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CHAPTER 1: EXERCISES AND SOLUTIONS}

SECTION 1.1: Convex Sets and Functions

1.1

Let C be a nonempty subset of 1", and let A\; and A2 be positive scalars. Show
that if C' is convex, then (A1 + A2)C = A1C + X2C [cf. Prop. 1.1.1(c)]. Show by
example that this need not be true when C' is not convex.

Solution: We always have (A1 +A2)C C A\i1C+ A2C, even if C' is not convex.
To show the reverse inclusion assuming C' is convex, note that a vector x in
A C 4+ X2C is of the form © = A\jx1 4+ Aax2, where z1, 22 € C. By convexity
of C, we have
A1 A2
PV * AL+ A2

z9 € C,
and it follows that
x = Az1 + dexe € (A1 + A2)C,
$0 MC + XAC C (M1 + A2)C. For a counterexample when C' is not convex,
let C be a set in R consisting of two vectors, 0 and x # 0, and let

A1 = A2 = 1. Then C is not convex, and (A1 + A2)C = 2C = {0, 2z}, while
AMC 4+ XC =C+ C ={0,z,2z}, showing that (A1 + A2)C # M C + \2C.

1.2 (Properties of Cones)

Show that:
(a) The intersection N;erC; of a collection {C; | ¢ € I} of cones is a cone.

(b) The Cartesian product C; x Cs of two cones C1 and C? is a cone.

1 This set of exercises will be periodically updated as new exercises are added.
Many of the exercises and solutions given here were developed as part of my
earlier convex optimization book [BNOO3] (coauthored with Angelia Nedi¢ and
Asuman Ozdaglar), and are posted on the internet of that book’s web site. The
contribution of my coauthors in the development of these exercises and their
solutions is gratefully acknowledged. Since some of the exercises and/or their
solutions have been modified and also new exercises have been added, all errors
are my sole responsibility.



(¢) The vector sum C; + C> of two cones Cy and C: is a cone.

(d) The image and the inverse image of a cone under a linear transformation
is a cone.

(e) A subset C' is a convex cone if and only if it is closed under addition and
positive scalar multiplication, i.e., C' + C C C, and vC' C C for all v > 0.

Solution: (a) Let # € N;erC; and let « be a positive scalar. Since = € C;
for all ¢ € I and each C} is a cone, the vector ax belongs to C; for all 7 € I.
Hence, ax € N;e;C;, showing that N;c;C; is a cone.

(b) Let € C1 x C2 and let « be a positive scalar. Then = = (x1, z2) for
some 1 € Cq and z2 € C9, and since C7 and Cy are cones, it follows that
azry € C1 and axg € Cy. Hence, ax = (ax1,axs) € C1 x Ca, showing that
C1 x (5 is a cone.

(c¢) Let © € C1 + C2 and let a be a positive scalar. Then, x = x1 + z2 for
some 1 € (1 and x2 € C5, and since C7 and Cy are cones, axr; € C1 and
axg € Cy. Hence, ar = axy1 + azxs € C1 4+ Cz, showing that C1 + Cs is a
cone.

(d) First we prove that A-C is a cone, where A is a linear transformation
and A - C is the image of C' under A. Let z € A-C and let a be a positive
scalar. Then, Ax = z for some x € C, and since C is a cone, azx € C.
Because A(ax) = az, the vector az is in A-C, showing that A-C'is a cone.
Next we prove that the inverse image A—1 - C of C under A is a cone. Let
x € A=1.C and let « be a positive scalar. Then Az € C, and since C is a
cone, aAx € C. Thus, the vector A(azx) € C, implying that ax € A-1.C,
and showing that A—1-C is a cone.

(e) Let C be a convex cone. Then vC C C, for all v > 0, by the definition
of cone. Furthermore, by convexity of C, for all z,y € C, we have z € C,
where

1
z= 5(3: +y).
Hence (z 4+ y) = 2z € C, since C'is a cone, and it follows that C' + C C C.
Conversely, assume that C + C C C, and yC' C C. Then C is a cone.
Furthermore, if 2,y € C and « € (0, 1), we have az € C and (1 —«a)y € C,
and az + (1 —a)y € C (since C'+ C C C). Hence C is convex.

