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CHAPTER 1: EXERCISES AND SOLUTIONS y

SECTION 1.1: Convex Sets and Functions

1.1

Let C be a nonempty subset of<", and let ; and  be positive scalars. Show
that if C is convex,then ( 1+ 2)C= 31C+ ,C [cf. Prop. 1.1.1(c)]. Show by
example that this need not be true when C is not convex.

Solution:  We always have ( 1 + 2)C 1C + 2C, even if C is not convex.
To show the reverse inclusion assuming C is convex, note that a vector X in
1C + ,C is of the form x = 1Xx1 + 2X2, where x1;X2 2 C. By convexity of

C, we have
1

2
X1 + X2 2 C;
1+ 2 1+ 2

and it follows that

X= 1X1+ 2X22( 1+ 2)C;

so 1C+ »,C ( 1+ z)C.

For a counterexample when C is not convex, let C be a setin<" consisting
of two vectors, 0 and x 6 0, andlet ; = 2 =1. Then C is not convex, and
(1+ 2)C=2C = f0;2xg, while 1C+ ,C = C+ C = f0;x; 2xg, showing that
(1+ 2)C6 1C+ ,C.

1.2 (Properties of Cones)

Show that:
(a) The intersection \ j2; C; of a collection fC; ji 2 I g of cones is a cone.

(b) The Cartesian product Ci1 C: of two conesC; and C; is a cone.

y This set of exercises will be periodically updated as new execises are added.
Many of the exercises and solutions given here were develope as part of my
earlier convex optimization book [BNOO3] (coauthored with Angelia Nedc and
Asuman Ozdaglar), and are posted on the internet of that book 's web site. The
contribution of my coauthors in the development of these exercises and their
solutions is gratefully acknowledged. Since some of the execises and/or their
solutions have been modi ed and also new exercises have beemdded, all errors
are my sole responsibility.



(c) The vector sum C; + C, of two conesC; and C; is a cone.

(d) The image and the inverse image of a cone under a linear transformation
is a cone.

(e) A subset C is a convex cone if and only if it is closed under addition and
positive scalar multiplication, i.e., C+ C C,and C C forall > 0.

Solution: (a) Let x 2\ {2, C; and let be a positive scalar. Sincex 2 C; for
all i 2 1 and eachC; is a cone, the vector x belongs to C; for all i 2 |. Hence,
x 2\ i2:1Ci, showing that \ i, C; is a cone.

(b) Let x 2 C; C, and let be a positive scalar. Then x = ( X1;x2) for some
X1 2 C1 and x2 2 Cz, and since C; and C; are cones, it follows that x 1 2 C;
and x 2 2 C,. Hence, x =( X 1;X2)2 Ci Cy, showing that C1 Czis a
cone.

(c) Let x 2 C1 + C; and let  be a positive scalar. Then, x = x1 + X2 for some
X1 2 C1 and x2 2 C,, and sinceC; and C, are cones, x 1 2 C; and X 2 2 C».
Hence, x = x 1+ X 22 Cy1 + Cy; showing that C; + C; is a cone.

(d) First we prove that A C is a cone, whereA is a linear transformation and
A Cistheimage of C under A. Let z2 A C and let be a positive scalar. Then,
Ax = z for some x 2 C, and since C is a cone, x 2 C. BecauseA(x )= z
the vector z isin A C, showing that A C is a cone.

Next we prove that the inverse image A ' C of C under A is a cone. Let
x2A ! Candlet be a positive scalar. Then Ax 2 C, and since C is a cone,
Ax 2 C. Thus, the vector A(x ) 2 C, implyingthat x 2 A ' C, and showing
that A ' Cis a cone.

1

(e) Let C be a convex cone. Then C C, for all > 0, by the de nition of
cone. Furthermore, by convexity of C, for all x;y 2 C, we havez 2 C, where

z= %(x+ y):

Hence (x + y)=22z 2 C, sinceC is a cone, and it follows that C+ C C.

Conversely, assume thatC + C C,and C C. Then C is a cone.
Furthermore, if x;y 2 C and 2 (0;1), we have x 2 C and (1 )y 2 C, and
x +(1 )y2 C (sinceC+ C C). Hence C is convex.

1.3 (Convexity under Composition)

that is convex and monotonically nondecreasing over a convex set that contains
the set f(x)jx 2 C ,in the sense that for all u;U in this set such that u T,
we have g(u)  g(u). Show that the function h dened by h(x) = g f(x) is
convex over C. If in addition, m = 1, g is monotonically increasing and f is
strictly convex, then h is strictly convex.
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Solution: Let x;y 2 <" and let 2 [0;1]. By the de nitions of h and f, we
have

hx+@ J)y=gfx+@ )y
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g fa0)+@  Hfay)n fmG)+@Q )fm(y)
fax);infm(x) +(1 ) fa(y);infm(y)

1}
«

=g f(x) +@ g fy)
= h()+@  )hly);

where the rst inequality follows by convexity of each f; and monotonicity of g,
while the second inequality follows by convexity of g.

If m =1, gis monotonically increasing, and f is strictly convex, then the
rst inequality is strict whenever x 6 y and 2 (0;1), showing that h is strictly
convex.

1.4 (Examples of Convex Functions)

Show that the following functions from <" to (1 ;1 ] are convex:
@)
1 .
f1(X1;01;%Xn) = (xax2  Xn)7 if x1> 0;::5;Xn > 0,
1 otherwise.
(b) fa(x)=In €1+ +¢&n .
(c) fa(x)= kxkP with p 1.

(d) fa(x)= f(lx), where f is concave and O<f (x) < 1 for all x.

(e) fs(x)= f (x)+ ,wheref : <" 7! < is a convex function, and and
are scalars, with 0.

(f) fs(x)= e* Oax , where A is a positive semide nite symmetric n  n matrix
and is a positive scalar.

(9) f7(x)= f(Ax + b), where f : <™ 7! < is a convex function, Aisanm n
matrix, and bis a vector in <™.

Solution: (a) Denote X =dom(f1). It can be seen that f is twice continuously
di erentiable over X and its Hessian matrix is given by

214 1 1 3

xq  X1x2 X1Xn

1 1n 1

2 _ fi(x) B xexa x2 X2Xn

r “fi(x) = >
n .
1 1 1n
XnX1 o X1X2 x2



L !
fl(X) xX Z_| xX Zi 2
n2 . Xi Xi

2% %f1(x)z =

Note that this quadratic form is nonnegative for all z 2 <" and x 2 X, since
f1(x) < 0, and for any real numbers 1;:::; n, we have

in view of the factthat 2 ; j2+ 2 Hence,r 2f1(x) is positive semide nite
for all x 2 X, and it follows from Prop. 1.1.10(a) that fi is convex.

(b) We show that the Hessian of f, is positive semide nite at all x 2 <". Let
(x)= et + + €‘". Then a straightforward calculation yields

1 X]
(x)?

2% 2f,(x)z = itz z)® 0O 8z2<":

i=1 j=1

Hence by Prop. 1.1.10(a), f» is convex.

(c) The function fs(x) = kxkP can be viewed as a compositiong f (x) of the
scalar function g(t) = tP with p 1 and the function f (x) = kxk. Inthis case, g is
convex and monotonically increasing over the nonnegative axis, the set of values
that f can take, while f is convex over <" (since any vector norm is convex).
Using Exercise 1.3, it follows that the function f3(x) = kxkP is convex over<".

(d) The function fa(x) = ﬁ can be viewed as a compositiong h(x) of the
function g(t) = % for t < 0 and the function h(x) = f(x) for x 2<". In this
case, theg is convex and monotonically increasing in the set ft j t < Og, while h
is convex over <". Using Exercise 1.3, it follows that the function fs(x) = =

. f(x)
is convex over<".

(e) The function fs(x)= f (x)+ can be viewed as a compositiong f (x) of
the function g(t)= t + , wheret 2 <, and the function f (x) for x 2 <". In
this case, g is convex and monotonically increasing over < (since 0), while f
is convex over <" . Using Exercise 1.3, it follows that fs is convex over<".

(f) The function fg(x) = e* %% can be viewed as a compositiong f (x) of the
function g(t) = e' for t 2 < and the function f(x) = x%Ax for x 2 <". In this
case,g is convex and monotonically increasing over <, while f is convex over<"
(since A is positive semide nite). Using Exercise 1.3, it follows th at fg is convex
over <",

(g) This part is straightforward using the de nition of a con vex function.



1.5 (Ascent/Descent Behavior of a Convex Function)

Let f : <7!< be a convex function.

(&) (Monotropic Property) Use the de nition of convexity to show that f is
\turning upwards" in the sense that if x1;X2; X3 are three scalars such that
X1 <X 2 <X s, then

f(x2) f(xa) fxs) f(x2).
X2 X1 X3 Xz

(b) Use part (a) to show that there are four possibilities as x increases to1 :
(1) f (x) decreases monotonically to 1 , (2) f (x) decreases monotonically
to a nite value, (3) f(x) reaches some value and stays at that value, (4)
f (x) increases monotonically to 1 when x X for somex 2 <.

Solution: (a) Let X1;X2;X3 be three scalars such thatx; < x, <X 3. Then we
can write X2 as a convex combination of x; and x3 as follows
X3 X2 X2 X1

X2 = X1+ X3;
X3 X1 X3 X1

so that by convexity of f, we obtain

X3 X2 X2 X1
f f + f :
(x2) o— (X1) Fo—— (X3)
This relation and the fact
_ X3 X2 X2 X1 X
f(x2) = X le(X2)+ s Xlf(xZ),
imply that
X3 X2 X2 X1

f(x2) f(x1)

ve— vo— f(xz) f(x2):

By multiplying the preceding relation with  x3 X3 and by dividing it with ( x3
X2)(X2  X1), we obtain

f(x2) f(x1) f(xs) f(x2),
X2 X1 X3 X2

(b) Let fxxg be an increasing scalar sequence, i.e.x; < X2 < X3 < : Then
according to part (a), we have for all k

f(x2) f(xa) fxs) fx2) fF(Xeer) (X)),
X2 X1 X3 X2 Xksr Xk

(1.1)

Since f(xk) f(Xk 1) =(xk Xk 1) is monotonically hondecreasing, we have

f(xk) f(xXk 1)!

) 1.2
Xk Xk 1 (1.2
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where s either a real number or 1 . Furthermore,

foa)  F(x) 8 k: (1.3)
Xk+1 Xk
We now show that is independent of the sequencefxyxg. Let fy;g be
any increasing scalar sequence. For eaclj, choosexkj such that y; < x Kj and
Xk, < Xky < <Xy ; so that we havey; <yj+1 <Xij,; <Xk, - By part(a),
it follows that

fyia) fO) FTOge) F(ga),
Yi+1 Y Xkjv2  XKj41 ’

and letting j !'1  yields

im fOi) f)
in Yi+1 Y

Similarly, by exchanging the roles of fxxg and fy; g, we can show that

im FOie) )
i Yi+1 Y

Thus the limit in Eq. (1.2) is independent of the choice for fxxg, and Egs. (1.1)
and (1.3) hold for any increasing scalar sequencef X g.
We consider separately each of the three possibilites < 0; = 0, and
> 0. First, suppose that < 0, and let fxxg be any increasing sequence. By
using Eq. (1.3), we obtain

K1y |
foog = Hm) OG0yt k)
j=1 Xj+1 Xj
X 1
X+ x)+ F(xa)

= (Xk  Xa)+ f(xa);

and since < Oandxx !'1 it follows that f(xx) ! 1 . To show that f
decreases monotonically, pick anyx and y with x <y , and consider the sequence
X1 = X;X2=Yy,and xx = y+ k for all kK 3. By using Eq. (1.3) with k =1, we

have
fly) f(x)
y X

sothat f (y) f(x) < 0. Hencef decreases monotonically to 1 , corresponding
to case (1).

Suppose now that =0, and let fxyxg be any increasing sequence. Then,
by Eq. (1.3), we have f (xk+1) f(xk) Oforall k. If f (xx+1) f(xx) < O forall
k, then f decreases monotonically. To show this, pick any x and y with x <y,
and consider a new sequence given by, = X, y2 = y, and yx = Xk +« 3 for all

< 0
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k 3, where K is large enough so thaty < x x . By using Egs. (1.1) and (1.3)
with fykg, we have

f) ) flxea) Flxe) o,
y X XK+ XK '

implying that f(y) f(x) < 0. Hencef decreases monotonically, and it may
decreasetol ortoa nite value, corresponding to cases (1) or (2), respectively.

If for some K we havef (xk+1) f(xx) =0, then by Egs. (1.1) and (1.3)
where =0, we obtain f(xx) = f(xx) forall k K. To show that f stays at
the value f (xx ) for all x  xx , choose anyx such that x > x  , and de ne fyxg
asy: = Xk, Y2 = X,and yx = Xn+k 3 forall k 3, whereN is large enough so
that x <X n. By using Egs. (1.1) and (1.3) with fyxg, we have

f(x) f(xk) f(xn) f(x)
X Xk XN X

0,

so that f (x) f(xx) and f(xn) f(x). Since f(xk) = f(xn), we have

f(x)= f(xx). Hencef (x) = f (xx ) for all x xx, corresponding to case (3).
Finally, suppose that > 0, and let f xx g be any increasing sequence. Since

f(xk) f(xXk 1) =(Xk Xx 1) is nondecreasing and tends to [cf. Egs. (1.2)

and (1.3)], there is a positive integer K and a positive scalar with <  such
that ; ‘

PO T ). gy g (1.4)
Xk Xk 1

Therefore, for all k > K

X2 t0aa)  f(x)

f(Xk): ) Xj +1 Xj

=K

(Xjer X))+ F(xk) (X Xk )+ f(xk);

implying that f (xx)!1 . To show that f (x) increases monotonically to 1 for

all x xx, pick any x <y satisfying xx <x <y , and consider a sequence given
byy:i = Xk,Y2=X,ya=y,andyx = Xn+k 4 for k 4, whereN is large enough
so that y <x n. By using Eq. (1.4) with fyxg, we have

fly) f(x).
y x
Thus f (x) increases monotonically to 1 for all x Xk, corresponding to case
(4) with X = Xk .

1.6 (Posynomials)

X aj1 ajn
g(ys:::iiiyn) = i1 yn'";

i=1
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where a; and ; are scalars, such that ; > 0 for all i. Show the following:
(&) A posynomial need not be convex.

(b) By a logarithmic change of variables, where we set
f(xX)=In gly1;:::;¥n) b=In ;; 8i Xj =Iny; 8j;
we obtain a convex function
f (x) = Inexp( Ax + b); 8x2<";

where exp(z) = €1 + +¢eM forall z2<™, Aisanm n matrix with
components aj , and b2 <™ is a vector with components b .

(c) Every function g:<" 7! < of the form

ay)= o)+ o)

where g« is a posynomial and ¢ > O for all k, can be transformed by a
logarithmic change of variables into a convex function f given by

X
f(x)= k Inexp(Axx + b);
k=1

with the matrix Ay and the vector b being associated with the posynomial
o« for each k.

Solution: (a) Consider the following posynomial for which we have n = m =1
and = %,
1
ay)=y2; 8y>0
This function is not convex.

