f(z) < ’y} have the
same closure, by Prop. 1.3.5(c), they have the same relative interior, i.e.,

si({o | £@) <2}) =1i({o | F@) <4}).

Finally, since the sets {m | f(z) < ’y} and {:c | f(z) < ’y} have the same
closure and relative interior, they also have the same affine hull, and hence the
same dimension.

1.21 (Relative Interior Intersection Lemma)
Let C7 and C5 be convex sets. Show that
CiNri(Ca) # @ ifand only if  ri(CyNaff(C)) Nri(Ca) # O

Hint: Choose T € ri (Cl N aff(Cg)) and z € Cy Nri(C2) [which belongs to C1 N
aff(C3)], consider the line segment connecting x and Z, and use the Line Segment
Principle to conclude that points close to = belong to ri(C’1 N aH(Cg)) Nri(Coy).

Solution: Let x € C1Nri(Cs) and T € ri(C1 ﬁaff(Cg)). Let L be the line segment
connecting z and T. Then L belongs to C1 N aff(C2) since both of its endpoints
belong to Cq N aff(C2). Hence, by the Line Segment Principle, all points of L
except possibly x, belong to ri (C1 ﬂaff(Cz)). On the other hand, by the definition
of relative interior, all points of L that are sufficiently close to = belong to ri(C?),
and these points, except possibly for « belong to ri(C’l N aff(Cz)) Nri(Cy).

1.22 (Retractiveness of Convex Cones)

(a) Show that a nonpolyhedral closed convex cone need not be retractive, by
using as an example the cone C' = {(u,v,w) | ||(u,v)| < w}, the reces-
sion direction d = (1,0,1), and the corresponding asymptotic sequence

{(k, VE,VE> + &)}

(b) Verify that the cone C' of part (a) can be written as the intersection of
an infinite number of closed halfspaces, thereby showing that a nested set
sequence obtained by intersection of an infinite number of retractive nested
set sequences need not be retractive.
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Solution: (a) Clearly, d = (1,0, 1) is the recession direction associated with the
asymptotic sequence {z1} , where ), = (k, vk, VkZ + k). On the other hand, it
can be verified by straightforward calculation that the vector

ap—d=(k—1,VE,\k2+k—1)

does not belong to C. Indeed, denoting

ur =k —1, ’L)kZ\/E, wr =V k2+k—1,

we have
(ur, o) > = (k= 1)* + k= k> =k +1,

wi = (VE +k—1)" =K +k+1 -2k +k,

and it can be seen that

while

| (ur, vie)||* > wit, YV hk>1

(b) Since by the Schwarz inequality, we have

max_ (uw +vy) = |[(u, )],
lw.w)l=1

it follows that the cone
C = {(w,v,w) | [[(u, v)|| < w}
can be written as
C= ﬂH(w,y)Hil{(u,v,w) | vw + vy < w}.

Hence C is the intersection of an infinite number of closed halfspaces.

1.23 (Frank-Wolfe Theorem — Existence of Solutions of
General Quadratic Programs)

Let @ be a symmetric n X n matrix, let ¢ and a1,...,a, be vectors in R", and
let by, ...,b, be scalars. Assume that the optimal value of the problem

minimize z'Qx + ¢’z
subject to a;»a: <bj, j=1,...,7
is finite. Show that the problem has at least one optimal solution.
Solution: Let f* be the optimal value and let X be the feasible region
X = {x|a;x§bj, j= 1,,,.,7°}.
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Let {~r} be a scalar sequence with v, | f*, and denote

Sp={r € X |z'Qrx+cx <y}
Then the set of optimal solutions of the problem is N7, Sk, so by Prop. 1.4.10,
it will suffice to show that all asymptotic sequences of {Si} are retractive.

Let {zx} be an asymptotic sequence and let d be the corresponding common
nonzero direction of recession of Si. We claim that

d'Qd <0, a;d <0, j=1,...,m (1.10)
Indeed, since xx € Sk, we have
2, Q. + e <k,
and by denoting

Tk

di =
llzxll

1dll,

it follows that g
c
i’ Qy + ] < .
(E28 (e8]
Taking the limit as k — oo, and using the fact dr — d and ||zx| — oo, we see
that d'Qd < 0. Also, for all j, we have ajzy < by, so that

b
tdy < ——||d
ajdr > kau lldl],

and by taking the limit as k — oo, we obtain a;-d <0, for all j.