1.3 (Convexity under Composition)

Let C' be a nonempty convex subset of R". Let also f = (f1,..., fm), where
fi:C— R, i=1,...,m, are convex functions, and let g : R™ — R be a function
that is convex and monotonically nondecreasing over a convex set that contains
the set {f(x) |z € C’}7 in the sense that for all u,w in this set such that u <,

we have g(u) < g(u). Show that the function h defined by h(z) = g(f(x)) is
convex over C. If in addition, m = 1, g is monotonically increasing and f is
strictly convex, then h is strictly convex.
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Solution: Let z,y € R" and let a € [0,1]. By the definitions of h and f, we
h(oz:c+(1—o¢ =g fowr:—i— 1—a)y)>

have
g(f ax + 1—a)y),...,fm(ax+(1—a)y))
g(afi(@) + 1 =a)fi(y),.. ., afm(@) + (1 - @) fm(y))
g(a ---,fm(rc)) + (1= ) (A fulw))

ag(fi(@),. .., fm(@)) + (1 = a)g(fr(¥), -, fm(v))

g
ag(f(x)) + (1 —a)g(f(v))
ah(z) + (1 — a)h(y),

H IAN I IA

where the first inequality follows by convexity of each f; and monotonicity of g,
while the second inequality follows by convexity of g.

If m =1, g is monotonically increasing, and f is strictly convex, then the
first inequality is strict whenever z # y and « € (0, 1), showing that h is strictly
convex.

1.4 (Examples of Convex Functions)

Show that the following functions from " to (—oo, 0] are convex:

(a)

Sl

fi(z1,. .. 2n) :{—(:E11’2~~'1’n) ifz1>0,...,2, >0,
00 otherwise.

() 56 = n(en - re)
f3(z) = ||z||P with p > 1.
falz) =

(c
(d
(e

x where f is concave and 0 < f(x) < oo for all z.

f(w) ’
z) = af(x) + B, where f : R" — R is a convex function, and « and 3
are scalars, with a > 0.

) fa(
NEI
) fa(
) f5(

!
(f) fo(z) = e 4% where A is a positive semidefinite symmetric n X n matrix
and (3 is a positive scalar.

(g) fr(z) = f(Az +b), where f: R™ — R is a convex function, A is an m X n
matrix, and b is a vector in ™.

Solution: (a) Denote X = dom(f1). It can be seen that fi is twice continuously
differentiable over X and its Hessian matrix is given by

l-n 1 1

x% z1xg z1xTn
1 1-n 1
V211 () fi(z) | z2er W2 T w2ea
1(z) = ——=
n2
1 1. 1-n
Tnry w12 <2



for all z = (z1,...,2,) € X. From this, direct computation shows that for all
z=(21,...,2n) € R" and = = (z1,...,2n) € X, we have

o () 02))

i=1 i=1

Note that this quadratic form is nonnegative for all z € R" and = € X, since
fi(z) <0, and for any real numbers a1, ..., an, we have

(1 4+ ) <n(ad +---+al),

in view of the fact that 2a;;0u, < o} + . Hence, V? fi () is positive semidefinite
for all z € X, and it follows from Prop. 1.1.10(a) that f; is convex.

(b) We show that the Hessian of fo is positive semidefinite at all z € R". Let
B(z) = €"t +--- 4+ ¢e"*. Then a straightforward calculation yields

AV fa(o)z = ﬁ YN s )P 20, Ve R

i=1 j=1

Hence by Prop. 1.1.10(a), f2 is convex.

(¢) The function f3(x) = ||z||” can be viewed as a composition g(f(:c)) of the
scalar function g(t) = t* with p > 1 and the function f(z) = ||z||. In this case, g is
convex and monotonically increasing over the nonnegative axis, the set of values
that f can take, while f is convex over R" (since any vector norm is convex).
Using Exercise 1.3, it follows that the function fs(x) = ||z||P is convex over R".

(d) The function fa(z) = ﬁx) can be viewed as a composition g(h(:c)) of the
function g(t) = —% for t < 0 and the function h(z) = — f(z) for z € R". In this
case, the g is convex and monotonically increasing in the set {¢ | ¢ < 0}, while h
is convex over R". Using Exercise 1.3, it follows that the function fi(z) = f(lx)
is convex over R".

(e) The function f5(x) = af(x) + B can be viewed as a composition g(f(x)) of
the function g(t) = at + 8, where t € R, and the function f(z) for x € R". In
this case, g is convex and monotonically increasing over R (since a > 0), while f
is convex over R". Using Exercise 1.3, it follows that f5 is convex over R".