(b) Consider the following change of variables, where we set
f)=In glyi;:iiyn) ; b=In i 8i X;j=Inyj; 8j
With this change of variables, f (x) can be written as
X

f(x)=In e
i=1

bj+ajix1+ +aj, Xn

Note that f (x) can also be represented as
f (x) = Inexp( Ax + b); 8x2<";
where Inexp(z) =In €1+ + &M forall z2<™,Alisanm n matrix with

entries aj , and b 2 <™ is a vector with components k. Let f,(z) = In( €1 +
+ €*™). This function is convex by Exercise 1.4(b). With this iden ti cation,

9



f (x) can be viewed as the compositionf (x) = f2(Ax + b), which is convex by
Exercise 1.4(g).

(c) Consider a function g: <" 7! < of the form

a)=am?t oM’

where gk is a posynomial and > 0 for all k. Using a change of variables similar
to part (b), we see that we can represent the function f (x) =In g(y) as

X
f(x)= k Inexp(Axx + h);
k=1

with the matrix Ay and the vector b being associated with the posynomial gk
for each k. Sincef (x) is the weighted sum of convex functions with nonnegative
coe cients [part (b)], it follows that  f (X) is convex.

1.7 (Arithmetic-Geometric Mean Inequality)

Show that if 1;:::; n are positive scalars with i":l i =1, then for every set
of positive scalars x1;:::;Xn, we have
X 1x,2 0 x," X1+ aXz+  + nXn;

with equality if and only if X1 = Xz = = Xp. Hint: Show that ( Inx) is a
strictly convex function on (0 ;1 ).
Solution:  Consider the function f (x) = In(x). Sincer 2f (x) = 1=x? > 0 for
all x> 0, the function  In(x) is strictly convgx over (0;1 ). Therefore, for all
positive scalars x1;:::; X, and 1;::: n with in=1 i =1, we have

In( 1x1 + + nXn) 1In(x1) n In(Xn);
which is equivalent to

@ 1xa*t + nxn) g 1in(xg)+ + nin(xn) - o 1In(x31) en |n(><n);

or

1X1 + + nXn Xll Xn";

as desired. Since In(x) is strictly convex, the above inequality is satis ed with

10



1.8 (Young and Holder Inequalities)

Use the result of Exercise 1.7 to verify Young's inequality

xP yo
X —+ = 8x 0; 8 0;
y D q y
wherep > 0, g > 0, and
1=p+1=q=1:

Then, use Young's inequality to verify Holder's inequality

X X e

Solution: According to Exercise 1.7, we have

1
p

Qo

upv %+ ; 8u>0 8v>0;

o<

where 1=p+1=g=1, p> 0; and q > 0: The above relation also holds if u =0 or
v =0. By setting u= xP and v = y9, we obtain Young's inequality

xP oyl
X —+ = 8x 0, 8 0:
y D q y
To show Holder's inequality, note that it holds if x; = = Xp =0or
y1 = = yn =0. If X1;:::;Xn and y1;:::;yn are such that (x1;:::;Xn) 60

and (y1;:::;yn) 6 0; then by using

jXi] iVij

= M YE
=1 X 0P j=1 il
in Young's inequality, we have for all i =1;:::;n;
jXij jyi jxijP . jyij
P, . 1= P, 1= Fa P
[ X P [ i P I )P a o ikl
By adding these inequalities over i =1;:::;n, we obtain
P n . . . .
=1 JXi) 1Yil }+ 1—1'
P, = P, 1 p g
j=1 IXi1P j=1 1yl

which implies Holder's inequality.
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1.9 (Characterization of Di erentiable Convex Functions)

Let f : <" 7! < be a dierentiable function. Show that f is convex over a
nonempty convex set C if and only if

rf(x) r f(y) 0(x y) O; 8x;y2C:

Note: The condition above says that the function f, restricted to the line segment
connecting x and y, has monotonically nondecreasing gradient.

Solution: If f is convex, then by Prop. 1.1.7(a), we have
fy) foO+rfe)ly x); 8xy2cC

By exchanging the roles of x and y in this relation, we obtain
fo) fM+rfmix v;  8xy2C

and by adding the preceding two inequalities, it follows tha t

rEly) r ) x y) o (1.5)

Conversely, let Eqg. (1.5) hold, and let x and y be two points in C. De ne
the function h:<7!< by

ht)=f x+tly x):

Consider somet;t° 2 [0;1] such that t <t % By convexity of C, we have that
x+ t(y x)and x+ tYy x)belongto C. Using the chain rule and Eq. (1.5),
we have

= rfx+ty x) r f x+tly x) 0(y X)(t° 1)
0:
Thus, dh=dt is nondecreasing on [01] and for any t 2 (0;1), we have

Z t Z 1
h®_h©) _ 17 dh) 1T ) @) o,
t t d '

1t d 1t

t

0

Equivalently,
th(1)+(1 t)h(0) h(t);

and from the de nition of h, we obtain
tf(y)+(1 o©f(x) f ty+(1 t)x:

Since this inequality has been proved for arbitrary t 2 [0;1] and x;y 2 C, we
conclude that f is convex.

12



1.10 (Strong Convexity)

Let f : <" 7! < be a function that is continuous over a closed convex set C
dom(f), and let > 0. We say that f is strongly convex over C with coe cient
if forall x;y 2 C and all 2 [0; 1], we have

f x +(1 )y t 5 1 Hkx yk¥ f x)+( ) (y):

(a) Showthatif f is strongly convex over C with coe cient , then f is strictly
convex over C. Furthermore, there exists a uniqgue x 2 C that minimizes
f over C, and we have

Fx) f(x )+ Skx x k¥,  8x2C:

(b) Assume that int( C), the interior of C, is honempty, and that f is continu-
ously di erentiable over int( C). Show that the following are equivalent:

(i) f is strongly convex with coe cient over C.
(ii) We have

rf(x) r f(y) 0(x y) kx  yk%; 8 x;y 2 int(C):

Furthermore, if f is twice continuously di erentiable over int( C), the above
two properties are equivalent to:

(i) The matrix r 2f(x) | is positive semide nite for every x 2 int( C),
where | is the identity matrix.

Solution: (a) The strict convexity of f over C is evident from the de nition of
strong convexity and the hypothesis. Strict convexity also implies that there can
be at most one minimum of f over C.

To show existence of a vectorx that minimizes f over C, we show that
every level setfx 2 C j f(x) g is bounded and hence compact (sinceC is
closed andf is continuous over C), and then use Weierstrass' Theorem. Assume
to arrive at a contradiction thatalevelset L = fx 2 Cjf(x) g is unbounded,
and let fxxg L be an unbounded sequence. We assume with no loss of gener-
ality that kxx xok 1 forall k. Let  =1=kxx Xok, and note that ! O.

De ne
Xk Xo
+ Xo;

e 0% ® g ok

and note that kyx Xok=1forall k 1. By strong convexity of f, we have

fy)  kf(x)+(@ k) (Xo) k@ Okxk Xk

Nl NI

= Wfx)+@ Of (o) (1 )kxe  xok
% (1 k)ka Xok:

13



Hencef (yk) ! 1 , which contradicts the boundedness of fyxg and the conti-
nuity of f.

To show the inequality f(x) f(x )+ ( =2kx x k%, we write for any
x2 Cand 2 (0;1),

f xX)+(1 ix) f x +(@1 X+ (1 Ykx  x K

NI =

f(x)+% 1 kx x K

It follows that f(x) f(x )+( =2)(1 Ykx  x k2, and by taking the limit as
I 0, we obtain the desired inequality.

(b) We rst show that (i) implies (ii). We have, using the den ition of strong
convexity,

fy+ rfmix y) fy+r xy)  fHE () 7 @ )kx yk?;
for all x;y 2 int(C)and 2 (0;1), from which
fFy+rfmx v fx) 7@ kX yK?:
Similarly,
FOO+r 0%y x) () 5@ )kx yK?;
and adding these two inequalities:

rEy) rofe) oy @ ke ykE
or o
rf@y) r f(x) (y x) 1 Hkx yk*:
Taking the limit as I 0, we obtain
rfey) r fO0) Ay x) kx  ykE:

Next we show that (ii) implies (i). For any 2 (0;1) and x1;x2 2 int( C)
with X1 6 X», let

X = x1+(1 )X2:
We have
Z 1
f(xa)= f(x1)+  rf xi+t(x x1) (Xa xu)dt
0
Z 1
f(xa)= f(x2)+ rf xa+t(xa x2) (Xa x2)dt:
0
Multiplying these relations with and 1 , respectively, adding, and collecting

terms using the relations x x1 =(1 ) (X2 X1), X X2 = (X1 Xz2),and

X1+ t(Xa X1) X2+ t(Xa X2) =(1 t)(x1 X2);
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we obtain

f (x0)+(@1 ) (x2)  f(Xa)
z .

= (1 ) rf xi+t(xa x1) r f Xo+t(Xxa X2) (X1 x2)dt
0 Zl
(1 )kxa x2k* (1 t)dt
0
= % (1 kxs  Xok%;

verifying the strong convexity inequality for x1;X; in the interior of C [and using
the continuity of f, for x1; X2 in the boundary of C as well].

Assume now that f is twice continuously di erentiable over int( C).

First we show that (iii) implies (ii). Let x;y 2 int(C) and consider the
function g:<7!< dened by

gt)=rf tx+(1 1ty 0(x y):
Using the Mean Value Theorem, we have

do®)

r1e) T fW) Y= 90 90=

for somet 2 [0; 1]. On the other hand,

%=(X NI+ Dy (xy) ke Yk
where the last inequality holds becauser ?f tx+(1 t)y | is positive semidef-

inite. Combining the last two relations, we obtain the desir ed inequality.
We nally show that (i) implies (iii). For any 2 (0;1) and x1;X2 2 int( C)
with X1 6 X», let
X = x1+( )Xa2:

Using the 2nd order Mean Value Theorem, we have

fixe)=f(x )+rf(x)Ax1 x )+ %(xl x )% 2F0¢ )(x1 X );

Fxa)= F(x )+ f(x )xa x )+ %(x2 X )% (& Yx2 X ):

where x and ® are vectors that lie in the intervals connecting x with X3
and Xz, respectively. Multiplying these relations with and 1 , respectively,
adding, canceling the terms involving r f (x ), and using the relations x  x1 =
1 )(X2 x1) and X X2 = (x1 X2) and the de nition of strong convexity,

we obtain
f(x)+% 1 kxi xok® f (xa)+ (@ )f(x2)
SO 5 @ 0 )% )0 x)
£33 0 X% HE G x)
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and nally,
kxis  Xok? (X1 x2)° (@ (e )+ rA(&) (X1 X2):
Dividing by kxi x2k? and letting x» approach x1, we obtain
d 2 (x1)d;

whered = (X1 X2)=kx1 Xxz2k. Since x; and x, were chosen arbitrarily within

int( C), it follows that the matrix r 2f(x) | is positive semide nite for every
x 2 int( C). Since by the convexity of C, every point in the boundary of C can be
approached from the interior and r 2f is continuous, r 2f (x) | is also positive
semide nite for every x in the boundary of C.

SECTION 1.2: Convex and A ne Hulls

1.11 (Characterization of Convex Hulls and A ne Hulls)

Let X be a nonempty subset of <".

(a) Show that the convex hull of X coincides with the set of all convex combi-
nations of its elements, i.e.,

- X )

conv(X) = iXi |:a nite set, i=l;a 0O xi2X;8i2l

(b) Show that the a ne hull of X coincides with the set of all linear combina-
tions of its elements with coe cients adding to 1, i.e.,

( X X )
a(X)= iXi |:a nite set, i=1l;xi2X; 8i2l
i21 i21
Show also that if m is the dimension of a ( X)), there exist vectors X; X1;:::;Xm
from X suchthat X2 X;:::;Xm X form a basis for the subspace that is

parallel to a ( X).

Solution: (a) The elements of X belong to conv(X), so all their convex com-
binations belong to conv(X) since conv(X) is a convex set. On the other hand,
consider any two convex combinations of elements of X, x = 1X1 + + mXm
andy = 1y; + + ryr, Wherex; 2 X andy; 2 X. The vector

(1T Ix+y=(@1 Y 1xa+  + mxXm)+ (ayit o+ oY)
where 0 1, is another convex combination of elements of X .
Thus, the set of convex combinations of elements of X is itself a convex

set, which contains X , and is contained in conv(X ). Hence it must coincide with
conv(X ), which by de nition is the intersection of all convex sets ¢ ontaining X .

16



(b) The set

- X )

A= iXi | is a nite set, i=1l;xi2X;8i2l
i21l i21l

contains every line that passes through any pair of its point s, so it is a ne. Since
it also contains X, it must contain a ( X).
To show the reverse inclusion, we note that

A=X+S;

where X is some vector in X and S is a subspace that must have the form

(« v )

S= i(xi X) | isa nite set, i=1;xi2X;8i2l
i21 i21l

By taking one of the vectors x; to be X, we see that

(y )

S= ixi X) lisa niteset, i2<;x;2X; 8i2]l
i21l

It follows that S has a basis of the formX; X;:::;Xm X,whereXi;:::;Xm 2 X,
and m is the dimension of S. The subspace that is parallel to an a ne set that

contains X must contain the basis X1 X;:::;Xm X. Hence any a ne set that
contains X, including a ( X ), must contain A = X+ S. The proofofa ( X)= A
is complete.

1.12

Let fCi ji 2 I gbe an arbitrary collection of convex sets in <", and let C be the
convex hull of the union of the collection. Show that
8 9
[ <X X =
C= . i Ci i=1;, i 0 8i2l ;
T 1 T niteset 2T il '

i.e., the convex hull of the union of the sets C; is equal to the set of all convex
combinations of vectors that come from di erent sets C;.

Solution: By Exercise 1.11, C is the set of all convex combinations x = 1y; +

union of the sets C;. Actually, we can get C just by taking those combinations in

which the vectors are taken from di erent sets C;. Indeed, if two of the vectors,

y1 and y, belong to the same C;, then the term 1y1 + 2y» can be replaced by
y ,where = 1+ , and

y=( 1= )y1+( 2= )y22Ci:

17



Thus, C is the union of the vector sums of the form
1Cip+ + mCip;

with

1.13 (Generated Cones and Convex Hulls 1)

Show that:

(a) For a nonempty convex subset C of <", we have

cone(C) = [ xz2cf x j Og:

(b) A cone Cisconvexifandonlyif C+C C.

(c) For any two convex cones C; and C, containing the origin, we have

Ci1+ Cy=conv(Cyi [ Cp); Ci\ C =
21[0;1]

Solution: (a) Let y 2 cone(C). If y=0, then y 2 [ x2cf X j

then by de nition of cone( C), we have

x
y= i Xi;
i=1

for some positive integer m, nonnegative scalars i, and

Ci\ (1 )Cp:

Og. If y60,

ctors x; 2 C. Since

y 6 0, we cannot have all ; equal to zero, implying that im:1 i > 0. Because
X; 2 C for all i and C is convex, the vector
x .
X = %Xi
=2 Q=1 !
belongs to C. For this vector, we have
!
X
y= i X
i=1
with >0, implying that y 2[ x2c X | 0g and showing that

cone(C) [ xz2cf xj 0g:

18



The reverse inclusion follows from the de nition of cone( C).