For any = € X, consider the vectors & = x + kd. We will show that for
each j and all k sufficiently large, we have a}(zx —d) < b;. Indeed, for a given j,
there are two possibilities:

(1) {ajxx} has a bounded subsequence. Then, along this subsequence, we have
(ajzr/||zx]]) — O and hence ajd = 0, since z/||zk|| — d/||d||. It follows
that af;(xr — d) = ajar < by for all k.

(2) ajzr — —oo, in which case aj(zr — d) < b; for all sufficiently large k.

Thus, for k sufficiently large, we have xx — d € X.
Also, from Eq. (1.10) it can be seen that Zy € X. Thus, the cost function
value corresponding to Zj satisfies

< (z+kd)Q(x + kd) + ¢/ (z + kd)
=2'Qur 4z + K*d'Qd + k(c+2Qx) d
<z'Qx+ 'z +k(c+2Qx)d,

where the last inequality follows from the fact d'Qd < 0. From the finiteness of
f*, it follows that
(c+2Qx)'d >0, Ve X.
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We now show that {zx} is retractive, so that we can use Prop. 1.4.10.
Indeed since ||z|| — oo, it follows that for k sufficiently large, we have zx—d € X.
Furthermore, we have

flzr —d) = (z — d)' Q(zk — d) + ¢ (z1, — d)
= 2/ Qy + 'z — (¢ + 2Qur) d+ d'Qd
< @' Qi + ¢z
< Yk,
where the first inequality follows from the facts d'Qd < 0 and (c + 2Qzx)'d > 0

shown earlier. Thus for sufficiently large k, we have z —d € Sk, so that {z)} is
retractive. The existence of an optimal solution now follows from Prop. 1.4.10.

1.24 (Radon’s Theorem)

Let x1,...,zm be vectors in R™, where m > n 4+ 2. Show that there exists a
partition of the index set {1,...,m} into two disjoint sets I and J such that

conv({xi |i¢€ I}) ﬁconv({mj |je J}) # 0.
As an illustration, show that given four points in the plane, either the (possibly
degenerate) triangle formed by three of the points contains the fourth, or else

the four points define a (possibly degenerate) quadrilateral. Hint: The system of
n + 1 equations in the m unknowns A1,..., Am,

f:)\il‘izo, zm:)\i:(],
=1 i=1

has a nonzero solution A*. Let I = {i | A7 > 0} and J = {j | A\] < 0}.

Solution: Consider the system of n+ 1 equations in the m unknowns A1, ..., Ap,

i=1 i=1
Since m > n + 1, there exists a nonzero solution, call it A\*. Let
I={i|Xi >0},  J={j|Aj <0}

and note that I and J are nonempty, and that

D= (=a0) >0

kel keJ

* 2 :
r = Q;Tq,
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where
Al .
= = iel.

Zke[ /\Z ’

In view of the equations Z:il Az =0 and E:Zl A =0, we also have

*_ . .
T = QjTs,

jeJ

where
-\ )
O = =7 jed

Zkej(i)\z) ’

It is seen that the scalars o; and «; are nonnegative, and that

Zai:ZOL]’:L

il jed
so z* belongs to the intersection
conv({xi | i€ I}) ﬂconv({:cj |j€ J})

Given four distinct points in the plane (i.e., m = 4 and n = 2), Radon’s
Theorem guarantees the existence of a partition into two subsets, the convex
hulls of which intersect. Assuming, there is no subset of three points lying on the
same line, there are two possibilities:

(1) Each set in the partition consists of two points, in which case the convex
hulls intesect and define the diagonals of a quadrilateral.

(2) One set in the partition consists of three points and the other consists of one
point, in which case the triangle formed by the three points must contain
the fourth.

In the case where three of the points define a line segment on which they lie,
and the fourth does not, the triangle formed by the two ends of the line segment
and the point outside the line segment form a triangle that contains the fourth
point. In the case where all four of the points lie on a line segment, the degenerate
triangle formed by three of the points, including the two ends of the line segment,
contains the fourth point.

1.25 (Helly’s Theorem [Hel21])

Consider a collection S of convex sets in R”, with at least n + 1 members, and
assume that the intersection of every subcollection of n + 1 sets has nonempty
intersection.