(f) The function fs(z) = 'A% can be viewed as a composition g(f(x)) of the
function g(t) = e?* for t € R and the function f(z) = 2’ Az for z € R™. In this
case, g is convex and monotonically increasing over &, while f is convex over R"
(since A is positive semidefinite). Using Exercise 1.3, it follows that fs is convex
over R".

(g) This part is straightforward using the definition of a convex function.



1.5 (Ascent/Descent Behavior of a Convex Function)

Let f: R +— R be a convex function.

(a) (Monotropic Property) Use the definition of convexity to show that f is
“turning upwards” in the sense that if z1, z2, 3 are three scalars such that
x1 < x2 < x3, then

f(w2) = f(@) _ fls) = f(w2)

T2 — T1 - T3 — T2

(b) Use part (a) to show that there are four possibilities as x increases to oco:
(1) f(z) decreases monotonically to —oo, (2) f(z) decreases monotonically
to a finite value, (3) f(x) reaches some value and stays at that value, (4)
f(z) increases monotonically to co when = > T for some T € R.

Solution: (a) Let z1,z2,x3 be three scalars such that 1 < z2 < x3. Then we
can write zo as a convex combination of 1 and z3 as follows
T3 — T2 T2 — 1

T2 = x1 €3,
xr3 — T1 xr3 — T1

so that by convexity of f, we obtain

€T3 — T2 T2 — 1
< — = .
flaz) < prow xlf(fvl) + o xlf(m)
This relation and the fact
xr3 — T2 T2 — X1
fla2) = p o, (@) + - —, [ (@2);
imply that
xr3 — I2 T2 — 1

(f(xs) — f(x2)).

(f(z2) = f(an)) <

xr3 — I T3 — 1

By multiplying the preceding relation with z3 — z1 and by dividing it with (z3 —
z2)(z2 — z1), we obtain

f(w2) = (@) _ flws) = f(z2)

T2 — X1 - T3 — T2

(b) Let {:ck} be an increasing scalar sequence, i.e., 1 < x2 < x3 < ---. Then
according to part (a), we have for all k

flaz) = flx) _ flzs) = flz2) o f(@eed) = fl@n) (1.1)

T2 — X1 B T3 — X2 - - Tp4+1 — Tk

Since (f(:ck) — f(:ckfl))/(xk — zp—1) is monotonically nondecreasing, we have

ﬂ%gggﬂzlém (1.2)
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where v is either a real number or co. Furthermore,

f(@pt1) = fzx)
B — <%, Y k. (1.3)

We now show that ~ is independent of the sequence {zx}. Let {y;} be
any increasing scalar sequence. For each j, choose T, such that y; < T, and
Ty < Thy <00 < Thy, SO that we have y; < yj4+1 < Thj g < Thjyo- By part (a),
it follows that
fQys+1) = flys) Flan o) = Flongy,)

Yji+1 —Yj Thkjio = Thjyq

and letting j — oo yields

lim S (yi+1) — f(y;) <~
Jj—ro0 Yji+1 — Yj

Similarly, by exchanging the roles of {1} and {y;}, we can show that

fQys+1) = fys) o

lim > 7.

Jj—oo Yi+1 — Y
Thus the limit in Eq. (1.2) is independent of the choice for {z\}, and Eqs. (1.1)
and (1.3) hold for any increasing scalar sequence {zy}.
We consider separately each of the three possibilities v < 0,7 = 0, and

~ > 0. First, suppose that v < 0, and let {zx} be any increasing sequence. By
using Eq. (1.3), we obtain

k—1
flar) = W(%ﬂ —x;) + f(a1)
-
<) v(@isr — ;) + far)

1

=v(zk — z1) + f(21),

<.
Il

and since v < 0 and zx — oo, it follows that f(xx) — —oo. To show that f
decreases monotonically, pick any z and y with x < y, and consider the sequence
1=z, 22 =y, and z =y + k for all £ > 3. By using Eq. (1.3) with £k = 1, we

have
Ily) — f(=)

V—a <y <0

so that f(y) — f(x) < 0. Hence f decreases monotonically to —oo, corresponding
to case (1).