(b) Let C be acone suchthatC+ C C,andlet x;y 2 C and 2 [0;1]. Then
sinceC isacone,x 2 C and (1 )y 2 C,sothat x +(1 )y2C+C C,
showing that C is convex. Conversely, let C be a convex cone and letx;y 2 C.
Then, since C is a cone, X 2 C and 2y 2 C, so that by the convexity of C,
X+y= 2(2x+2y) 2 C, showing that C+ C C.

(c) First we prove that C; + C2;  conv(Ci [ Cz). Choose anyx 2 C; + Cs.
SinceC1 + C; is a cone [see Exercise 1.2(c)], the vector 2 is in C; + C», so that
2X = X1 + X, for somex; 2 C; and x» 2 C,. Therefore,

X_1X+1X'
—21 221

showing that x 2 conv(Cy [ C»).
Next, we show that conv(Ci[ C2) Ci+ C,. Since 02 C; and 02 Cy, it
follows that
Ci=Ci+0 Ci+ Cy; i=1;2;

implying that
Ci [ C Ci + Cy:

By taking the convex hull of both sides in the above inclusion and by using the
convexity of C1 + C,, we obtain

conv(Ci[ Cz) conv(Ci+ Cy)= Cy+ Cy:

We nally show that

[
Ci\ Co= C\ (1 )Cz:
21[0;1]

We claim that for all with 0 < < 1, we have
C i\ (l )C2:C1\ Coz:

Indeed, if x 2 C1\ C, it follows that x 2 C; and x 2 C,. Since C; and C,
are cones and 0< < 1, we havex 2 C i and x 2 (1 )C2. Conversely, if
x2 Ci1\ (1 )C2, we have

X 2 Cy;
and X
—— 2 C3:
T )
SinceC; and C, are cones, it follows that x 2 C; and x 2 C», so that x 2 C;\ C,.

If =0or =1, we obtain
ci\ (1 )C, = f0g Ci\ Cy;

since C; and C; contain the origin. Thus, the result follows.
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1.14 (Generated Cones and Convex Hulls I1)

Let X be a nonempty set. Show that:
(&) X, conv(X), and cl(X) have the same a ne hull.
(b) cone(X) =cone conv(X) .
(c) a conv(X) a cone(X) . Give an example where the inclusion is
strict.
(d) If the origin belongs to conv( X), thena conv(X) =a cone(X) .
(e) If A is a matrix, A conv(X) = conv( AX).
Solution: (a) We rst show that X and cl(X) have the same a ne hull. Since

X cl(X), there holds
a(X) a cl(X):

Conversely, becauseX a( X) and a ( X) is closed, we have clX) a( X),
implying that
a cl(X) a(Xx):
We now show that X and conv(X) have the same a ne hull. By using a

translation argument if necessary, we assume without loss d generality that X
contains the origin, so that both a ( X) and a conv(X) are subspaces. Since

X conv(X), evidently a ( X) a conv(X) : To show the reverse inclusion,

let the dimension of a conv(X) bem, and let x1;:::;Xm be linearly indepen-
dent vectors in conv(X ) thatspana conv(X) . Theneveryx 2 a conv(X) is
a linear combination of the vectors xi1;:::;Xm, i.e., there exist scalars 1;:::; m
such that
x
X = i Xi

By the de nition of convex hull, each x; is a convex combination of vectors in
X, so that x is a linear combination of vectors in X, implying that x 2 a ( X).
Hence, a conv(X) a(Xx):

(b) Since X conv(X), clearly cone(X) cone conv(X) . Conversely, let
X 2 cone conv(X) . Then x is a nonnegative combination of some vectors in

conv(X), i.e., for some positive integer p, vectors xi;:::;Xp 2 conv(X), and
nonnegative scalars 1;:::; p, we have
xP
X = i Xi

Each x; is a convex combination of some vectors in X, so that x is a nonneg-
ative combination of some vectors in X, implying that x 2 cone(X). Hence
cone conv(X) cone(X).

(c) Since conv(X) is the set of all convex combinations of vectors in X, and
cone(X ) is the set of all nonnegative combinations of vectors in X, it follows that
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conv(X) cone(X). Therefore
a conv(X) a coneX) :

For an example showing that the above inclusion can be strict, consider
theset X = (1;1) in <2. Then conv(X) = X, so that

a conv(X) =X= (1;1) ;

and the dimension of conv(X) is zero. On the other hand, cone(X)= (; )]
0 , so that
a cone(X) = (X1;X2)]X1= X2 ;

and the dimension of cone(X) is one.

(d) In view of parts (a) and (c), it su ces to show that
a cone(X) a(Xx):

It is always true that 0 2 cone(X), so a cone(X) is a subspace. Let the

dimension of a cone(X) be m, and let x1;:::;xm be linearly independent
vectors in cone(X) that span a cone(X) [cf. Exercise 1.11(b)]. Since every
vector in a cone(X) is a linear combination of x1;:::;Xm, and since eachx;

is a nonnegative combination of some vectors in X, it follows that every vector
ina cone(X) is a linear combination of some vectors in X. In view of the
assumption that 0 2 conv(X), the ane hull of conv( X) is a subspace, which
implies by part (a) that the ane hull of X is a subspace. Hence, a X) is
the set of linear combinations of vectors from X . It follows that every vector in
a cone(X) belongs to a (X), showing thata cone(X) a(Xx):

(e) If y 2 conv(AX), then for some x1;%x2 2 X,
y= Ax 1+(1 JAX2 = A x 1+(1 )X2 2 Aconv(X):

Hence conv(AX ) Aconv(X):
Conversely, if y 2 A conv(X), then for some x1;x2 2 X,

y=A x1+(1 X2 = A x1+(1 )X2 2 conv(AX ):

Hence A conv(X) conv(AX):

1.15

Let ffi ji 2 I g be an arbitrary collection of proper convex functions f; : <" 7!
(1 ;1] Dene
n.

f(x)=inf wj(x;w)2conv [i2epi(fi) ; X 2<
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Show that f (x) is given by

Cx X X B
F(x) = inf ifi(xi) iXi =% xi2<"; =1, 0 8i2T,

Solution: By de nition, f (x) is the in mum of the values of w such that (x;w) 2
C, where C is the convex hull of the union of nonempty convex sets epi(f;). By
Exercise 1.12, k;w) 2 C if and only if ( x;w) can be expressed as a convex
combination of the form

0 1
X X X
(x;w) = ixiw)= @ ixi; wiA G
i21 i21 i2l
wherel | is a nite set and ( x;;w;) 2 epi(f;) for all i 2 T. Thus, f (x) can be
expressed as
( X X
f(x) = inf Wi (xow) = i(Xi;wi);
i2T i2T
_X )
(xi;w;) 2 epi(fi); i 0; 8i2l; i=1
i21
Since the set  xi;fi(xi) jxi 2<" is contained in epi(fi), we obtain
8 9
<X X _ X =
f(x) inf ifi(xi) x= iXi;xi2<™ o 0 8i21l; i=1
RPN il i2T '

On the other hand, by the de nition of epi( fi), for each (xi;w;) 2 epi(fi) we
have w;  fi(x;), implying that
8

9
<X X _ X =
f(x) inf, ifi(xi) x= iXipxi2<™  0;8i2T, =1
T oiam i2T i2T '
By combining the last two relations, we obtain
9
<X X _ X =
f(x)=inf ifi(xi) x= iXi; xi2<"™ ;i 0;,8i2l; i=1
T oiam i2T i2T '

where the in mum is taken over all representations of x as a convex combination
of elements x; such that only nitely many coe cients i are nonzero.
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1.16 (Minimization of Linear Functions)

Show that minimization of a linear function over a set is equi valent to minimiza-
tion over its convex hull, i.e.,

inf & =inf J;
x2conv( X)) x2X

if X < "andc2<". Furthermore, the in mum in the left-hand side above is
attained if and only if the in mum in the right-hand side is at tained.

Solution: Since X  conv(X), we have

inf ¢ inf ¢ (1.6)
x2conv( X ) x2X
. P
Also, any X 2 conv(X) can be written as X P o XD for some x1;:::;Xm 2
X and some scalars 1;:::; m 0 with im=1 i = 1. Hence, since c%;

infy2x ¢, we have

1
-~ X a X N 0
CX = iCXj i inf cx = inf cX; 8 X 2 conv(X):
x2 X x2 X
i=1 i=1

Taking the in mum of the left-hand side over X 2 conv(X),

inf ¢ inf ¢ 1.7
X2 conv( X ) x2 X

Combining Egs. (1.6) and (1.7), we obtain

inf ¢ = inf X
x2 conv( X)) x2 X

Since X conv(X) and inf o conv x ) € = inf x2x ¢, every point that
attains the in mum of ¢ over X, attains the in mum of ¢ over conv(X ). For
the converse, assume thapthe in mum of ¢ over conv(X ) is attained at some

X 2 conv(X). Then, = ixi; for somexi;:::;xm 2 X and some scalars
10 m Owith 0§ =1, and we have
!
0, >(n (0] Xh 0. O 0, 0,
inf cx = i inf cXx icXi = cx= inf cx = inf cx
x2X - X2 X i x2conv( X ) x2 X
i= i=

Since the left-hand and right-hand sides are equal, it follows that equality holds
throughout above, which can happen only if ¢; = inf x2x ¢ for all i with
i > 0. Thus the in mum of % over X is attained.
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1.17 (Extension of Caratheodory's Theorem)

Let X1 and X, be nonempty subsets of<", and let X = conv( X 1)+ cone(X32).
Show that every vector x in X can be represented in the form

X« x
X = iXi + iYi;
i=1 i=k+1
where m is a positive integer with m  n+1, the vectors xi1;:::;Xx belong to X1,
the vectors yx+1 ;:::;¥m belongto X, and the scalars 1;:::; m are nonnegative
with 1+ + ¢ =1. Furthermore, the vectors Xz Xi1;:::;Xk X1;Yk+1;::":Ym

are linearly independent.

Solution: The proof will be an application of Caratheodory's Theorem [ Prop.
1.2.1(a)] to the subset of <"** given by

Y= (X1)jx2X1 [ (y;0jy2 Xy :

If x 2 X, then
X x
X = iXi + iYi;
i=1 i=k+1
where the vectorsxy;:::; Xk belong to X1, the vectors yx+1 ;:::;ym belongto X,
and the scalars 1;:::; m are nonnegative with | + + « = 1. Equivalently,
(x; 1) 2 cone(Y). By Caratheodory's Theorem part (a), we have that
X x
(x1) = i(xi; 1)+ i(yi;0);
i=1 i=k+1
for some positive scalars 1;:::; m and vectors

which are linearly independent (implying that m  n + 1) or equivalently,

X¢ xe Xk
X = iXi + iYi; 1= i
i=1 i=k+1 i=1
Finally, to show that the vectors x> Xi1;:::; Xk X1; Yk+1 ;:::;Ym are linearly
independent, assume to arrive at a contradiction, that ther e exist »;:::; m, not
all 0, such that
X X
i(Xi  X1)+ iyi =0:
i=2 i=k+1
Equivalently, dening 1= ( 2+ + m), we have
Xk x
i(xi;1)+ i(yi;0)=0;
i=1 i=k+1

which contradicts the linear independence of the vectors
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1.18
Let X be a nonempty bounded subset of<". Show that
cl conv(X) =conv cl(X) :
In particular, if X is compact, then conv(X) is compact (cf. Prop. 1.2.2).

Solution: The set cl(X) is compact since X is bounded by assumption. Hence,
by Prop. 1.2.2, its convex hull, conv cl(X) , is compact, and it follows that

cl conv(X) cl conv cl(X) =conv cl(X) :
It is also true that

conv cl(X) conv cl conv(X) =cl conv(X) ;

since by Prop. 1.1.1(d), the closure of a convex set is convex Hence, the result
follows.

1.19 (Convex Hulls and Generated Cones of Cartesian Product S)

Given nonempty sets X; < "i,i=1;:::;m,let X = X, Xm be their
Cartesian product. Show that:

(a) The convex hull (closure, ane hull) of X is equal to the Cartesian product
of the convex hulls (closures, a ne hulls, respectively) of the X;.

cone(X ) = cone(X1) coneXm):
Furthermore, the result fails if one of the sets does not contain the origin.
Solution: (a) We rst show that the convex hull of X is equal to the Cartesian

belongs to conv(X ). Then, by de nition, for some k, we have

X X
y= iYi; with i O i=1;:::;m; i=1:
i=1 i=1
wherey; 2 X for all i. Sincey; 2 X, we have that yi = (xy;:::;x4) for all i,



thereby implying that y 2 conv(X1) conv(Xm).
To prove the reverse inclusion, assume thaty is a vector in conv(X 1)

rst one, and vary the rst component over all possible x;'s used in the convex
combination that yields y;. Since all these vectors belong to X, their convex
combination given by

X1
1,1 .,2 ..... m
PXi o Xep i Xey g
j=1
belongs to the convex hull of X for all possible values of rq;:::;rm 1. Now,
consider the vectors
] ]
X1 X1
1,1 2..... m L. 1,1 .,2 .....
JXJ y X1, 1er 1 ’ ’ jX] ka21 :er 1 ’
j=1 j=1

i.e., x all components except the second one, and vary the second component
over all possible xj's used in the convex combination that yields y.. Since all
these vectors belong to conv(X ), their convex combination given by

X1 X2
1,1 . 2,2 ..., m
RS PXp e ey g
i=1 i=1
belongs to the convex hull of X for all possible values ofr,;:::;rm 1. Proceeding

X1 X2 Xm

belongs to conv(X ), thus proving our claim.

Next, we show the corresponding result for the closure of X . Assume that
y = (X1;:::;:Xm) 2 cl(X). This implies that there exists some sequencefyXg X
such that y* | y. Sincey® 2 X, we have that y* = (x;::::x%) with x¥ 2 X;
for each i and k. Since y* !
hencey 2 cl(X1) cl(Xm). Conversely, suppose thaty = (X1;:::;Xm) 2
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cl(X1) cl(Xm). This implies that there exist sequences fxkg  X; such
that xK ! x; for eachi =1;:::;m. Sincex¥ 2 X; for eachi and k, we have that
vy = (x5;::0xK) 2 X and fy¥g converges toy = (x1;:::;Xm), implying that

Finally, we show the corresponding result for the ane hull o f X. Let's
assume, by using a translation argument if necessary, that all the X;'s contain

X iy,
y= Y
i=1
where ';:::; " are scalars. Sincey' 2 X, we have that y' = (x};:11;Xp, ) with
XJ! 2 Xj. Thus,
!
X _ X . x
y= (X1 X)) = Xy Xm
i=1 i=1 i=1
implying that y 2 a ( X1) a(Xm). Now, assume that y 2 a ( X1)
a( Xm). Let the dimension of a ( X;) be ri, and let x};::: ;xiri be linearly

Xt Xm

Since eachX; contains the origin, we have that the vectors

I I I
Xt ' X2 ' Xom oo
X500 50 L0000 s O Ixd
j=1 i=1 i=1

belong to a ( X ), and so does their sum, which is the vectory. Thus, y 2 a ( X),
concluding the proof.