(a) Assuming that S is a finite collection, show that the entire collection has
nonempty intersection. Hint: Use induction. Assume that the conclusion
holds for every collection of M sets, where M > n + 1, and show that
the conclusion holds for every collection of M + 1 sets. In particular,
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let Ci,...,Cnm+1 be a collection of M + 1 convex sets, and consider the
collection of M + 1 sets Bi,..., By+1, where

szﬂizl’m’jyprl’ci, 7=1,...,M+1.
i#]
Note that, by the induction hypothesis, each set Bj is the intersection of a
collection of M sets that have the property that every subcollection of n+ 1
(or fewer) sets has nonempty intersection. Hence each set B; is nonempty.
Let z; be a vector in B;. Apply Radon’s Theorem (Exercise 1.24) to

the vectors x1,...,zpm4+1. Show that any vector in the intersection of the
corresponding convex hulls belongs to the intersection of C1,...,Car41.

(b) Assuming that the members of S are compact, show that the entire collec-
tion has nonempty intersection. Hint: Use part (a) and the fact that if a
collection of compact sets has empty intersection, so does one of its finite
subcollections [cf. Prop. A.2.4(i)].

(¢) Use part (a) to show that given a finite family of vertical intervals on the
plane every three of which can be intersected by a line, the entire family
can be intersected by the same line.

Solution: (a) Consider the induction argument of the hint, let B; be defined
as in the hint, and for each j, let ; be a vector in B;. Since M +1 > n + 2,

we can apply Radon’s Theorem to the vectors z1,...,za+1. Thus, there exist
nonempty and disjoint index subsets I and J such that TUJ = {1,...,M + 1},
nonnegative scalars az,...,am+1, and a vector z* such that
x*:Zaimi:Zaj:cj, Zai:Zajzl.
i€l jed iel jed

It can be seen that for every ¢ € I, a vector in B; belongs to the intersection
N;jesCj. Therefore, since x* is a convex combination of vectors in B;, i € I, x*
also belongs to the intersection NjcsC;. Similarly, by reversing the role of I and
J, we see that ™ belongs to the intersection N;e;Cr. Thus, x* belongs to the
intersection of the entire collection Ch, ..., Carr41.

(b) Evident from the hint.

(c) Consider a finite family {S; | ¢ = 1,...,m} of vertical line segments on the
plane:

Sz:{(l‘,yﬂxzwz,glﬁyg@}, izla'-wmy

where m > 3, and T,y Y, 0 =1,...,m, are given scalars. For each i, consider
the set of lines that intersect S;:

Ci = {(a,b) ly, <awi+b< @i}.
The sets C; are convex, and every three of them have a common point. By Helly’s

Theorem, it follows that all the sets C; have a common point, which is a line that
intersects all the intervals S;.
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1.26 (Kirchberger’s Theorem [Kir1903])

Let S be a finite subset of R™ with at least n + 2 points, and let S = BUR
be a partition of S in two disjoint subsets B (the “blue” points) and R (the
“red” points). Suppose that every subset S of n + 2 points of S can be linearly
separated, in the sense that there is a vector @ and a scalar ¢ such that @’b+¢ < 0
for allb € SNB and @r+¢ > 0 for all » € SN R. Use Helly’s Theorem (Exercise
1.25) to show that the entire set S can be linearly separated, i.e., that there is a
vector a and a scalar ¢ such that a’b+c < 0 for all b€ B and a'r + ¢ > 0 for all
r € R. Hint: For each b € B consider the set G(b) of vectors (z1,...,Zn41) such
that

ixibi + Tny1 <0,

=1

and for each r € R, consider the set H(r) of vectors (z1,...,Zny1) such that

n
Zl‘i’n + Tny1 > 0.

i=1

Let C be the collection of the sets G(b) and H(r) as b and r ranges over B and R,
respectively. Use Helly’s Theorem (Exercise 1.25) to show that C has nonempty
intersection.

Solution: For each b € B consider the set G(b) of vectors (x1,...,Znt1) such
that

zn:-’fibi + xnt1 <0,

i=1

and for each r € R, consider the set H(r) of vectors (z1,...,Zny1) such that

n
Zmin‘ + xp4+1 > 0.

i=1

Let C be the collection of the convex sets G(b) and H(r) as b and r ranges over
B and R, respectively. By assumption, for any subset C' C B U R, consisting of
n + 2 points, the sets BN C and RN C can be linearly separated, so there exist
a € R" and ¢ € R such that

ab+c<0, Vbe BNC,
ar+¢>0, VYre RNC.