Suppose now that v = 0, and let {zx} be any increasing sequence. Then,
by Eq. (1.3), we have f(zx41)— f(zr) < 0for all k. If f(zrs1)— f(zk) < 0 for all
k, then f decreases monotonically. To show this, pick any x and y with z < y,
and consider a new sequence given by y1 = x, y2 = ¥y, and yx = Txtr—3 for all
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k > 3, where K is large enough so that y < zx. By using Egs. (1.1) and (1.3)
with {yx}, we have

W) = @) _ fran) — fax) _
y—x TK41 — TK
implying that f(y) — f(z) < 0. Hence f decreases monotonically, and it may
decrease to —oo or to a finite value, corresponding to cases (1) or (2), respectively.
If for some K we have f(xx+1) — f(zx) = 0, then by Egs. (1.1) and (1.3)
where v = 0, we obtain f(zx) = f(xk) for all k > K. To show that f stays at
the value f(zk) for all > zk, choose any z such that z > zx, and define {yx}
as y1 = Tk, Y2 = x, and yr = rn+r—3 for all £ > 3, where N is large enough so
that z < zn. By using Egs. (1.1) and (1.3) with {y}, we have

@) = faw) _ flaw) = @)

Tr—TK - IN — X -7

so that f(z) < f(zk) and f(zn) < f(z). Since f(xx) = f(xn), we have

f(z) = f(zk). Hence f(z) = f(zk) for all x > xx, corresponding to case (3).
Finally, suppose that v > 0, and let {z} be any increasing sequence. Since

(f(xk) — f(mkfl))/(xk — xk—1) is nondecreasing and tends to v [cf. Egs. (1.2)

and (1.3)], there is a positive integer K and a positive scalar € with € <  such

that

e L@ =@y s e (1.4)

- Tk — Tk—1

Therefore, for all k > K

k—1

Fla) =Y

K

T 2T (1)1 )+ f01) 2 el = 000) + Flon),

<

implying that f(xx) — oco. To show that f(z) increases monotonically to oo for
all z > xk, pick any x < y satisfying xx < z < y, and consider a sequence given
by y1 =2k, y2 =, ys =y, and yx = TN+k—a for k > 4, where N is large enough
so that y < zn. By using Eq. (1.4) with {yx}, we have

Thus f(z) increases monotonically to oo for all x > zx, corresponding to case
(4) with T = zk.

1.6 (Posynomials)

A posynomial is a function of positive scalar variables yi, ...,y of the form

m
91, yn) = > By,
i=1
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where a;; and f3; are scalars, such that 8; > 0 for all 5. Show the following:
(a) A posynomial need not be convex.

(b) By a logarithmic change of variables, where we set
f(ﬂff’):111(9(3117---7yn))7 bi=Inp;, Vi, z; =Iny;, V7,
we obtain a convex function
f(z) =lnexp(Az +b), VzeR",

where exp(z) = el +---+€°™ for all z € R™, A is an m X n matrix with
components aij, and b € R™ is a vector with components b;.

(c) Every function g : " — R of the form

9(y) = g1(y)" - gr(y)™"

)

where g is a posynomial and «; > 0 for all £, can be transformed by a
logarithmic change of variables into a convex function f given by

flx) = Z Vi Inexp(Arz + bi),
k=1

with the matrix Ay and the vector by being associated with the posynomial
gr. for each k.

Solution: (a) Consider the following posynomial for which we have n = m =1
and 8 = %7

1
g(y) =y2, Vy>0.
This function is not convex.

(b) Consider the following change of variables, where we set

f(x):ln(g(yl,...,yn)), bi=Inp;, Vi, z; =Iny;, Vj.
With this change of variables, f(z) can be written as
f(@) =1n <2mj +++> |
i=1
Note that f(x) can also be represented as
f(z) =lnexp(Az + ), VzeR",
where Inexp(z) = ln(ez1 +- 4+ eZm) for all z € ™, A is an m x n matrix with

entries ai;, and b € R™ is a vector with components b;. Let fa(z) = In(e®! +
-+- 4 ¢e*m). This function is convex by Exercise 1.4(b). With this identification,
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f(x) can be viewed as the composition f(x) = f2(Ax + b), which is convex by
Exercise 1.4(g).

(c) Consider a function g : ®" +— R of the form

Y1, Ir

g(y) =g1(y)" g (y)",

where gj, is a posynomial and 7, > 0 for all k. Using a change of variables similar
to part (b), we see that we can represent the function f(z) =Ing(y) as

F@) =" i Inexp(Ax + by),
k=1

with the matrix Ay and the vector by being associated with the posynomial g
for each k. Since f(z) is the weighted sum of convex functions with nonnegative
coefficients [part (b)], it follows that f(x) is convex.