(b) Assume that y 2 cone(X ). We can representy as



implying that y 2 cone(X1) cone(Xm).
Conversely, assume thaty 2 cone(X1) cone(Xm). Then, we can
representy as 1

X1 , Xm
y= XU X
j=1 j=1
where x) 2 X; and ! 0 for eachi and j. Since eachX; contains the origin,
we have that the vectors
I | I
Xt ' Xz ' Xm
X500 ;0 xLiopin 0 i Opirn mXm o
j=1 j=1 j=1

belong to the cone(X), and so does their sum, which is the vector y. Thus,
y 2 cone(X), concluding the proof.
Finally, consider the example where

X1=f0;1g < ; Xo=flg < :

For this example, cone(X1) cone(X2) is given by the nonnegative quadrant,
whereas conel ) is given by the two halines (0;1) and (1;1) for 0 and
the region that lies between them.

SECTION 1.3: Relative Interior and Closure

1.20 (Characterization of Twice Continuously Di erentiab le
Convex Functions)

Let C be a nonempty convex subset of<" and let f : <" 7! < be twice continu-
ously di erentiable over <". Let S be the subspace that is parallel to the a ne
hull of C. Show that f is convex over C if and only if y 2f(x)y 0 for all
x2 Candy 2 S. [In particular, when C has nonempty interior, f is convex over
C if and only if r 2f (x) is positive semide nite for all x 2 C.]

Solution: Suppose thatf : <" 7! < is convex over C. We rst show that for all
x 2ri(C)andy 2 S, we havey 2f (x)y 0. Assume to arrive at a contradiction,
that there exists some X 2 ri( C) such that for some y 2 S, we have

y% ?f (X)y < O

Without loss of generality, we may assume that kyk = 1. Using the continuity of
r 2f, we see that there is an open ballB(X; ) centered at x with radius  such
that B(X; )\ a(C) C [sinceXx 2 ri(C)], and

y% 2f (x)y < 0; 8x2B(X; ): (1.8)
For all positive scalars with < | we have
Fc y)= 100+ T T00Y+ 2y% 2T (x+ y)y;
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for some 2 [0; ]. Furthermore, k(Xx+ ¥y ) Xk [sincekyk =1 and < ]
Hence, from Eg. (1.8), it follows that

fix+ y)<f)+ rfx% 8 2[0):
On the other hand, by the choice of and the assumption that y 2 S, the vectors
X+ y arein C for all  with 2 [0; ), which is a contradiction in view of
the convexity of f over C. Hence, we havey’ %f(x)y Oforall y2 S and all
x 2 ri(C).
Next, let X be a pointin C that is not in the relative interior of C. Then, by
the Line Segment Principle, there is a sequencefxxg ri(C) such that xx ! X.

As seen above,y% %f (xc)y Oforall y2 S and all k, which together with the
continuity of r 2f implies that

v 2f (X)y = lim vor %f (xk)y O 8y2sS:

It follows that y% 2f(x)y Oforall x2 Candy2 S.

Conversely, assume thaty% 2f (x)y Oforall x 2 C andy 2 S. For all
X;z 2 C we have

f(z)=f(x)+(z )T T+ 3z T x+ (z x) (z x)

for some 2 [0;1]. Sincex;z 2 C, we have that (z x) 2 S, and using the
convexity of C and our assumption, it follows that

f(z) f)+(z % f(x); 8xz2C:

From Prop. 1.1.7(a), we conclude that f is convex over C.

1.21

Construct an example of a point in a nonconvex set X that has the prolongation
property of Prop. 1.3.3 but is not a relative interior point o f X.

Solution:  Take two intersecting lines in the plane, and consider the point of
intersection.

For another example, take the union of two circular disks in t he plane,
which have a single common point, and consider the common pont.

1.22

Let C be a nonempty convex subset of<". Show that
r(C)=int( C+ S*)\ C;

where S is the subspace that is parallel to the a ne hull of C.
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Solution: For any vector a 2 <", we have ri(C + a) = ri( C) + a (cf. Prop.
1.3.7). Therefore, we can assume without loss of generalitythat 0 2 C, and
a ( C) coincides with S.
Let x 2 ri( C). Then there exists some open ball B (x; ) centered at x with
radius > 0 such that
B(x; )\'S C: (2.9)

We now show that B(X; ) C+ S’. Let z be a vector in B(x; ). Then,
we can expressz as z = x + y for some vectory 2 <" with kyk = 1, and
some 2 [0; ). Since S and S’ are orthogonal subspaces,y can be uniquely
decomposed asy = ys + Y52 , Whereys 2 S and yg» 2 S? . Sincekyk = 1, this
implies that kysk 1 (Pythagorean Theorem), and using Eq. (1.9), we obtain

X+ ys2B(x; )\'S C;

from which it follows that the vector z = x + y belongs to C + S?, implying
that B(x; ) C+ S”. This shows that x 2 int(C + S*)\ C:

Conversely, let x 2 int(C + S?)\ C: We have that x 2 C and there exists
some open ballB (x; ) centered at x with radius > OsuchthatB(x; ) C+S”.
Since C is a subset of S, it can be seen that (C + S’)\ S = C. Therefore,

B(x; )\' S C;
implying that x 2 ri( C).
1.23
Let Xo;:::;Xm be vectors in <" such that x; Xo;:::;Xm Xo are linearly
independent. The convex hull of Xo;:::;Xm is called an m-dimensional simplex,
and Xo;:::;Xm are called the vertices of the simplex.

(a) Show that the dimension of a convex set is the maximum of th e dimensions
of all the simplices contained in the set.

(b) Use part (a) to show that a nonempty convex set has a nhonempty relative
interior.

Solution: (a) Let C be the given convex set. The convex hull of any subset of
C is contained in C. Therefore, the maximum dimension of the various simplices

contained in C is the largest m for which C contains m + 1 vectors Xo;:::;Xm
such that X1 Xo;:::;Xm Xo are linearly independent.
Let K = fXo;:::;Xmgbe such a set withm maximal, and let a ( K) denote

the ane hull of set K. Then, we have dim a (K) = m, and sinceK C, it
follows thata ( K) a (C).
We claim that C a ( K). To see this, assume that there exists some

is a set of m + 2 vectors in C such that X Xo, X1 Xo;:::;Xm Xo are linearly
independent, contradicting the maximality of m. Hence, we haveC a ( K),
and it follows that

a(K)=a( C);
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thereby implying that dim( C) = m.

(b) We rst consider the case where C is n-dimensional with n > 0 and show that
the interior of C is not empty. By part (a), an n-dimensional convex set contains
an n-dimensional simplex. We claim that such a simplex S has a nonempty
interior. Indeed, applying an a ne transformation if neces sary, we can assume

is nonempty, which in turn implies that int( C) is nonempty.

For the case where dim(C) < n, consider the n-dimensional set C + s?
where S? is the orthogonal complement of the subspace parallel to a ( C). Since
C + S? is a convex set, it follows from the above argument that int( C + S7) is
nonempty. Let x 2 int(C + S?). We can represent x asx = Xc + Xg? , Where
Xc 2 C and xg> 2 S?. It can be seen that xc 2 int(C + S?). Since

r(C)=int( C+ S’)\ C;

[cf. Exercise 1.22(a)], it follows that x¢ 2 ri(C), so ri(C) is nonempty.

1.24 (Characterizations of Relative Interior)

Let C be a nonempty convex set.

(a) Show the following re nement of the Prolongation Lemma ( Prop. 1.3.3):
x 2 ri(C) if and only if for every X 2 a ( C), there exists a > 0 such that
X+ (x X)2C:

(b) Show that cone(C)=a ( C)ifand only if 0 2 ri(C).
Solution: (a) Let x 2 ri(C). We will show that for every X 2 a ( C), there exists
a > 1 such that x + ( 1)(x X) 2 C. Thisis true if X = x, so assume that
X 6 X. Sincex 2 ri(C), there exists > 0 such that

zjkz xk< \Va(C) C:

Choose a pointX 2 C in the intersection of theray x+ (X X)j 0 and
theset zjkz xk< \ a(C). Then, for some positive scalar ,
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Sincex 2 ri(C) and X 2 C, by Prop. 1.3.1(c), thereis > 1 such that
X +( 1)(x X)2C;

which in view of the preceding relation implies that
X+ ( 1) (x x)2¢C:

The result follows by letting =1+ 1) and noting that > 1, since
( 1) >0.
The converse assertion follows from the factC a ( C) and Prop. 1.3.1(c).

(b) Assume that 0 2 ri(C). Then, the inclusion cone(C) a ( C) is evident. For
the reverse inclusion, note that if X 2 a ( C), then X 2 a ( C), so applying part
(a) with x = 0, we have that X 2 C for some > 0. HenceX 2 cone(C) and
a(C) conelC).

Conversely, assume that a (C) = cone(C). We will show that 0 2 ri(C).
Indeed if this is not so, by applying part (a) with x = 0, it follows that there
exists X 2 a(C)suchthat ( X) 2C forall > 0. Hence X 2 cone(C), a
contradiction.

1.25

Let f : <" 7! (1 ;1] be a convex function, let be a scalar, and letC be a
nonempty convex subset of <".

(a) Show thatif f(x) < for somex, then f(x) < for somex 2 ri dom(f) .

(b) Show that if C ri dom(f) and f(x) < for some x 2 cl(C), then
f(x) < for somex 2 ri(C).

(c) Showthatif C dom(f) and f (x) for all x 2 C, then f (x) for all
x 2 cl(C).

Solution: (a) Assume the contrary, i.e., that f (x) forall x 2 ri dom(f) .
Let X be such that f (X) < and let x be any vector in ri dom(f) . By the Line
Segment Principle, all the points on the line segment connecting X and x, except
possibly X, belong to ri dom(f) and therefore,

f x+(1 )X ; 8 2 (0;1l
Thus, we have
f )+ X f x+( )X ; 8 2 (0;1]
By letting ! O, it follows that f (X) , a contradiction.

(b) De ne n '
9(x) = f(x) if x2 cl(C),
1 otherwise.
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Then
ri(C) dom(g) cl(C);

so that ri dom(g) =ri( C), by Prop. 1.3.5. By hypothesis, there is an X with

g(xX) < , so by part (a), there exists an x 2 ri dom(g) with g(x) < . This
vector belongs to ri(C) and satis es f (%) <

(c) Assume the contrary, i.e., that f(x) < for somex 2 cl(C). Then, by part
(b), we have f (x) < for some x 2 ri( C), which contradicts the hypothesis.

1.26

Let C; and C, be two nonempty convex sets such that C;  Co.
(a) Give an example showing that ri( C1) need not be a subset of ri(C>).

(b) Assuming that the sets C; and C, have the same ane hull, show that
ri(Ci) ri(Cy).

(c) Assuming that the set ri( C1) \ ri(Cz) is nonempty, show that ri( C;)
ri( Cz).

(d) Assuming that the set Cy\ ri( Cz) is nonempty, show that the set ri( C1) \
ri( Cz) is nonempty.

Solution: (a) Let Ci be the segment (x1;X2)j0 X1 1; xo=0 andlet C,
be the box (x1;%x2)j0 x1 1,0 x2 1 . We have

ri(C1)= (X1;X2)j0<x1< 1 x2=0

r(Cz)= (X1;X2)jO0<x1< 1 0<xp2<1:
Thus C;  Cz, while ri( C1) \ ri(C2) =

(b) Let x 2 ri(C4), and consider a open ball B centered at x such that B \
a(Cy) Ci.Sincea(Ci)=a( Cy)and Ci Cy,itfollows that B\ a ( C2)
Cz,s0x 2 ri(C2). Hence ri(C1)  ri(C2).

(c) BecauseC;  Cy, we have
r(Cy) =ri( C1\ C»):
Since ri(C1) \ ri(Cz) 6 , there holds
r(C1\ C2) =ri( C1)\ ri(C2)

(Prop. 1.3.8). Combining the preceding two relations, we ob tain ri( C1)  ri( C>).

(d) Let x2 be in the intersection of C; and ri(C;), and let x1 be in the relative
interior of C; [ri(C1) is nonempty by Prop. 1.3.2]. If x1 = X2, then we are
done, so assume thatx; 6 x». By the Line Segment Principle, all the points
on the line segment connecting x; and x», except possibly x2, belong to the
relative interior of C;. Since C; C,, the vector x; is in Cy, so that by the
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Line Segment Principle, all the points on the line segment connecting x1 and x»,
except possibly x1, belong to the relative interior of C,. Hence, all the points on
the line segment connecting x1 and X2, except possibly x; and x2, belong to the
intersection ri( C1) \ ri( C2), showing that ri( C1) \ ri(Cz) is nonempty.

1.27

Let C be a nonempty set.

(a) If C is convex and compact, and the origin is not in the relative bo undary
of C, then cone(C) is closed.

(b) Give examples showing that the assertion of part (a) fail s if C is unbounded
or the origin is in the relative boundary of C.

(c) If C is compact and the origin is not in the relative boundary of co nv(C),
then cone(C) is closed. Hint : Use part (a) and Exercise 1.14(b).

Solution: (@) If 0 2 C, then 0 2 ri( C) since 0 is not on the relative boundary of
C. By Exercise 1.24(b), it follows that cone( C) coincides with a ( C), which is a
closed set. If 062C, let y be in the closure of coneC) and let fyxg cone(C)
be a sequence converging toy. By Exercise 1.13, for every yi, there exists a
nonnegative scalar ¢ and a vector xx 2 C such that yx = ¢xx. Sincefyxg! v,
the sequencef yx g is bounded, implying that

kkxkk  supkymk< 1; 8 k:
m 0

We have inf,, okxmk> 0, sincefxxg C and C is a compact set not containing
the origin, so that

sup,, o kymk ) .
0 k m <1; 8 k:
Thus, the sequencef ( «;X«)g is bounded and has a limit point ( ;x ) such that
0 and x 2 C. By taking a subsequence off ( «;Xk)g that convergesto (;x ),
and by using the facts yx = Xk for all k and fyxkg! vy, we see thaty = x
with 0 and x 2 C. Hence,y 2 cone(C), showing that cone(C) is closed.

(b) To see that the assertion in part (a) fails when C is unbounded, let C be the
line (x1;X2) j X1 =1; x2 2 < in <2 not passing through the origin. Then,
cone(C) is the nonclosed set (x1;x2)jx1> 0; x22< [ (0;0) :

To see that the assertion in part (a) fails when C contains the origin on its
relative boundary, let C be the closed ball (x1;x2)j(x1 1)2+x3 1 in<?2
Then, cone(C) is the nonclosed set (x1;X2) j X1 > 0; x22< [ (0;0) (see
Fig. 1.3.2).

(c) Since C is compact, the convex hull of C is compact (cf. Prop. 1.2.2). Because
conv(C) does not contain the origin on its relative boundary, by par t (a), the cone
generated by conv(C) is closed. By Exercise 1.14(b), cone conv(C) coincides
with cone(C) implying that cone( C) is closed.
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1.28

(@) Let C be a nonempty convex cone. Show that ri(C) is also a convex cone.

Solution: (&) By the Line Segment Principle [Prop. 1.3.1(a)], the rela tive interior

of a convex set is convex. To show that ri(C) is a cone, letx 2 ri(C). Then, x 2 C

and sinceC is a cone, x 2 C for all > 0. By the Line Segment Principle, all

the points on the line segment connecting x and x , except possibly x , belong

to ri( C). Since this is true for every > 0, it follows that x 2 ri(C) for all
> 0, showing that ri( C) is a cone.

fp) Consider the linear transformation A that maps ( 1;:::; m) 2 < ™ into
m

L, iXi 2<". Note that C is the image of the nonempty convex set

n(C)=ri A (1505 m)j 1 Oy om0
=A i (100 m)jr Oiiyom O
:,(A (25005 m)) 1> 000000 m >0
X
= iXij 1>0::0;, m>0

1.29 (Closure and Relative Interior of Cones)

(a) Let C be a nonempty convex cone. Show that cl(C) and ri(C) is also a
convex cone.