Thus, (a,¢) € L(b) for all b € BN C, and (a,¢) € G(r) forallr € RNC. It
follows that C is a finite family of convex sets in "1, which contains at least
n + 2 members and every collection of n + 2 of these members has nonempty
intersection. By Helly’s Theorem, there is a vector (a,c) that belongs to all
members of C, and for which we have a’x +c¢ < 0 for all z € B and @’z +¢ > 0
for all z € R. (Proof given in Webster [Web02], and credited to H. Rademacher
and I. J. Shoenberg, “Helly’s Theorem on Convex Domains and Tchebycheff’s
Approximation Problem,” Canadian J. of Math., Vol. 2, 1950, pp. 245-256.)
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1.27 (Krasnosselsky’s Theorem [Kra46])

Let S be a nonempty compact subset of ®". For any two points x and y of S, we
say that x is visible from y if the line segment connecting « and y belongs to S.
Assume that S has the property that for any subset of n + 1 points of S, there is
a point of S from which all n+ 1 points are visible. Show that there is a point in
S from which all points of S are visible. Hint: For each y € S, let Sy be the set of
points of S that are visible from y. Show that the set Cyy = conv(S,) is compact,
and consider the family of sets {Cy | y € S}. Use Helly’s Theorem (Exercise
1.25) to show that there is a vector a € S that belongs to Nyecs conv(Sy). Show
that @ € Nyes Sy (this last part is not simple).

Solution: For each y € S, let Sy be the set of points of S that are visible from y.
The set Sy is easily seen to be closed, and hence its convex hull, Cy, = conv(Sy), is
compact by Prop. 1.2.2. Consider the family of sets {Cy | y € S}. Let yo,...,yn
be points in S. By the hypothesis, there is a vector z € S from which yo, ..., yn
are visible. Thus z € Sy, N---NSy,,, and hence also x € CyyN---NCYy,,. It follows
that any subcollection of n+ 1 sets from the family {Cy | y € S} is nonempty. By
Helly’s Theorem [Exercise 1.25(b)], the entire family is nonempty. Thus, there
exists a vector a such that

a € conv(Sy), Vyes.

We claim now that every y € S is visible from a. Assume the contrary, so
there exists a vector b € S and a vector ¢ in the line segment connecting a and b
such that ¢ ¢ S. Let C be a closed ball of nonzero radius, which is centered at ¢
and does not intersect S. Let

a=inf{A>0]SN(C+Ab-c)) # 2},

denote the closed ball C' + a(b — ¢) by D and denote its center by d. Then by

construction, S meets the boundary of D but not its interior. Let e a vector in

SN D. We will show that a ¢ conv(S.), thus arriving at a contradiction.
Indeed, consider the halfspaces

Hfz{z|(z—e)'(e—d)<0}7 H+:{z\(z—e)'(e—d)20}.

Then, by elementary geometry, it follows that a € H~, while S. ¢ HT and
hence also conv(S.) C H*. Since H~ N H* = @, it follows that a ¢ conv(S.), a
contradiction. (Proof given in Webster [Web02].)

1.28

(a) Let Ci be a convex set with nonempty interior and C2 be a nonempty
convex set that does not intersect the interior of C'i. Show that there exists
a hyperplane such that one of the associated closed halfspaces contains Cs,
and does not intersect the interior of C;.
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(b) Show by an example that we cannot replace interior with relative interior
in the statement of part (a).

Solution: (a) In view of the assumption that int(C1) and C> are disjoint and
convex [cf Prop. 1.1.1(d)], it follows from the Separating Hyperplane Theorem
that there exists a vector a # 0 such that

a'zy < a'xo, YV z1 € int(C1), VY xz2 € Ch.
Let b = infsyec, a'z2. Then, from the preceding relation, we have
a'z < b, Y 2 € int(Ch). (1.11)

We claim that the closed halfspace {z | a’z > b}, which contains Cs, does not
intersect int(Ch).

Assume to arrive at a contradiction that there exists some Z1 € int(Ch1)
such that a’m; > b. Since T; € int(C4), we have that there exists some € > 0
such that Z1 4 ea € int(C4), and

d (T + ea) > b+ €lal|® > b.
This contradicts Eq. (1.11). Hence, we have

int(C1) C {x | 'z < b}.