1.7 (Arithmetic-Geometric Mean Inequality)

Show that if aq,...,a, are positive scalars with le:l a; = 1, then for every set
of positive scalars x1,..., T, we have
2 xg? 2o < aimn + asxe + -+ QnTn,

with equality if and only if 1 = z2 = --- = z,. Hint: Show that (—Ilnz) is a
strictly convex function on (0, co).
Solution: Consider the function f(z) = —In(z). Since V?f(z) = 1/2® > 0 for
all x > 0, the function — In(z) is strictly convex over (0, 00). Therefore, for all
positive scalars z1,...,x, and a1, ...qay, with Z?:1 a; = 1, we have

—In(aaz1+ -+ ann) < —arIn(z1) — -+ — an In(zr),

which is equivalent to

6ln(a1x1+---+anﬂcn) > el In(xzq)+-+an In(zn) — 91 In(zq) . eon ln(acn)7

or

(&3 [e%
T+ A Ty >yt

as desired. Since — In(x) is strictly convex, the above inequality is satisfied with
equality if and only if the scalars x1,...,z, are all equal.
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1.8 (Young and Holder Inequalities)

Use the result of Exercise 1.7 to verify Young’s inequality

P q
ey<Z 4+ L Va0, vVy>o,
p q
where p > 0, ¢ > 0, and
1/p+1/g=1.

Then, use Young’s inequality to verify Holder’s inequality

n n 1/p n 1/q
Z|Il’zyz| < <Z |xi|p> <Z |yi|q> .
i=1

=1 1=1

Solution: According to Exercise 1.7, we have

<
p

Ql

1
uPv + -, Vu>0, Vov>0,

SRS

where 1/p+1/¢ =1, p > 0, and ¢ > 0. The above relation also holds if u =0 or
v = 0. By setting u = P and v = y?, we obtain Young’s inequality

Py
zy < — 4+ =, Vz>0, Vy=>0.
p q
To show Holder’s inequality, note that it holds if z; = -+ = x, = 0 or
y1 = =yn=0. If z1,...,2, and y1,...,yn are such that (z1,...,z,) # 0

and (y1,...,Yn) # 0, then by using

_ |4 _ lyil
T = - 7 and y= - 74
(s fasl) (5w
in Young’s inequality, we have for all i = 1,...,n,
|:CZ| 1/p |y2| 1/q < |xi|p + |yi|q .
n n n n
(Zj:l |~’Uj|”) ( - |yj|q) p (Ejzl |z p) a (ijl |yj|q)
By adding these inequalities over ¢ = 1,...,n, we obtain
D iy il - Lyl 11
1/q = o +-=1
a P q

(S be) " (S0 sl

which implies Holder’s inequality.
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1.9 (Characterization of Differentiable Convex Functions)

Let f : R™ — R be a differentiable function. Show that f is convex over a
nonempty convex set C' if and only if

(V@) - ViW) (z—y) >0, VayeC.

Note: The condition above says that the function f, restricted to the line segment
connecting  and y, has monotonically nondecreasing gradient.

Solution: If f is convex, then by Prop. 1.1.7(a), we have

f) > f@)+Vf@)(y—=z), Vazyel.

By exchanging the roles of z and y in this relation, we obtain

f@) =2 fW)+Viw)'(@-y), Vazyed,

and by adding the preceding two inequalities, it follows that

(Vi) = V@) (@ —y)>o0. (1.5)

Conversely, let Eq. (1.5) hold, and let = and y be two points in C. Define
the function A : R — R by

h(t) = f(x +t(y — x))

Consider some t,t' € [0,1] such that ¢ < ¢’. By convexity of C, we have that
x +t(y — ) and z + t'(y — =) belong to C. Using the chain rule and Eq. (1.5),
we have

(dh(t’) dh(t)>(t, _h

- (Vf(m+t'(y —2)) = Vi(z+tly- x)))/(y —z)(t' —t)

> 0.

Thus, dh/dt is nondecreasing on [0, 1] and for any ¢ € (0, 1), we have

h(t) —h(0) _ l/t ) 4 iy < 2 /1 dh(r) . _ h(1) —h(t)

t t dr — 1t dr 1-—1¢

Equivalently,
th(1) 4+ (1 —t)h(0) > h(t),

and from the definition of h, we obtain
tf(y) + (1= )f(2) > f(ty + (1 - t)x).