Solution: (a) Let x 2 cl(C) and let  be a positive scalar. Then, there exists a
sequencefxxg C such that xx ! X, and since C is a cone, x ¢ 2 C for all k.
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Furthermore, x ¢ ! x , implying that x 2 cl(C). Hence, cl(C) is a cone, and
it also convex since the closure of a convex set if convex.

By Prop. 1.3.2(a), the relative interior of a convex set is co nvex. To show
that ri( C) is a cone, let x 2 ri(C). Then, x 2 C and sinceC is a cone, x 2 C
for all > 0. By the Line Segment Principle, all the points on the line se gment
connecting x and x , except possibly x , belong to ri(C). Since this is true for
every > 0, itfollows that x 2 ri(C)forall > 0, showing that ri( C) is a cone.

fp) Consider the linear transformation A that maps ( 1;:::; m) 2 < ™ into
m

iL, iXxi 2<". Note that C is the image of the nonempty convex set

rn(C)=ri A (1;::5 m)j 1 Oy m O
=A i (100 m)j o1 Oiinyom O
='(A (1300 m) 1>0;:::;)m>0

x
= iXij 1>0;::0 m>0

1.30 (Closure and Relative Interior of Level Sets)

Let f :<" 71 (1 ;1 ]be a proper convex function, and let > infyo< n f (X).

(a) Show that

i xjf(x) =1 xjfx)< = x2ri dom(f) jf(x)< ;
cl xjf(x) =cl xjf(x)< = Xj(clf)x)
(b) The sets x j f(x) and xjf(x)< have the same dimension as
dom(f).
(c) If f is real-valued, x j f(x) has nonempty interior. Furthermore,
for all ; — with inf yo< n f(x) < < 7, the interior of x j f (x) is

contained in the interior of  x j f (x)

Solution: We have for every 2<
(x; )if(x) =epi(f)\ M; (1.10)

where M is the set
M= (x; )jx2<"
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By Prop. 1.3.10,
rioepi(f) = (xw)jx2ri dom(f) ;f(xX)<w ; (1.11)

so for > infy.< n f (X), using also Exercise 1.25(a), we have riepi(f) \ M 6
It follows from Eq. (1.10) and Prop. 1.3.8 that

o )jf(x) =ri epi(f) \ M;

c (x; )jfx) =cl epi(f) \ M:

The last two equations together with Eq. (1.11) show thatfor every > infy< n f (x),
we have

o xjf(x) = x2ridom(f))jf(x)< ;

o xjf(x) = xj(clf)x)

Next, we show that

cl xjf(x) =cl xjf(x)< : (1.12)
Clearly,

c xjf(x) c xjf(x)<
To show the reverse inclusion, let X 2 cl x j f(x) , or equivalently,
(clf)(X) . Also, choose x-such that x 2 ri dom(f) and f(x) < [such a

vector exists by Exercise 1.25(a), in view of the assumption > infyo< n f(X)].
Then, by Prop. 1.3.15, along the line segment connecting x and X, there is a
sequencefxxg ri dom(f) that converges to X and satises f (xx) < for all

k. It follows that X2 cl xjf(x) < , showing that

cl xjf(x) c xjf(x)< ;

and thereby proving Eq. (1.12).
Next note that since the sets x j f (x) and xjf(x)< have the
same closure, by Prop. 1.3.5(c), they have the same relativeinterior, i.e.,

i xjf(x) =ri xjf(x)<

Finally, since the sets x j f (x) and xjf(x)< have the same
closure and relative interior, they also have the same ane h ull, and hence the
same dimension.
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1.31 (Relative Interior Intersection Lemma)
Let C; and C> be convex sets. Show that
Ci\ ri(C) 6 if and only if i Ci\ a(Cz) \ ri(Cp) 6

Hint: Choosex 2 ri C1\ a(Cz) and x 2 Cq\ ri(C>) [which belongs to Ci \
a ( Cy)], consider the line segment connectingx and X, and use the Line Segment
Principle to conclude that points close to x belongtori C1\ a ( Cz) \ ri(Cy).

Solution: Let x 2 Ci\ ri(C2)and X 2 ri C1\ a ( Cz) . Let L be the line segment
connecting x and X. Then L belongs to C1\ a ( C») since both of its endpoints
belong to C1\ a ( Cz). Hence, by the Line Segment Principle, all points of L
except possibly x, belongtori C;1\ a ( C2) . On the other hand, by the de nition
of relative interior, all points of L that are su ciently close to x belong to ri( C>),
and these points, except possibly for x belongtori C;\ a ( Cz) \ ri(Cy).

1.32 (Improper Convex Functions)

Letf :<" 71 [1 ;1 ]be a convex function with dom(f) &

(a) Show that if f is improper, then

fx)y=1 ; 8x2ri dom(f) :
Furthermore, n
(C| f )(X) - 1 if x2 cl dom(f) ,
1 otherwise.

(b) Show that if f(x) < 1 for all x 2 <", then either f(x) = 1 for all
x2<"orf(x)> 1 forall x2<".

Solution:  (a) Since f is improper, there exists some X 2 dom(f) such that
f(X) = 1 . Let x 2 ri dom(f) . Then by the Prolongation Principle [Prop.
1.3.1(c)], there is a vector y 2 ri dom(f) such that y 6 x and x lies in the line
segment connectingy and X. Thus, forsome 2 (0;1), wehavex = y +(1 )X,
so by convexity of f,

fo) W+ HfX:

Sincef(y) <1 andf(X)= 1 ,itfollows that f(x)= 1

We next note thatif x 2 cl dom(f) , then (x;w) 2 cl epi(f) forall w2 <,
so that (cl f)(x)= 1.

We nally show that (cl f)(x)= 1 forall x 2 cl dom(f) . Assume, to
arrive at a contradiction, that for some x 2 cl dom(f) , we have (cIf )(x) > 1

By the Line Segment Principle, there exists a sequencefxyg ri dom(f) that
converges tox. Since by part (a), we have f (xx) = 1 , we have that (xx;w) 2
epi(f) for every k and w 2 <. It follows that

(x;w) 2 cl epi(f) =epi clf ; 8w2<:
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This implies that (cl f)(x)= 1 forall x 2 cl dom(f) .

(b) We have dom(f)= <", so either f is improper, in which case by part (a) we
havef (x)= 1 forall x 2<", orf is proper, in which case we havef (x) > 1
forall x 2<".

1.33 (Lipschitz Continuity of Convex Functions)

Let f : <" 7! < be a convex function and X be a bounded set in<". Show that
f is Lipschitz continuous over X, i.e., there exists a positive scalar L such that

f(x) f(y) Lkx yk; 8 x5y 2X:

Note: This result is also shown with a di erent proof in Section 5.4 , using the
theory of subgradients.

Solution: Let be a positive scalar and let C be the set given by
C = zjkz xk ; forsomex2cl(X) :

We claim that the set C is compact. Indeed, sinceX is bounded, so is its closure,
which implies that kzk  max,,q(x) kxk+ for all z 2 C , showing that C is
bounded. To show the closedness ofC , let fz,g be a sequence inC converging
to some z. By the de nition of C , there is a corresponding sequencef xxg in
cl(X) such that

kzy xkk 8 k: (1.13)

Because clX ) is compact, f xxg has a subsequence converging to somg 2 cl(X).
Without loss of generality, we may assume that fxyg converges tox 2 cl(X). By
taking the limit in Eq. (1.13) as k!1 , we obtain kz xk with x 2 cl(X),
showing that z2 C . Hence, C is closed.

We now show that f has the Lipschitz property over X. Let x and y be
two distinct points in X . Then, by the de nition of C , the point

z=y+ m(y X)

isin C . Thus
_ky xk s 4
y= ky xk+ ky xk+

X3

showing that y is a convex combination of z2 C and x 2 C : By convexity of
f, we have
ky xk

2 ky xk+

f(z)+ Wf (x);
implying that

ky xk ky xk
W f(z2) f(x)

fy) f(x) max f(u) minf(v) ;

39



where in the last inequality we use Weierstrass' theorem (f is continuous over
<" and C is compact). By switching the roles of x and y, we similarly obtain

kx yk

o) () maxf(u) min f(v)

which combined with the preceding relation yields f(x) f(y) Lkx vk,
where
L= lElg%xf(u) Vn;glf(v) =:

1.34 (Uniform Approximation Lemma)

Let C be a convex and compact set, and letff; ji 2 1 g be a family of convex
functions f; : C 7! < such that

supfi(x)=0; 8x2C:
i21

Then for every > 0 there exists an index i 2 | such that
f=(x) O 8x2C:

Hint : Let X be a point in the relative interior of C. For any x 2 C with x 6 X,
consider the line that starts at x and passes throughx; and let r(x) be the point
at which it meets D, the relative boundary of C. Choose an indexi such that

1
maxxzc kx Rk

f—(% —_— +1

() miny2p kx Rk

From the paper: Yu, H., and Bertsekas, D. P., \On Near-Optima lity of the Set of
Finite-State Controllers for Average Cost POMDP," Mathema tics of Operations
Research, Vol. 33, pp. 1-11, 2008.

Solution: Let X be a point in the relative interior of C. For any x 2 C with
X 6 X, consider the line that starts at x and passes throughx} and let r(x) be
the point at which it meets D, the relative boundary of C (D is the set of points
in C that are not relative interior points of C). Choose an indexi such that

1
maXyx2 c kx 2k
— - 4+ : .
0 %) minoo kK& xk (1.14)

Using the convexity and nonpositivity of fr-, we have

KR r(x)k Kk Rk
TR ke ook T k mkr ke Tk T T
KR r(x)k

xRk K& Tk T
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From this relation and Eq. (1.14), we obtain for all x 2 C with x 6 X

kx &k+ k& r(x)k

Fr() kR Tk T
kx Rk

ke ook L TR

maxxz2c kx Rk

miny2p k&  xk *1 R
SECTION 1.4: Recession Cones
1.35 (Recession Cones of Nonclosed Sets)
Let C be a nonempty convex set.

(a) Show that
Rc  Rgey; cl(Rc) Reey:

Give an example where the inclusion cl(Rc) Rgyc) is strict.

(b) Let C be a closed convex set such thatC ~ C. Show that Rc  Rg. Give
an example showing that the inclusion can fail if C is not closed.

Solution: (a) Let y 2 Rc. Then, by the de nition of Rc, x+ y 2 C for every
x 2 C and every 0. SinceC cl(C), it follows that x+ y 2 cl(C) for some
x 2 cl(C) and every 0, which, in view of part (b) of the Recession Cone
Theorem (cf. Prop. 1.4.1), implies that y 2 Rg(c). Hence

Rc  Rgey:
By taking closures in this relation and by using the fact that R c) is closed [part

(a) of the Recession Cone Theorem], we obtain clRc) Rec)-
To see that the inclusion cl(Rc) Rgc) can be strict, consider the set

C= (X1;%2)jO0 x1;0 x2<1 [ (0;1) ;
whose closure is
cl(C)= f(x1;%x2)jO0 x1; 0 x2 1g:
The recession cones ofC and its closure are
Rc = (0;0) ; Re(cy = (X1;%2)jO  X1; X2 =0
Thus, cl(Rc) = (0;0) , and cl(Rc) is a strict subset of Rgc).
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(b) Let y 2 Rc and let x be a vector in C. Then we havex + y 2 C for all
0. Thus for the vector x, which belongs to C, we havex + y 2 C for all
0, and it follows from part (b) of the Recession Cone Theorem (cf. Prop.
1.4.1) that y 2 Rz. Hence,Rc Rg.
To see that the inclusion Rc  Rg can fail when C is not closed, consider
the sets

C= (X1;%X2)jx1 0; x2=0 ; C= (Xu;X2)jx1 0,0 xp<1:
Their recession cones are

Rc=C= (X1;%X2)jx1 0; x2=0 ; Re= (0;0) ;

showing that Rc is not a subset of R

1.36 (Recession Cones of Relative Interiors)

Let C be a nonempty convex set.
(a) Show that Rri( c) = RcI(C):

(b) Show that a vector y belongs to Ry ¢, if and only if there exists a vector
X 2 ri(C) such that x + y 2 ri(C) for every 0.

(c) Let C be a convex set such that C = ri( C) and C ~ C. Show that
Rc  Rg: Give an example showing that the inclusion can fail if C & ri( C).

Solution:  (a) The inclusion Rycy Rgc) follows from Exercise 1.35(b). Con-
versely, lety 2 Rgc), so that by the de nition of Rgcy, X+ y 2 cl(C) for every
x 2 cl(C) and every 0: In particular, x + y 2 cl(C) for every x 2 ri(C)
and every 0: By the Line Segment Principle, all points on the line segment
connecting x and x + y , except possibly x + y , belong to ri( C), implying that

X+ y 2ri(C) for every x 2 ri(C) and every 0. Hence,y 2 Ry c), showing
that Rd( c) R,-i( c)-

(b) If y 2 Ryjc), then by the de nition of R ¢ for every vector x 2 ri(C) and
0, the vector x + y is in ri( C), which holds in particular for some x 2 ri(C)
[note that ri( C) is nonempty by Prop. 1.3.1(b)].

Conversely, let y be such that there exists a vector x 2 ri(C) with x+ y 2
ri( C) for all 0. Hence, there exists a vectorx 2 cl(C) with x+ y 2 cl(C) for
all 0, which, by part (b) of the Recession Cone Theorem (cf. Prop. 1.4.1),
implies that y 2 Rgc). Using part (a), it follows that y 2 Ry c), completing the
proof.

(c) Using Exercise 1.35(c) and the assumption that C C [which implies that
C  cl(C)], we have
Rc R

R R=:

aT) = Nhico) T Res

where the equalities follow from part (a) and the assumption that C =ri( C).
To see that the inclusion Rc  Rg can fail when C 6 ri( C), consider the

sets

C= (X1;X2)jx1 0, 0<x2<1; C= (X1;%X2) jx1 0; 0 Xx2<1;
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for which we have C  C and
Rc = (X1;X2)jx1 0; x2=0 ; R== (0;0) ;

showing that Rc is not a subset of R

1.37 (Closure Under Linear Transformations)

Let C be a nonempty convex subset of<" and let A be anm n matrix. Show
that if RCI(C) \' N (A) = ng, then

cl(A C)= A cl(C); A Rgcy = Ra dey:

Give an example showing that A Rgc) and Ra ¢(cy may dier when Rgcy \
N (A) 6 f0g.