(b) Consider the sets

O = {(z1,22) | &1 = 0},
Cr = {($1a$2) | z1 > 0, xoz1 > 1},

These two sets are convex and C5 is disjoint from ri(C1), which is equal to Ci. The
only separating hyperplane is the z2 axis, which corresponds to having a = (0, 1),
as defined in part (a). For this example, there does not exist a closed halfspace
that contains Cs but is disjoint from ri(Cy).

1.29

Let C be a nonempty convex set in ", and let M be a nonempty affine set in
R™. Show that M Nri(C) = @ is a necessary and sufficient condition for the
existence of a hyperplane H containing M, and such that ri(C) is contained in
one of the open halfspaces associated with H.

Solution: If there exists a hyperplane H with the properties stated, the condition
M Nri(C) = @ clearly holds. Conversely, if M Nri(C) = @, then M and C can
be properly separated by Prop. 1.5.5. This hyperplane can be chosen to contain
M since M is affine. If this hyperplane contains a point in ri(C'), then it must
contain all of C' by Prop. 1.3.4. This contradicts the proper separation property,
thus showing that ri(C) is contained in one of the open halfspaces.
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1.30

Let C; and C2 be nonempty convex subsets of R" such that C5 is a cone.

(a) Suppose that there exists a hyperplane that separates Ci and C> properly.
Show that there exists a hyperplane which separates C1 and C2 properly
and passes through the origin.

(b) Suppose that there exists a hyperplane that separates Ci and Cb strictly.
Show that there exists a hyperplane that passes through the origin such
that one of the associated closed halfspaces contains the cone C3 and does
not intersect C1.

Solution: (a) If C1 and C> can be separated properly, we have from the Proper
Separation Theorem that there exists a vector a # 0 such that

inf o'z > sup a'z, (1.12)
z€0] z€Cyq
sup @'z > inf a'x. (1.13)
zeC] z€C2
Let
b= sup a'z. (1.14)
zeCyo

and consider the hyperplane
H={zx|dz=0}
Since C- is a cone, we have
X'z =a'(A\r) < b < oo, Vzel, VA>O0.

This relation implies that o’z < 0, for all 2 € Ca, since otherwise it is possible to
choose \ large enough and violate the above inequality for some x € C2. Hence,
it follows from Eq. (1.14) that b < 0. Also, by letting A — 0 in the preceding
relation, we see that b > 0. Therefore, we have that b = 0 and the hyperplane H
contains the origin.

(b) If Cy and C-> can be separated strictly, we have by definition that there exists
a vector a # 0 and a scalar § such that
a'a:z < ﬂ < a/CE1, Va1 € C1, Y xo € Cs. (1.15)

We choose b to be

b= sup a'z, (1.16)
z€Co

and consider the closed halfspace
K={x|dz<b},
which contains C3. By Eq. (1.15), we have
b< B <az, Ve (Ch,

so the closed halfspace K does not intersect C'.

Since C> is a cone, an argument similar to the one in part (a) shows that
b = 0, and hence the hyperplane associated with the closed halfspace K passes
through the origin, and has the desired properties.
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1.31 (Separation Properties of Cones)

Define a homogeneous halfspace to be a closed halfspace associated with a hyper-
plane that passes through the origin. Show that:

(a) A nonempty closed convex cone is the intersection of the homogeneous
halfspaces that contain it.

(b) The closure of the convex cone generated by a nonempty set X is the
intersection of all the homogeneous halfspaces containing X.

Solution: (a) C' is contained in the intersection of the homogeneous closed half-
spaces that contain C, so we focus on proving the reverse inclusion. Let = ¢ C.
Since C'is closed and convex by assumption, by using the Strict Separation The-
orem, we see that the sets C' and {z} can be separated strictly. From Exercise
1.30(c), this implies that there exists a hyperplane that passes through the origin
such that one of the associated closed halfspaces contains C, but is disjoint from
z. Hence, if z ¢ C, then z cannot belong to the intersection of the homogeneous
closed halfspaces containing C, proving that C' contains that intersection.

(b) A homogeneous halfspace is in particular a closed convex cone containing
the origin, and such a cone includes X if and only if it includes cl(cone(X ))
Hence, the intersection of all closed homogeneous halfspaces containing X and
the intersection of all closed homogeneous halfspaces containing cl (cone(X )) co-
incide. From what has been proved in part(a), the latter intersection is equal to
cl(cone(X)).