Since this inequality has been proved for arbitrary ¢ € [0,1] and z,y € C, we
conclude that f is convex.
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1.10 (Strong Convexity)

Let f : R™ — R be a function that is continuous over a closed convex set C' C
dom(f), and let o > 0. We say that f is strongly convex over C with coefficient
o if for all z,y € C and all a € [0, 1], we have

flaw+ (1= a)y) + Za(l - a)le —y|* < af(@) + (1 - a)f(y).

(a) Show that if f is strongly convex over C with coefficient o, then f is strictly
convex over C. Furthermore, there exists a unique z* € C' that minimizes
f over C, and we have

f(z) > f(z*) + %Hx —z*|?, VazeC.

(b) Assume that int(C), the interior of C, is nonempty, and that f is continu-
ously differentiable over int(C). Show that the following are equivalent:

(i) f is strongly convex with coefficient o over C.

(ii) We have
(V@)= Vi) @—y) >olz—y|®  Vayeint(O).
(iii) We have

fW) > f@) + V@) (y—2) + Zle = oI, Va,yemt(O).

Furthermore, if f is twice continuously differentiable over int(C'), the above
three properties are equivalent to:

(iv) The matrix V2 f(x) — o1 is positive semidefinite for every x € int(C),
where [ is the identity matrix.

Solution: (a) The strict convexity of f over C is evident from the definition of
strong convexity and the hypothesis. Strict convexity also implies that there can
be at most one minimum of f over C.

To show existence of a vector * that minimizes f over C, we show that
every level set {x € C | f(z) < ~} is bounded and hence compact (since C is
closed and f is continuous over C'), and then use Weierstrass’ Theorem. Assume
to arrive at a contradiction that a level set L = {z € C'| f(z) <~} is unbounded,
and let {x} C L be an unbounded sequence. We assume with no loss of gener-
ality that ||zx — xol| > 1 for all k. Let a = 1/||zx — zol|, and note that as — 0.
Define

Th—T
Y = axTr + (1 — ag)xo = R0 Zo,
lzk — ol

13



and note that ||yx — zo|| =1 for all k > 1. By strong convexity of f, we have

Flyr) < o f(wr) + (1 — ar)f(w0) — %Uak(l — ag)|lzx — wol?
= anf(@1) + (1 = @) f(wo) = 30(1 - ax)llar = o
<y = 3001 - aw)ox — .
Hence f(yx) — —oo, which contradicts the boundedness of {yx} and the conti-
nuity of f.

To show the inequality f(x) > f(z*) + (0/2)||x — x*||?, we write for any
z € C and a € (0,1),

It follows that f(x) > f(z*) + (¢/2)(1 — a)|jz — z*||?, and by taking the limit as
a — 0, we obtain the desired inequality.

(b) We first show that (i) implies (ii). We have, using the definition of strong
convexity,

JW)+aVf(y) (@-y) < f(y+ala—y)) < af(@)+1-a)f(y) - Fa(l-a)a—y|I"

for all z,y € int(C') and « € (0, 1), from which

g

F)+ Vi) (@ —y) < f(z) - 51— a)fle - yll*.

Similarly,
o

f@) + V@) (y—=2) < fy) 2(1—04)Hf6—y||27 (1.6)

and adding these two inequalities:
/
(Vi) = V@) (@ —y) < —o(l-a)|z—y]?

or

(Vi) = VI@)'(y —2) 2 o1 = @)z~ y||*
Taking the limit as a — 0, we obtain
(Vi) = VI@)'(y —2) 2 ollz —y]*.
Next we show that (ii) implies (i). For any a € (0,1) and z1,z2 € int(C)
with x1 # x2, let

Toa = az1 + (1 — a)za.
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We have

’

o) = 1@+ [ Vit —20) (oo = )i

o) = JGaa)+ [ Vs + i 22) (o, — e
0

Multiplying these relations with a and 1 — «, respectively, adding, and collecting
terms using the relations zo — 1 = (1 — a)(x2 — 1), Ta — T2 = a(z1 — x2), and

(xl + t(za — xl)) — (:172 +t(ze — :cz)) =(1-t)(x1 — z2),
we obtain

af(e) + (1 - ) f(x2) = f(za)

=a(l —a) /01 (Vf(:cl + t(za — xl)) — Vf(:cg +t(za — :172))) (1 — z2)dt

1
>oca(l —a)|lz1 — 1:2||2/ (1—¢)dt
0

1
= joa(l — o) — %,

verifying the strong convexity inequality for x1,z2 in the interior of C' [and using
the continuity of f, for z1,z2 in the boundary of C' as well].