Solution: Let y be in the closure of A C. We will show that y = Ax for some
x 2 cl(C). For every > 0, the set

C =cl(C)\ xjky Axk

is closed. SinceA C A cl(C)andy 2 cl(A C), it follows that vy is in the closure
of A cl(C), so that C is nonempty for every > 0. Furthermore, the recession
cone of the set x j kAx yk coincides with the null space N (A), so that
Rc = Rgcc)\ N(A). By assumption we have Rgcy\ N(A) = f0g, and by part
(c) of the Recession Cone Theorem (cf. Prop. 1.4.1), it follows that C is bounded
for every > 0. Now, since the setsC are nested nonempty compact sets, their
intersection \ ~ oC is nonempty. For any X in this intersection, we have x 2 cl(C)
and Ax y =0, showing that y 2 A cl(C). Hence, cl(A C) A cl(C). The
converse A cl(C) cl(A C) is clear, since for any x 2 cl(C) and sequence
fxkg C converging to x, we have Axx ! AXx, showing that Ax 2 cl(A C).
Therefore,

cl(A C)= A cl(C): (1.15)

We now show that A Rgc) = Ra ¢(c): Let y 2 A Rgcy. Then, there
exists a vector u 2 Rg(c) such that Au = y, and by the de nition of Rgc),
there is a vector x 2 cl(C) such that x + u 2 cl(C) for every 0: Therefore,
Ax + Au 2 A cl(C) for every 0, which, together with Ax 2 A cl(C) and
Au =y, implies that y is a direction of recession of the closed setA cl(C) [cf.
Eqg. (115)] Hence, A RcI(C) Ra c(c)-

Conversely, lety 2 Ra ¢(c): We will show that y 2 A Rg. This is true
if y =0, so assume that y 6 0. By de nition of direction of recession, there is a
vector z2 A cl(C) suchthat z+ y 2 A cl(C) for every 0: Let x 2 cl(C) be
such that Ax = z, and for every positive integer k, let xx 2 cl(C) be such that
Axx = z+ ky. Sincey 6 0, the sequence f Axkg is unbounded, implying that
fXkg is also unbounded (if f xxg were bounded, then f Ax g would be bounded,
a contradiction). Because xix 6 x for all k, we can de ne

Xk X

kX xk; 8k

Uk =
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Let u be a limit point of fuxg, and note that u 6 0. It can be seen that
u is a direction of recession of cl(C) [this can be done similar to the proof of
part (c) of the Recession Cone Theorem (cf. Prop. 1.4.1)]. By taking an appro-
priate subsequence if necessary, we may assume without los®f generality that
limgn Uk = u. Then, by the choices of ux and xx, we have

Axy AX _
kxk  xk kit kxg X

Au = lim Aug = lim

k11 k!l

implying that lim 1 kxkk—xk exists. Denote this limit by . If =0, then uis

in the null space N (A), implying that u 2 Rg(c)\ N (A). By the given condition

Reccy \ N(A) = f0g, we have u = 0 contradicting the fact u 6 0. Thus, is

positive and Au = y , so that A(u= ) = y. SinceRc) is a cone [part (a) of the

Recession Cone Theorem] andu 2 Ryc), the vector u= is in Ry(c), So that y
belongs to A R¢c). Hence,Ra ¢(cy A Rgcy, completing the proof.

As an example showing that A R¢c)y and Ra ¢(c)y may dier when Rgc)\
N (A) 6 fO0g, consider the set

C= (xux2)jx12<;x2 xi;

and the linear transformation A that maps (x1;X2) 2 <2 into x; 2 <. Then, C
is closed and its recession cone is

Rc = (X1;%2)jx1=0; x2 O ;

so that A Rc = f0g, where 0 is scalar. On the other hand, A C coincides with
<,sothat Rac = <& A Rc.

1.38

Let C be a nonempty convex subset of<", and A be anm n matrix. Show
the following re nement of Prop. 1.4.13 and Exercise 1.37: If Rgcy\ N(A)is a
subspace of the lineality space of cIC), then

cl(A C)= A cl(C); A Recy) = Raacey:

Solution: Let S be de ned by
S = Recy\ N(A);

and note that S is a subspace ofL o ¢ by the given assumption. Then, by Lemma
1.4.4, we have
c(C)= cl(C)\ S7 + S;

so that the images of cl(C) and cl(C)\ S’ under A coincide [sinceS N (A)],

ie.,
A cl(C)= A cl(C)\ S : (1.16)
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BecauseA C A cl(C), we have
cl(A C) cl A cl(C) ;
which in view of Eq. (1.16) gives

?

cl(A C) cl A cl(C)\ S’
De ne
C=cl(C)\ &’
so that the preceding relation becomes
cl(A C) cl(A C): (1.17)
The recession cone ofC is given by
Rz = Ry \ S7; (1.18)

[cf. part (e) of the Recession Cone Theorem, Prop. 1.4.1], fa- which, since S =
Reaccy \ N(A), we have

Rz\ N(A)= S\ S’ = f0g:

Therefore, by Prop. 1.4.13, the set A C is closed, implying thatcl( A C)= A C.
By the de nition of C, we haveA C A cl(C), implyingthatcl( A C) A cl(C)
which together with Eq. (1.17) yieldscl( A C) A cl(C). The converseA cl(C)
cl(A C) is clear, since for any x 2 cl(C) and sequencefxxg C converging to
X, we have Axyx ! Ax, showing that Ax 2 cl(A C). Therefore,

c(A C)= A cl(C): (1.19)

We next show that A Rgc) = Ra acc): Let y 2 A Rgcy. Then, there
exists a vector u 2 Rgc) such that Au = y, and by the de nition of Rgc),
there is a vector x 2 cl(C) such that x + u 2 cl(C) for every 0: Therefore,
Ax + Au 2 Acl(C) for some x 2 cl(C) and for every 0, which together with
Ax 2 A cl(C) and Au = y implies that y is a recession direction of the closed
set A cl(C) [Eq. (1.19)]. Hence, A RCI(C) Ra d(c):

Conversely, in view of Eq. (1.16) and the de nition of C, we have

Raace) = Ry &t
Since R\ N(A) = f0g and C is closed, by Exercise 1.37, it follows that

RA T = A RE’
which combined with Eq. (1.18) implies that
A Rg A Rd( c):

The preceding three relations yield Ra ¢(cy A Re(c), completing the proof.
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1.39 (Recession Cones of Vector Sums)

be nonempty convex subsets of<" such that the equality d; + + dm =0 with
di 2 Reyc,;) implies that di 2 L,y for all i. Then

cl(Ci1 + + Cnm)=cl(C1)+ +cl(Cn);

Reccy+ +cm) = Raepp ¥+ Racem):
Solution: Let C be the Cartesian product C; Cm. Then,
cl(C) =cl( Cy1) cl(Cm); (1.20)

and using Exercise 1.38, its recession cone and lineality spce are given by

Recc) = Reey) Re(cm)s (1.21)
Lace) = Lacey) Lacem):
Let A be a linear transformation that maps ( X1;:::;Xm) 2 <™ into X1 + +

Raccy\ N(A)  Lgccy\ N(A). On the other hand by de nition of the lineality
space, we havel qcc)  Rg(c), so that Lgyicy\ N(A)  Reccy\ N(A). Hence,
Reccy \ N(A) = Lgie) \ N(A), implying that Rgcy \ N(A) is a subspace of
Lacc). By Exercise 1.38, we have clA C)= A cl(C) and Ra ¢(c) = A Rg(cy,
from which by using the relation A C = C; + + Cm, and Egs. (1.20) and
(1.21), we obtain

cl(Cyi + + Cn)=cl(C1)+ +cl(Cnm);

Re(cy+ +cm) = Raecpy ¥+ Racem):

1.40 (Retractiveness of Convex Cones)

(a) Show that a nonpolyhedral closed convex cone need not be etractive, by
using as an example the coneC = f(u;v;w) j k(u;v)k  wg, the reces-
sion ngi_reﬁtion d = (1;0;1), and the corresponding asymptotic sequence

(k;" k; kZ2+ k) . (This is the, so-called, second order cone, which plays
an important role in conic programming; see Chapter 5.)

(b) Verify that the cone C of part (a) can be written as the intersection of
an in nite number of closed halfspaces, thereby showing that a nested set
sequence obtained by intersection of an in nite number of re tractive nested
set sequences need not be retractive.
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Solution: (a) Clearly, d =(1;0;1) is the regession direction associated with the
asymptotic sequencefxyxg , where xx = (k; k; k?+ k). On the other hand, it
can be veri ed by straightforward calculation that the vect or

p_P
xk d=(k 1, k; k2+k 1)

does not belong to C. Indeed, denoting

p— p
= k; wg = k2+k 1;

ug = k 1 Vi

we have
k(uviok? = (k- 12+ k= K> k+1;

while

5 p 2 5 p
Wi = k2+k 1 =k"+k+1 2 kZ+Kk;
and it can be seen that

K(uk; vi)k? > w; 8k L

(b) Since by the Schwarz inequality, we have

k(wr;r;a)\i(:l (uw + vy) = k(u;v)k;

it follows that the cone
C=1f(uv;w)jk(u;v)k wg
can be written as
C=\imyik=t (ULV;W)juw+ vy w :

Hence C is the intersection of an in nite number of closed halfspace s.

1.41 (Radon's Theorem)

conv fxjji2lg \ convfx;jj2Jg 6

As an illustration, show that given four points in the plane, either the (possibly
degenerate) triangle formed by three of the points contains the fourth, or else
the four points de ne a (possibly degenerate) quadrilatera |. Hint : The system of

n +1 equations in the m unknowns 1;:::; m,
x x
iXi =0; i =0;
i=1 i=1
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has a nonzero solution . Letl =fij ; OgandJ =fjj ; < Og.

Solution: Consider the system of n +1 equations in the m unknowns 1;:::; m
x xn
iXi =0; i =0:
i=1 i=1
Sincem >n + 1, there exists a nonzero solution, call it . Let

I =fij ; Og; J=1jj ; <O0g

and note that | and J are nonempty, and that

X X
Kk = (>0
k21 k2J
Consider the vector X
X = i Xi;
i2l
where
i = L' i 21
k21 k
In view of the equations ", ;x; =0and . ; =0, we also have
X
X = IRSE
j23

where
=1 . j23

It is seen that the scalars ; and ; are nonnegative, and that
X X
i21 j23
sox belongs to the intersection
conv fx;ji21g \ conv fx;jj2Jg:
Given four distinct points in the plane (i.e., m =4 and n = 2), Radon's
Theorem guarantees the existence of a partition into two sub sets, the convex

hulls of which intersect. Assuming, there is no subset of thr ee points lying on the
same line, there are two possibilities:

(1) Each set in the partition consists of two points, in which case the convex
hulls intesect and de ne the diagonals of a quadrilateral.
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(2) One set in the partition consists of three points and the o ther consists of one
point, in which case the triangle formed by the three points m ust contain
the fourth.

In the case where three of the points de ne a line segment on which they lie,

and the fourth does not, the triangle formed by the two ends of the line segment
and the point outside the line segment form a triangle that co ntains the fourth

point. In the case where all four of the points lie on a line segment, the degenerate
triangle formed by three of the points, including the two end s of the line segment,
contains the fourth point.

1.42 (Helly's Theorem [Hel21])

Consider a collection S of convex sets in<", with at least n + 1 members, and
assume that the intersection of every subcollection of n + 1 sets has nonempty
intersection.

(a) Assuming that S is a nite collection, show that the entire collection has
nonempty intersection. Hint: Use induction. Assume that the conclusion
holds for every collection of M sets, where M n + 1, and show that
the conclusion holds for every collection of M + 1 sets. In particular,

let C1;:::;Cm+1 be a collection of M + 1 convex sets, and consider the
collection of M +1 sets B1;:::;Bwm+1, where
BJ—\|=1;:::;M +1;Ci; j=100M +1

Note that, by the induction hypothesis, each set B; is the intersection of a
collection of M sets that have the property that every subcollection of n+1
(or fewer) sets has nonempty intersection. Hence each setB; is nonempty.
Let x; be a vector in B;. Apply Radon's Theorem (Exercise 1.41) to

(b) Assuming that the members of S are compact, show that the entire collec-
tion has nonempty intersection. Hint: Use part (a) and the fact that if a
collection of compact sets has empty intersection, so does oe of its nite
subcollections [cf. Prop. A.2.4(i)].

(c) Use part (a) to show that given a nite family of vertical i ntervals on the
plane every three of which can be intersected by a line, the ertire family
can be intersected by the same line.

Solution: (a) Consider the induction argument of the hint, let B; be de ned
as in the hint, and for each j, let x; be a vector in Bj. SinceM +1 n+2,

we can apply Radon's Theorem to the vectors xi1;:::;Xm +1 . Thus, there exist
nonempty and disjoint index subsets | and J suchthat | [ J = f1;:::;M +1g,
nonnegative scalars 1;:::; wm+1, and a vector x such that
X X X X
X = iXi = i Xj; i = j:lI
i21 i23 i21 j23
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It can be seen that for every i 2 |, a vector in B; belongs to the intersection
\ j23Cj. Therefore, sincex is a convex combination of vectors in Bi, i 2 |, x

also belongs to the intersection\ j2; Cj. Similarly, by reversing the role of | and
J, we see thatx belongs to the intersection \ i C;. Thus, x belongs to the

(c) Consider a nite family fS; ji =1;:::;mg of vertical line segments on the
plane:

Si= (Xxy)ix=xiy, YV, i=1;nm
wherem 3, and Xi Y. Vi i=1;:::;m, are given scalars. For eachi, consider

the set of lines that intersect S;:
Ci= (abjy, axi+tb
The sets C; are convex, and every three of them have a common point. By Helly's

Theorem, it follows that all the sets C; have a common point, which is a line that
intersects all the intervals S;.

1.43 (Minimization of Max Functions)

Consider the minimization over <" of the function

max fi(x);:::;fm (X)
wheref; : <" 71 (1 ;11],i=1;:::;M, are convex functions, and assume that
the optimal value, denoted f , is nite. Show that there exists a subset | of
f1;:::;M g, containing no more than n + 1 indices, such that

n (o}

inf maxfij(x) =f

x2< N i21 : ( )
Hint : Consider the convex setsX; = x jfi(x) <f , argue by contradiction,

and apply Helly's Theorem (Exercise 1.42). Note: The result of this exercise
relates to the following question: what is the minimal numbe r of functions f;
that we need to include in the cost function max ; fi(x) in order to attain the

optimal value f ? According to the result, the number is no more than n + 1.
For applications of this result in structural design and Che byshev approximation,
see Ben Tal and Nemirovski [BeNO1].

Solution:  Assume the contrary, i.e., that for every index set I f 1;:::;Mg,
which contains no more than n + 1 indices, we have

n o]
xlzrlfn iza}Xfi(X) <f
This means that for every such 1, the intersection \ iz, X; is nonempty, where
Xi= xjfi(x)<f
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From Helly's Theorem, it follows that the entire collection fX; ji=1;:::;Mg
has nonempty intersection, thereby implying that

This contradicts the de nition of f

1.44 (Set Intersections and Helly's Theorem)

Show that the conclusions of Prop. 1.4.11(b) hold if the assumption that the
sets Cx are nonempty and nested is replaced by the weaker assumption that
any subcollection of n +1 (or fewer) sets from the sequence f Cxg has nonempty
intersection. Hint : Consider the setsCx given by

Cv=\k,Ci k=1:2;::::
and use Helly's Theorem [Exercise 1.42(a)] to show that they are nonempty.

Solution:  Helly's Theorem implies that the sets Cx de ned in the hint are
nonempty. These sets are also nested and satisfy the assumgbns of Prop. 1.4.11(b).
Therefore, the intersection \ i.; C; is nonempty. Since

\ i1=1 6i \ il=1 Ci;

the result follows.