1.32 (Strong Separation)

Let €y and C> be nonempty convex subsets of £, and let B denote the unit
ball in R", B = {z | ||z|| < 1}. A hyperplane H is said to separate strongly C1
and Cs if there exists an € > 0 such that C; 4 ¢B is contained in one of the open
halfspaces associated with H and C + €B is contained in the other. Show that:

(a) The following three conditions are equivalent.
(i) There exists a hyperplane separating strongly C1 and Co.
(ii) There exists a vector a € R" such that inf,cc, a'z > SUP,ec, a'z.
(iil) infe,ecy, eqeoy |21 — @2]| > 0, ie., 0 ¢ cl(Ca — Cy).
(b) If Cy and C5 are disjoint, any one of the five conditions for strict separation,

given in Prop. 1.5.3, implies that C; and C2 can be strongly separated.

Solution: (a) We first show that (i) implies (ii). Suppose that C; and C3 can
be separated strongly. By definition, this implies that for some nonzero vector
a € R, be R, and € > 0, we have

Ci+eB C {z|a'z > b},
Co+eB C {z|a'z <b},
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where B denotes the closed unit ball. Since a # 0, we also have
inf{a'y | y € B} <0, sup{a'y | y € B} > 0.
Therefore, it follows from the preceding relations that
b<inf{a'z+ea'y|x € Cr,y € B} <inf{a'z |z € Ci},

b>sup{a'x+ea'y |z € Cay € B} >sup{a’z |z € Ca}.

Thus, there exists a vector a € "™ such that

. ! !
inf ax > sup a'z,
zeCy z€Cy

proving (ii).

Next, we show that (ii) implies (iii). Suppose that (ii) holds, i.e., there
exists some vector a € R™ such that

inf o'z > sup d'z, (1.17)
z€0q z€Cy

Using the Schwartz inequality, we see that

0 < inf a'z — sup d'z

zeCy zE€Cy
= inf a'(wl — z2),
x1€C, x9€Cy
< inf laf|f|zr — 22|
z1€Cq, ©9€Cy
It follows that
inf |lz1 — z2|| > 0,

z1€C1,x2€C
thus proving (iii).

Finally, we show that (iii) implies (i). If (iii) holds, we have for some € > 0,

inf lx1 — 22| > 2€ > 0.

z1€C,x9€Co
From this we obtain for all z; € C1, all 2 € Cs, and for all y1, y2 with [jy1|| <€,
ly2ll <€,

(@1 +y1) = (22 + y2)l| = 21 — z2] = [la]l = [lg2ll >0,

which implies that 0 ¢ (C1 +€B) — (C2 +€B). Therefore, the convex sets Cy +€B
and C5 + €B are disjoint. By the Separating Hyperplane Theorem, we see that
Ci 4+ eB and C3 + eB can be separated, i.e., C1 + eB and C2 + €B lie in opposite
closed halfspaces associated with the hyperplane that separates them. Then,
the sets C1 + (¢/2)B and C: + (¢/2)B lie in opposite open halfspaces, which by
definition implies that C; and Cs can be separated strongly.
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(b) Since C: and C- are disjoint, we have 0 ¢ (C1 — C2). Any one of conditions
(2)-(5) of Prop. 1.5.3 imply condition (1) of that proposition (see the discussion
in the proof of Prop. 1.5.3), which states that the set C1 — C5 is closed, i.e.,

cl(C1 — Co) =C1 — Ch.
Hence, we have 0 ¢ cl(Cy — C2), which implies that

inf |1 — z2|| > 0.
z1€C,29€CH

From part (a), it follows that there exists a hyperplane separating Cq1 and Ca
strongly.

1.33

Let C be a nonempty closed convex subset of #"* that contains no vertical lines.
Show that C is equal to the intersection of the closed halfspaces that contain it
and correspond to nonvertical hyperplanes.

Solution: C is contained in the intersection of the closed halfspaces that contain
C' and correspond to nonvertical hyperplanes, so we focus on proving the reverse
inclusion. Let ¢ C. Since by assumption C does not contain any vertical
lines, we can apply Prop. 1.5.8, and we see that there exists a closed halfspace
that correspond to a nonvertical hyperplane, containing C' but not containing
xz. Hence, if z ¢ C, then = cannot belong to the intersection of the closed
halfspaces containing C' and corresponding to nonvertical hyperplanes, proving
that C' contains that intersection.