Next we show that (iii) is equivalent to (i) and (ii). Indeed, by taking the
limit in Egs. (1.6) as a — 0, we see that (i) implies (iii). Conversely if (iii) holds,
we have

f@) 2 f@) + Vi@ (y—2) + Flz—yl’,  Vaeyen(Q),

and
f@) 2 f@) + VW) @ =) + Flle = o], Yy m(O).

By adding these two relations, we obtain (ii).

Assume now that f is twice continuously differentiable over int(C'). First we
show that (iv) implies (ii). Let x,y € int(C) and consider the function g : ® — R
defined by

g(t) = Vf(tz + (1 - t)y) (z - y).

Using the Mean Value Theorem, we have

(VI(x) = V@) (= v) = g(1) — 9(0) = di—f)

for some ¢t € [0,1]. On the other hand,

diii_f) = (@ —y)Vf(te+ 1 —t)y) (@ —y) > ol -yl
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where the last inequality holds because V2 f (t:c—i— (1 —t)y) —ol is positive semidef-
inite. Combining the last two relations, we obtain the desired inequality.
We finally show that (i) implies (iv). For any « € (0,1) and z1,x2 € int(C)
with z1 # x2, let
To = az1 + (1 — a)xa.

Using the 2nd order Mean Value Theorem, we have

F@1) = f(za) + Vf(@a) (21— 2a) + 3 (21~ 70) V() (01 — 7a),

f(x2) = f(za) + V(2a) (22 — za) + %(362 — 20) V2 f(Za) (T2 — T0),

where T, and 2, are vectors that lie in the intervals connecting x, with z:
and x2, respectively. Multiplying these relations with o and 1 — «, respectively,
adding, canceling the terms involving V f(z«), and using the relations o — 1 =
(1—a)(z2 —x1) and xo — x2 = a(x1 — x2) and the definition of strong convexity,
we obtain

Fla) + 5oa(l = a)lles — 2P < af (1) + (1 - @) f(z2)
= f@o) + 501 = )* (a1 = 2) V(@) (01 — 22)
+ 5031 @)1 — 22) VA f(Fa) (21 — 72)
and finally,
ollzr — @2 < (21— 22) (1 — @)V f(Fa) + AV f(&a)) (21 — 22).
Dividing by ||z1 — :csz and letting x2 approach x1, we obtain
o <d'Vf(z1)d,

where d = (z1 — x2)/||z1 — x2]|. Since z1 and z2 were chosen arbitrarily within
int(C), it follows that the matrix V2 f(x) — o[ is positive semidefinite for every
z € int(C'). Since by the convexity of C, every point in the boundary of C' can be
approached from the interior and V2 f is continuous, V2 f (z) — ol is also positive
semidefinite for every = in the boundary of C.

SECTION 1.2: Convex and Affine Hulls

1.11 (Characterization of Convex Hulls and Affine Hulls)

Let X be a nonempty subset of R".

(a) Show that the convex hull of X coincides with the set of all convex combi-
nations of its elements, i.e.,

conv(X) = {Zaixi I: a finite set, Zai =1,a;,>0,7;, € X, VieI}.

iel i€l
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(b) Show that the affine hull of X coincides with the set of all linear combina-
tions of its elements with coefficients adding to 1, i.e.,

aff(X) = Z QT

I: a finite set, Zai:L r, e X, Viel

iel i€l
Show also that if m is the dimension of aff (X ), there exist vectors Z, T1, . .., Tm
from X such that 71 — Z,...,Tm — T form a basis for the subspace that is

parallel to aff (X).

Solution: (a) The elements of X belong to conv(X), so all their convex com-
binations belong to conv(X) since conv(X) is a convex set. On the other hand,
consider any two convex combinations of elements of X, x = Ax1+ -+ AmTm
and y = pay1 + - - - + pryr, where z; € X and y; € X. The vector

(I-a)zt+ay=(1-0o)(Mz1+- - +Am>m) + a(payr + -+ pryr),

where 0 < a < 1, is another convex combination of elements of X.

Thus, the set of convex combinations of elements of X is itself a convex
set, which contains X, and is contained in conv(X). Hence it must coincide with
conv(X), which by definition is the intersection of all convex sets containing X.