1.45 (Kirchberger's Theorem [Kir1903])

Let S be a nite subset of <" with at least n + 2 points, and let S= B[ R
be a partition of S in two disjoint subsets B (the \blue" points) and R (the
\red" points). Suppose that every subset S of n + 2 points of S can be linearly
separated, in the sense that there is a vectora and a scalar T such that a%+c<0
forall b2 S\ B anda + ¢t > Oforall r 2 S\ R. Use Helly's Theorem (Exercise
1.42) to show that the entire set S can be linearly separated, i.e., that there is a
vector a and a scalar ¢ such that a%+ c< 0 forall b2 B and a + ¢ > 0 for all

xX
Xib + Xn+1 < O;
i=1

x
Xili + Xp+1 > O:
i=1

Let Cbe the collection of the sets G(b) and H(r) asband r ranges overB and R,
respectively. Use Helly's Theorem (Exercise 1.42) to show that C has nonempty
intersection.
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Solution: For each b 2 B consider the set G(b) of vectors (X1;:::;Xn+1) Such
that 0

Xib + Xn+1 < O;
i=1

X

Xifi + Xp+1 > O:
i=1

Let C be the collection of the convex setsG(b) and H(r) as b and r ranges over
B and R, respectively. By assumption, for any subset C B [ R, consisting of
n + 2 points, the sets B\ C and R\ C can be linearly separated, so there exist
a2<" and t2 < such that

ab+ <0 8b2B\ C;
ar+c>0; 8r2 R\ C:

Thus, (@;c) 2 L(b) forall b2 B\ C, and (g;€) 2 G(r) forall r 2 R\ C. It

follows that Cis a nite family of convex sets in <"1 which contains at least
n + 2 members and every collection of n + 2 of these members has nonempty
intersection. By Helly's Theorem, there is a vector ( a;c) that belongs to all

members of C, and for which we have a% + c < Oforall x 2 B and a% + ¢> 0
for all x 2 R. (Proof given in Webster [Web94], and credited to H. Rademac her
and I. J. Shoenberg, \Helly's Theorem on Convex Domains and T chebyche 's
Approximation Problem," Canadian J. of Math., Vol. 2, 1950, pp. 245-256.)

1.46 (Krasnosselsky's Theorem [Kra46])

Let S be a nonempty compact subset of<". For any two points x and y of S, we
say that x is visible from vy if the line segment connecting x and y belongs to S.
Assume that S has the property that for any subset of n+ 1 points of S, there is
a point of S from which all n+1 points are visible. Show that there is a point in
S from which all points of S are visible. Hint : For eachy 2 S, let Sy be the set of
points of S that are visible from y. Show that the set Cy = conv( Sy) is compact,
and consider the family of sets fCy j y 2 Sg. Use Helly's Theorem (Exercise
1.42) to show that there is a vector a 2 S that belongs to \ y2s conv(Sy). Show
that a2\ y2s Sy (this last part is not simple).

Solution: Foreachy 2 S, let Sy be the set of points of S that are visible from y.
The set Sy is easily seen to be closed, and hence its convex hullCy = conv( Sy), is

are visible. Thus x 2 Sy, \ Sy, and hence alsox 2 Cy,\ \ Cy,. Itfollows
that any subcollection of n+1 sets from the family fCy jy 2 Sgis nonempty. By
Helly's Theorem [Exercise 1.42(b)], the entire family is no nempty. Thus, there
exists a vector a such that

a2 conv(Sy); 8y2sS:
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We claim now that every y 2 S is visible from a. Assume the contrary, so
there exists a vector b2 S and a vector c in the line segment connecting a and b
such that cZ S. Let C be a closed ball of nonzero radius, which is centered atc
and does not intersect S. Let

=inf OjsS\(C+ (b ¢) 6 ;

denote the closed ballC + (b c¢) by D and denote its center by d. Then by
construction, S meets the boundary of D but not its interior. Let e a vector in
S\ D. We will show that a 2 conv(Se), thus arriving at a contradiction.

Indeed, consider the halfspaces

H = zj(z &% d)<o0; H*= zj(z &% d) 0:

Then, by elementary geometry, it follows that a 2 H , while S H* and
hence also conv@.) H¥*. SinceH \ H* = | it follows that a2 conv(Se), a
contradiction. (Proof given in Webster [Web94].)

SECTION 1.5: Hyperplanes

1.47

(@) Let C; be a convex set with nonempty interior and C, be a nonempty
convex set that does not intersect the interior of C;. Show that there exists
a hyperplane such that one of the associated closed halfspaes containsCy,
and does not intersect the interior of Cj.

(b) Show by an example that we cannot replace interior with re lative interior
in the statement of part (a).

Solution: (@) In view of the assumption that int( Ci1) and C, are disjoint and

convex [cf Prop. 1.1.1(d)], it follows from the Separating H yperplane Theorem
that there exists a vector a 6 0 such that

a%;: a%g; 8 X1 2 int(C1); 8 X2 2 Ca:
Let b=inf x,2¢c, a%;. Then, from the preceding relation, we have
a% b,  8x2int(Cy): (1.22)

We claim that the closed halfspace fx j a%  bg, which contains C,, does not
intersect int( C1).

Assume to arrive at a contradiction that there exists some X; 2 int( Cy)
such that a%; b, Since Xy 2 int( C1), we have that there exists some > 0
such that X1 + a 2 int( C1), and

alx1+ a) b+ kak® > b:
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This contradicts Eqg. (1.22). Hence, we have

int(C1) f xja’<bg:

(b) Consider the sets

Ci
C>

(X1;X2) jXx2 =0 ;

(X1;X2) j X1 > 0; Xox1 1 :

These two sets are convex andC; is disjoint from ri( C1), which is equal to C;. The
only separating hyperplane is the x, axis, which corresponds to havinga = (0 ; 1),
as de ned in part (a). For this example, there does not exist a closed halfspace
that contains C, but is disjoint from ri( C1).

1.48

Let C be a nonempty convex set in<", and let M be a nonempty a ne set in
<". Show that M \ ri(C) = is a necessary and su cient condition for the
existence of a hyperplaneH containing M, and such that ri( C) is contained in
one of the open halfspaces associated withH .

Solution: If there exists a hyperplane H with the properties stated, the condition

M\ ri(C) = clearly holds. Conversely, if M \ ri(C)= , then M and C can
be properly separated by Prop. 1.5.5. This hyperplane can be chosen to contain
M since M is ane. If this hyperplane contains a point in ri( C), then it must
contain all of C by Prop. 1.3.4. This contradicts the proper separation prop erty,
thus showing that ri( C) is contained in one of the open halfspaces.

1.49

Let C; and C, be nonempty convex subsets of<" such that C; is a cone.

(a) Suppose that there exists a hyperplane that separates C1 and C, properly.
Show that there exists a hyperplane which separates C; and C, properly
and passes through the origin.

(b) Suppose that there exists a hyperplane that separates C; and C, strictly.
Show that there exists a hyperplane that passes through the origin such
that one of the associated closed halfspaces contains the aoe C, and does
not intersect Cj.

Solution: (a) If C1 and C; can be separated properly, we have from the Proper
Separation Theorem that there exists a vector a 6 0 such that

inf a%  sup a%; (1.23)
x2Cy x2Cp
sup ax > inf a%: (1.24)
x2Cq x2Cp
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Let

b= sup a%: (1.25)
x2Co
and consider the hyperplane
H = fxja% = by
Since C; is a cone, we have
a%=a%x) b<1; 8x2Cz 8 > O

This relation implies that a% O forall x 2 C,, since otherwise it is possible to
choose large enough and violate the above inequality for some x 2 C,. Hence,
it follows from Eq. (1.25) that b 0. Also, by letting ! 0 in the preceding
relation, we see that b 0. Therefore, we have that b= 0 and the hyperplane H
contains the origin.

(b) If Cq and C; can be separated strictly, we have by de nition that there ex ists
a vector a 6 0 and a scalar  such that

a%z;< <a %1; 8x12Ci; 8x22Cy: (1.26)
We chooseb to be
b= sup a’k; (1.27)
x2Co

and consider the closed halfspace
K =fxja% bg;
which contains C,. By Eq. (1.26), we have
b <a %; 8x2Cy;

so the closed halfspaceK does not intersect C; .

Since C; is a cone, an argument similar to the one in part (a) shows that
b = 0, and hence the hyperplane associated with the closed halfspace K passes
through the origin, and has the desired properties.

1.50 (Separation Properties of Cones)

De ne a homogeneous halfspacé¢o be a closed halfspace associated with a hyper-
plane that passes through the origin. Show that:

(@) A nonempty closed convex cone is the intersection of the homogeneous
halfspaces that contain it.

(b) The closure of the convex cone generated by a nonempty setX is the
intersection of all the homogeneous halfspaces containingX .
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Solution: (a) C is contained in the intersection of the homogeneous closed lalf-
spaces that contain C, so we focus on proving the reverse inclusion. Letx 2 C.
Since C is closed and convex by assumption, by using the Strict Separation The-
orem, we see that the setsC and fxg can be separated strictly. From Exercise
1.49(c), this implies that there exists a hyperplane that pa sses through the origin
such that one of the associated closed halfspaces contain€, but is disjoint from
X. Hence, if x 2 C, then x cannot belong to the intersection of the homogeneous
closed halfspaces containingC, proving that C contains that intersection.

(b) A homogeneous halfspace is in particular a closed convexcone containing
the origin, and such a cone includes X if and only if it includes cl cone(X) .
Hence, the intersection of all closed homogeneous halfspaes containing X and
the intersection of all closed homogeneous halfspaces coratining cl cone(X) co-
incide. From what has been proved in part(a), the latter inte rsection is equal to
cl cone(X) .

1.51 (Strong Separation)

Let C1 and C, be nonempty convex subsets of<", and let B denote the unit
ball in <", B = fx jkxk 1g. A hyperplane H is said to separate strongly C;
and C; if there exists an > 0 such that C; + B is contained in one of the open
halfspaces associated withH and C, + B is contained in the other. Show that:

(a) The following three conditions are equivalent.
(i) There exists a hyperplane separating strongly C; and C,.
(i) There exists a vector a2 <" such that infxzc, a% > sup,,¢, a%:
(iii) inf x;2¢q:x02c, kX1 x2k> 0, i.e,, 02 cl(C2  Ci).

(b) If C; and C; are disjoint, any one of the ve conditions for strict separa tion,
given in Prop. 1.5.3, implies that C; and C, can be strongly separated.

Solution: (a) We rst show that (i) implies (ii). Suppose that C; and C, can
be separated strongly. By de nition, this implies that for s ome nonzero vector
a2<",b2<,and > 0, we have

C:+ B f xjax>bg;

C.+ B f xjak<bg;

where B denotes the closed unit ball. Sincea 6 0, we also have
inffay jy 2 Bg< 0; supfay jy 2 Bg> O
Therefore, it follows from the preceding relations that
b inffa+ a%jx2 Ci;y2Bg< inffajx 2 Cig;
b supfa’+ a%jx2 Czy2Bg> supfa’ jx 2 Cog:
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Thus, there exists a vector a 2 <" such that

inf a%> sup a%;
x2Cy x2Cp
proving (ii).
Next, we show that (ii) implies (iii). Suppose that (ii) hold s, i.e., there
exists some vectora 2 <" such that

inf a% > sup a’; (1.28)
x2Cq x2Cop

Using the Schwartz inequality, we see that
0< inf a% sup a%
x2Cq X2Cop

= inf a%x1  Xx2);
x12Cq; x22Cop

inf kakkx:  x2k:
x12Cq; x22Cop

It follows that

inf kx:1 Xx2k> 0O;
Xx12C1;x22Co

thus proving (iii).
Finally, we show that (iii) implies (i). If (iii) holds, we ha ve for some > 0,

inf kx; X2k>2> 0O:
X12C1;x22Cyp
From this we obtain for all x1 2 Cq, all X2 2 C», and for all y1; y» with ky;k ,
kY2k y

kK(xa+ y1) (x2+ y2)k k x1 X2k k yik k y2k> 0;

which impliesthat0 2 (C1+ B) (C,+ B). Therefore, the convex setsC; + B

and C, + B are disjoint. By the Separating Hyperplane Theorem, we see that
C:+ B and C,+ B can be separated, i.e.,C:+ B and C,+ B lie in opposite
closed halfspaces associated with the hyperplane that sepeates them. Then,

the sets C1 +( =2)B and C, +( =2)B lie in opposite open halfspaces, which by
de nition implies that C; and C, can be separated strongly.

(b) Since C; and C, are disjoint, we have 02 (C; C»). Any one of conditions
(2)-(5) of Prop. 1.5.3 imply condition (1) of that propositi on (see the discussion
in the proof of Prop. 1.5.3), which states that the set C1 C; is closed, i.e.,

c(Ci Cy)=Ci Cy:
Hence, we have 02 cl(C; C3), which implies that

inf kx:1  Xx2k> 0:
Xx12C1;x22Co

From part (a), it follows that there exists a hyperplane sepa rating Ci and C;
strongly.
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1.52 (Characterization of Closed Convex Sets)

This exercise generalizes Prop. 1.5.4. LetC be a nonempty closed convex subset
of <"*1 . Show that if C contains no vertical lines, then C is the intersection of
the closed halfspaces that contain it and correspond to nonvertical hyperplanes.

Solution: The set C is contained in the intersection of the closed halfspaces that
contain C and correspond to nonvertical hyperplanes, so we focus on poving
the reverse inclusion. Let x 2 C. Since by assumption C does not contain any
vertical lines, by Prop. 1.5.8, there exists a closed halfspace that corresponds to
a nonvertical hyperplane, contains C, but does not contain x. Hence, if x 2
C, then x cannot belong to the intersection of the closed halfspaces ontaining
C and corresponding to nonvertical hyperplanes, proving that C contains that
intersection.

SECTION 1.6: Conjugate Functions

1.53 (Logarithmic/Exponential Conjugacy)

Let f : <7!< be the exponential function

f(x)= €
Show that the conjugate is
( ylny 'y ify>0,
f°(y)= 0 ify=0,
1 if y<O.

Solution: The conjugate is
f°(y)=supfxy &g
X 2<

For y < 0O, by taking x ! 1 , we see thatxy € can be made arbitrarily large,
sof?(y)= 1 . For y =0, we have

f°(0)=supf e‘g= inf e =0:

X 2<

Finally, for y > 0, by setting the derivative of xy €* to zero, we see that the
supremum of xy € is obtained for x = In y, and by substitution, we obtain

f7(y)=yiny .
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1.54 (Conjugates of p-Norms)

Let f : <" 7! < be the function
1 .
fog=o il
where 1< p. Show that the conjugate is

) X
f'(y)=a jyij®;

i=1

where q is de ned by the relation

Tk
+
ol
I}
(I

Solution:  Consider rst the case n = 1. Let x and y be scalars. By setting
the derivative of xy (1=p)jxj® to zero, and we see that the supremum overx is
attained when sgn(x)jxj? ! = y, which implies that xy = jxj° and jxj° * = jyj.
By substitution in the formula for the conjugate, we obtain

fy)= jxi* =ixiP= 1 = jxj°= Zjyjp T = Zjyj% 1.29
(y) = ixj pJ J b X qJYJ qJYJ ( )

We now note that for any function f : <" 7! (1 ;1 ]that has the form
f(x)= fi(x1) + + fr(Xn);

where x = (xg;:::;xp)and f; : <70 (1 ;11],i=1;:::;n, the conjugate is
given by
fry)=filyd)+  +fa(yn);

where f7 :<7! (1 ;1 ]is the conjugate of f;, i =1;:::;n. By combining this
fact with the formula (1.29), we obtain the desired result.