1.34 (Logarithmic/Exponential Conjugacy)

Let f: R +— R be the exponential function
flx)=e".
Show that the conjugate is
ylny —y ify >0,

fry)=10 ify=0,
o) if y <0.

Solution: The conjugate is
£ (y) = sup{zy — €*},
zeR
and can be calculated in closed form. For y < 0, by taking x — —o0, we see that
zy — €® can be made arbitrarily large, so f*(y) = co. For y = 0, we have

£(0) = sup{—e”} = — inf " = 0.
zER zER

Finally, for y > 0, by setting the derivative of xy — e” to zero, we see that the
supremum of xy — e€* is obtained for x = Iny, and by substitution, we obtain

[ y)=yhy—y.
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1.35 (Conjugates of p-Norms)

Let f: 3 — R be the function
1
f Tr)= —|T p7
() = Jle]
where 1 < p. Show that the conjugate is

) ==yl (1.18)

Solution: We set the derivative of xy — (1/p)|z|? to zero, and we see that the
supremum over z is attained when sgn(z)|z|P~* = y, which implies that zy = |z|?
and |z|P~! = |y|. By substitution in the formula for the conjugate, we obtain

1 1 1, -2 1
fly) =lal” = —|af” = (1 - ) |z = ~[y|P=T = —y|".
p p q q

We now note that for any function f : R"™ — (—oo, 0o] that has the form

f(@) = fi(@1) + -+ fu(zn),
where ¢ = (21,...,25) and f; : R — (—o00,00], i = 1,...,n, the conjugate is

given by
P =)+ + falyn),

where fj : 8 — (—o00, 00] is the conjugate of f;, i = 1,...,n. By combining this
fact with the formula (1.18), we see that the conjugate of the function

f@) = >3 lal”
i=1

is the function

)= éZIyil‘R
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1.36 (Conjugate of a Quadratic)

Let
f(x) =12'Qz +d'z + b,

where @ is a symmetric positive semidefinite n X n matrix, a is a vector in R",
and b is a scalar. Derive the conjugate of f.

Solution: Let us assume first that @ is nonsingular. Then the maximum of

z'y — f(x) over z is attained when Qz + a = Vf(z) = y. By substitution, we
obtain

J*(y) = a'y - f(z) = 2'(Qz + a) - 42'Qe —d'z — b= }a'Qz b,
and finally, using z = Q™' (y — a),
Fy)=4y-a)Q  (y—a)—b.

Consider now the general case where ) may be singular. Then if the
equation y = Qz +a has no solution, i.e., y —a does not belong to the range R(Q)
of Q, we have f*(y) = co. Otherwise, let z be the solution of the equation y =
Qx+a that has minimum Euclidean norm. Then it is known (see e.g., Luenberger,
Optimization by Vector Space Methods, 1969, p. 165) that z is linearly related
to y — a and can be written as © = Q'(y — a) where Q' is a symmetric positive
semidefinite matrix, called the pseudoinverse of Q, which satisfies QTQQ" = Q.

Similar to the case where @ is invertible, we have f*(y) = (1/2)2'Qx — b, and it
follows, using = = Q' (y — a), that

) = { by—a)Q'(y—a) b ify—acRQ),

00 otherwise.

1.37 (Support Function of a Bounded Ellipsoid)
Let X be an ellipsoid of the form
X ={z](@-7)/Qu-7) <b},

where @) is a symmetric positive definite matrix, T is a vector, and b is a positive
scalar. Calculate the support function of X.

Solution: To calculate ox(y), we write
X ={z}+ X,

where
X = {a: | 2'Qx < b},
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we calculate the support function o(y), and we use the equation

ox(y) =y T+ ox(y). (1.19)

To calculate

ox(y) = sup y'z,
' Qx<b

1/2

we introduce the transformation z = @Q*/“x and we write

ox(y) = sup yQ 'z

Izl <b1/2
It can be seen that for y # 0, the supremum over z above is attained at

/2 Q™ '?y

W) = T,

and by substitution in the expression for o+ (y), we have

Z1.\1/2
ox(y) = (by'Q7y) .
Thus, using Eq. (1.19), we finally obtain

I— 7 N— 1/2 n
ox(y) =yT+ (by'Q7'y)", VyeRr"
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