1.55 (Conjugate of a Quadratic)

Let
f(x)= $x%Qx + a% + b;

where Q is a symmetric positive semide nite n n matrix, ais a vector in <",
and b is a scalar. Derive the conjugate of f .

Solution: Let us assume rst that Q is nonsingular. Then the maximum of
x%  f(x) over x is attained when Qx + a = r f(x) = y. By substitution, we
obtain

f7y)=xy fx)=xAQx+a) ix%Qx a% b= ix%Qx b;
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and nally, using x= Q (y a),
7= 3y aQ 'y a b

Consider now the general case whereQ may be singular. Then if the
equation y = Qx + a has no solution, i.e., y a does not belong to the range
R(Q) of Q, we havef ’(y) = 1 . Otherwise, let x be the solution of the equation
y = Qx + athat has minimum Euclidean norm. Then x is linearly relatedto y a
and can be written as x = QY(y a) where QY is a symmetric positive semide nite
matrix (this is the pseudoinverseof Q; see e.g., Luenberger, Optimization by
Vector Space Methods, 1969, p. 165). Similar to the case whee Q is invertible,
we havef?(y) = (1 =2)x°Qx b, and it follows, using x = Q¥(y a), that

£7(y) = Wy a%Q’(y a) b ify a2R(Q),
otherwise.

1.56

(@) Show thatif f,:<" 7! (1 ;1]andf,:<" 7! (1 ;1 ]are closed proper
convex functions, with conjugates denoted by f{ and f;, respectively, we
have

fi(x) fa(x); 8x2<";

if and only if
? ?
fi(y) fa(y); 8y2<™
(b) Show that if C1 and C, are nonempty closed convex sets, we have
Ci Cy

if and only if

ci(y)  cp(y);  8y2<™
Construct an example showing that closedness ofC; and C; is a necessary
assumption.

Solution: (a) If f1(x) f2(x) for all x, we have forally2<",
fiy)=sup x% fi(x) sup x¥y fi(x) =f(y):
x2< N x2< N
The reverse implication follows from the fact that fi and f, are the conjugates
of f{ and 7, respectively.
(b) Consider the indicator functions ¢, and ¢, of C; and C,. We have
C: G if and only if c (X))  cy(x); 8x2<":

Since ¢, and ¢, are the conjugates of ¢, and c,, respectively, the result
follows from part (a).

To see that the assumption of closedness ofC; and C; is needed, consider
two convex sets that have the same closure, but none of the two is contained in
the other, such as for example (G 1] and [0; 1).
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1.57 (Essentially One-Dimensional Functions)

We say that a closed proper convex function f : <™ 7! (1 ;1 ] is essentially
one-dimensional if it has the form

f(x) = f(a%);

where a is a vectorin <" and f :<7! (1 ;1 ]is a scalar closed proper convex
function. We say that a closed proper convex function f : <" 7! (1 ;1]is
domain one-dimensional if the a ne hull of dom( f) is either a single point or a
line, i.e.,

a dom(f) =fa+bj 2<g;
where a and b are some vectors in<".

(a) The conjugate of an essentially one-dimensional function is a domain one-
dimensional function such that the a ne hull of its domain is a subspace.

(b) The conjugate of a domain one-dimensional function is th e sum of an es-
sentially one-dimensional function and a linear function.

Solution: (a) Let f : <" 7! (1 ;1 ] be essentially one-dimensional, so that
f(x)= F(a%);

where a is a vectorin <" and f :<7! (1 ;1 ]is a scalar closed proper convex
function. If a = 0, then f is a constant function, so its conjugate is domain
one-dimensional, since its domain isf0g. We may thus assume that a 6 0. We
claim that the conjugate

f7(y)=sup yx f(a%) ; (1.30)
x2< N

takes in nite values if y is outside the one-dimensional subspace spanned bya,
implying that f? is domain one-dimensional with the desired property. Indeed,
let y be of the formy = a + v, where is a scalar, andv is a nonzero vector with
v? a lfwetake x = a+ v inEq. (1.30), where is such that kak? 2 dom(f),
we obtain

f7(y)= sup yx f(a%)
x2< N
sup (a+Vv)qa+ v) f kak?
2<
= kak® T kak® +sup kvk® ;
2<

so it follows that f°(y)= 1 .

(b) Let f : <" 7! (1 ;1 ] be domain one-dimensional, so that
a dom(f) =fa+bj 2<g;
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for some vectorsa and b. If a= b= 0, the domain of f is f0g, so its conjugate is
the function taking the constant value  f (0) and is essentially one-dimensional.
If b=0 and a 6 0, then the conjugate is

f7(y)=sup yx f(x) =sup a’y f(a);
x2< N 2<

sof ?(y) = T (a%) where T~ is the conjugate of the scalar function F( )= f(a):
Sincef is closed, convex, and proper, the same is true forg, and it follows that f ?
is essentially one-dimensional. Finally, consider the case whereb 6 0. Then we
use a translation argument and write f (x) = f(x b), where f" is a function such
that the a ne hull of its domain is the subspace spanned by a. The conjugate of
f' is essentially one-dimensional (by the preceding argument), and the conjugate
of f is obtained by adding b to it.

1.58

Calculate the support functions of the following sets:
1) C= xjkxk 1.
(2 C=fag+ xjkxk 1 ,wherea2<" and > 0.
B) C= xjx1+ +Xx,=1;%x; 0Oi=1;:::;n .
4 C= xjjxj Li=1;::0n .
(5) C= xjpi"=l xij 1.
Solution:  Answers:
(1) c(y)= kyk.
(2 c(y)= ay+ Tkyk.
©) c(y)=rrF1)axi: cin Vi
@ c= [, ivi
(6) c(y)=maXizn jYil-

1.59 (Support Function of a Bounded Ellipsoid)
Let X be an ellipsoid of the form
X= xjx QKX X b;

where Q is a symmetric positive de nite matrix, X is a vector, and bis a positive
scalar. Show that the support function of X is

2

x(y)= y%x+ byQ ty ', gy2<™:
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Solution: To calculate x (y), we write
X = fxg+ X;

where

X = xjx%Qx b
we calculate the support function 3~(y), and we use the equation

x ()= yX+ g(y):

To calculate
()= sup y%
x 0Qx

b
we introduce the transformation z = Q'*2x and we write
)= sup yQ "z

kzk bl=2
It can be seen that for y 6 0, the supremum over z above is attained at
-, Q PPy

z(y)=Db KO T2y’

and by substitution in the expression for  ~(y), we have
1=2

()= byQ 'y "

Thus, using Eq. (1.31), we nally obtain

x(y)= yX+ byQ 'y ¥, 8y2<™

1.60 (Support Function of Sum and Union)

conv(X 1) + +conv(X:), [ =1 Xj, and conv [ - X;

Solution: Let X = X1+ + X;. We have forall y2<",
x(y)= sup  x%

X2X 1+ +Xr

sup xi+  +x)Y

X12X X r2Xr

sup xdy+ + sup x%y
X12X1 Xr2Xr

= x M+ ()
Since X; and conv(X;) have the same support function, it follows that
xi M+ % ()
is also the support function of
conv(X1) + +conv( X;):
Let also X = [ |- Xj: We have

x (y) = sup y* = ‘max - sup y% = max - x; (y):
j= j=

X2 X FE x2X |

This is also the support function of conv [ |; X
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Figure 1.1. Visualization of the con-
jugate of a positively homogeneous
A (—z,1) function  (cf. Exercise 1.61). The
values of its conjugate correspond to
crossing levels of the vertical axis by
o(y) hyperplanes supporting the epigraph
/ of . There can be only one such
level, namely 0, so the conjugate of
takes only the values O and 1 ,i.e.,
it is the indicator function of the set
whose elements x correspond to nor-
mals ( x; 1) of hyperplanes support-
ing epi(f) at 0, as shown in the g-
ure.

o
*y

1.61 (Positively Homogeneous Functions and Support Functi ons)

A function f : <" 7 [1 ;1 ]is called positively homogeneousif its epigraph is
a cone in<"** | Equivalently, f is positively homogeneous if and only if

f(x)= f (x); 8 > 0;,8x2<":

(a) Show that if f is a proper convex positively homogeneous function, then
forall x1;:::;Xm 2<™ and 1;:::; m > 0, we have

f(1X1+ + mXm) f(x)+ + mf(Xm):

(b) Clearly, the support function x of a nonempty set X is closed proper con-
vex and positively homogeneous. Show that the reverse is al® true, namely
that the closure of any proper convex positively homogeneous function is
the support function of some set. In particular, show that if <7
(1 ;117 is a proper convex positively homogeneous function, then the
conjugate of is the indicator function of the closed convex set

X= xjy% (ys;8y2<";

and cl is the support function of X (see Fig. 1.1 for a geometric interpre-
tation of this result).

Solution: (a) Let
and

By convexity of f, we have

fFCoxa+ + Taxm) () + + T f (Xm):



Sincef is positively homogeneous, this inequality can be written a s
1 1
=f(xa+  + mxm) = XD+ A+ mf(Xm)

and the result follows.

(b) Let be the conjugate of

(x)=sup yx (y) :

y2< N
Since is positively homogeneous, we have for any > 0,
(x)= ysipn y % () = y52U<Pn (y)% (y):
The right-hand sides of the preceding two relations are equal, so we obtain
x)= (x); 8 > 0
which implies that takes only the values 0 and 1 (since and hence also its

conjugate is proper). Thus, s the indicator function of a set, call it X, and

we have

X xj (x) O

x sup yX (y) O

y2< N

xjykx  (y;8y2<"

Finally, since is the conjugate of , we see that cl is the conjugate of ; cf.
the Conjugacy Theorem [Prop. 1.6.1(c)]. Since s the indicator function of X,
it follows that cl  is the support function of X.

1.62 (Support Function of Domain)

Let f : <" 71 (1 ;1 ]be a proper convex function, and let f ? be its conjugate.
(a) The support function of dom( f) is the recession function of f °.

(b) If f is closed, the support function of dom(f ?) is the recession function of
f.

Solution: (a) From the de nition
f7y)=sup xYy f(x) ;
x2< N
we see thatf”’ is the pointwise supremum of the a ne functions

New )y (Y) = Xoy w;
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Figure 1.2. lllustration of the po-
larity of the recession cone R¢ of a

closed convex set C and the domain

@ R¢ = (dom(oc))” dom( ¢) of its support function (cf.
Exercise 1.63). For any y 2 R, we
have

supy* = 1 ;
/> x2C

while for any y 2 R, we must have
sup,,c Y& < 1.

"0#C- L

as (x; w) ranges over epi(f ). Therefore, epi(f ?) is the intersection of the epigraphs
of hew) as (x;w) ranges over epif ). Hence, by the Recession Cone Theorem
[Prop. 1.4.1(e)], the recession cone of epif ?) is the intersection of the recession
cones of the epigraphs ofh,., ) as (x;w) ranges over epif ). Since the epigraph
of hixw) is (y;u) x% w u , its recession coneis (y;u)jx% u ,and
we have

Repi1?) = \xzdom(r) (;U)jXy U :
Since Repi( 1 7y is the epigraph of the recession functionr{ of f ?, it follows that

rf(y)= sup x%;

x 2 dom( f)
sor; is the support function of dom( f).

(b) If f is closed, then by the Conjugacy Theorem [Prop. 1.6.1(c)], it is the
conjugate of f 7, and the result follows by applying part (a) with the roles of f
and f ? interchanged.

1.63 (Polarity of Recession Cone and Domain of Support
Function)

Let C be a nonempty closed convex set in<". Then, the recession cone ofC is
equal to the polar cone of the domain of ¢:

Rc = dom( ¢)

Solution: We apply the result of Exercise 1.62(b) with f and f° equal to the
indicator function ¢ and support function ¢ of C, respectively. We obtain
e = dom( ¢);

from which, by using also the formula of Example 1.6.2,

Rc = yjrc(y) 0 = vyj dom( C)(Y) 0 = dom( ¢)
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1.64 (Generated Functions - Support Function of 0-Level Set )

Given a proper convex function f : <" 7! (1 ;1 1], the closure of the cone
generated by epi(f ), is the epigraph of a closed convex positively homogeneous
function, called the closed function generated byf, and denoted by genf. The

epigraph of genf is the intersection of all the halfspaces that contain epi( f)

and contain 0 in their boundary. Alternatively, the epigrap h of genf is the

intersection of all the closed cones that contain epi(f ).

(8) Show that if the level set y j h(y) 0 is nonempty, the generated
function genf is proper.

(b) Let f : <™ 71 (1 ;1] be a closed proper convex function and letf’ be
its conjugate. Show that if the level set 'y j f7(y) 0 [respectively

x jf(x) 0 ]is nonempty, its support function is the closed function
generated by f (respectively f 7).

Solution: (a) If (cl f)(0) > 0, by the Nonvertical Hyperplane Theorem (Prop.

1.5.8), there exists a nonvertical hyperplane passing through the origin and con-
taining epi(f) in one of its closed halfspaces, implying that the epigraph of genf
does not contain a line, so genf is proper. Any y such that f ’(y) 0, or equiv-
alently y’  f(x) for all x, de nes a nonvertical hyperplane that separates the
origin from epi( f ).

(b) Let  be the closed function generated byf . Then, since yjf’(y) 0 6 ,
by part (a), is proper, and by Exercise 1.61, is the support function of the
set

Y= yjy% (x);8x2<"

Since epi( ) is the intersection of all the halfspaces that contain epi( f ) and con-
tain O in their boundary, the set Y can be written as

Y= yiyk fx);8x2<" ;

from which we obtain

Y=y sup yox f(x) 0 = yjf?(y) 0 :

x2< N

Note that the method used to characterize the O-level set of f can be applied
to any level set. In particular, a nonempty level set L = xjf(x) is the O-
level set of the function f dened by f (x) = f(x) , and its support function
is the closed function generated by h , the conjugate of f , which is given by
h (y)= h(y)+ . The preceding analysis is illustrated in Fig. 1.3.

1.65 (Conjugates Involving Invertible Linear Transformat ions)

Let p:<" 7' [1 ;1 ] be a convex function, let A be an invertible n n matrix,
let a and ¢ be vectors in <", and let b be a scalar. Calculate the conjugate of the
convex function

f(x)=p A(x ¢ +ax+h:
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Figure 1.3. lllustration of Exercise 1.64. The recession function r; and the
closed generated function gen f are the support functions of the sets dom( f ?) and

yif?(y) 0 , respectively.

Solution:  Using the transformation z = A(x c¢), we can write the conjugate as

f7(y) = sup. x% pA(Xx ¢ a% b

X 2<

=sup (A 'z+0% pi) (A 'z+0% b

z2< N

=sup (A'2)%y a pz) +y a b

z2< N
and nally
F7y)=p’" (A) (v a +cy+d;
where p’ is the conjugate of p and
d= (c’a+ b):

Note the symmetry between f and f°.
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