(b) The set

A= Zaixi I is a finite set, Zaizl, r, € X,Viel

iel iel

contains every line that passes through any pair of its points, so it is affine. Since
it also contains X, it must contain aff (X).
To show the reverse inclusion, we note that

A=T+ S,
where T is some vector in X and S is a subspace that must have the form
S = Zai(xi—f) ‘ I is a finite set, Zai =1,z eX,Viel
icl il

By taking one of the vectors x; to be T, we see that

S = Zﬂi(xi—f)}Iisaﬁnitesemﬂie%:ci€X7Viel

iel
It follows that S has a basis of the form 71 -7, ..., %, — %, where T1,...,Tm € X,
and m is the dimension of S. The subspace that is parallel to an affine set that
contains X must contain the basis 71 — T, ...,Zm» — Z. Hence any affine set that

contains X, including aff(X), must contain A =T + S. The proof of aff(X) = A
is complete.

17



1.12

Let {C; | i € I} be an arbitrary collection of convex sets in R", and let C be the
convex hull of the union of the collection. Show that

C = U ZaiC’i Zaizl,aizo,Vief ,

Tci, T: finite set ieT ieT

i.e., the convex hull of the union of the sets C; is equal to the set of all convex
combinations of vectors that come from different sets C;.

Solution: By Exercise 1.11, C' is the set of all convex combinations * = a1y1 +
-+ amYm, where m is a positive integer, and the vectors y1, ..., ym belong to the
union of the sets C;. Actually, we can get C just by taking those combinations in
which the vectors are taken from different sets C;. Indeed, if two of the vectors,
y1 and y2 belong to the same C;, then the term a1y1 + a2y2 can be replaced by
ay, where a« = a1 + a2 and

y = (oa/@)y1 + (az2/a)y2 € Cs.
Thus, C' is the union of the vector sums of the form

alcil + -+ amCi,,

with
m
a;>0,Vi=1,...,m, Zaz—:L
i=1
and the indices i1, ..., i, are all different, proving our claim.

1.13 (Generated Cones and Convex Hulls I)

Show that:

(a) For a nonempty convex subset C' of ", we have

cone(C) = Ugec{yz | v > 0}.

(b) A cone C is convex if and only if C+ C C C.

(c) For any two convex cones C1 and C containing the origin, we have

C1+Cy = COHV(Cl U C’z)7 CinCsy; = U (0501 N (1 — 05)02).
a€l0,1]

Solution: (a) Let y € cone(C). If y =0, then y € Uzec{yz | v > 0}. If y # 0,
then by definition of cone(C'), we have

m
Y= Z AiTi,
i=1
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for some positive integer m, nonnegative scalars A;, and vectors z; € C. Since
y # 0, we cannot have all \; equal to zero, implying that Ezl Ai > 0. Because
xz; € C for all ¢ and C' is convex, the vector

m

Ai
D3} s

i=1 ~~J=1

belongs to C. For this vector, we have

()

with > A > 0, implying that y € Uzec{yx | ¥ > 0} and showing that
cone(C) C Uzec{yz | v > 0}.

The reverse inclusion follows from the definition of cone(C).

(b) Let C be a cone such that C 4+ C C C, and let z,y € C and « € [0, 1]. Then
since C'is a cone, az € C' and (1 —a)y € C, so that ax+ (1 —a)y e C+C C C,
showing that C is convex. Conversely, let C' be a convex cone and let z,y € C.
Then, since C' is a cone, 2z € C' and 2y € C, so that by the convexity of C,
z+y = 3(2x + 2y) € C, showing that C + C C C.

(c) First we prove that C1 + C2 C conv(Ci U C3). Choose any z € C1 + Ch.
Since C1 + C5 is a cone [see Exercise 1.2(c)], the vector 2z is in C1 + C, so that
2x = x1 + x2 for some x1 € C1 and x2 € C2. Therefore,

1
T = a1+ 522,

showing that = € conv(C1 U C2).
Next, we show that conv(Cy U C2) C C1 4 Cs. Since 0 € Cy and 0 € Cy, it
follows that
Ci=C;+0CCy+ Oy, 1=1,2,

implying that
CiuCy cC C1 +Cs.

By taking the convex hull of both sides in the above inclusion and by using the
convexity of C1 + C2, we obtain

conv(Cy UC2) C conv(Cy + C2) = C1 + Ch.

We finally show that

CinCsy; = U (0501 N (1 — 05)02).

a€l0,1]
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We claim that for all @ with 0 < a < 1, we have
aC1 N (1 — Oé)Cz =C1NChs.

Indeed, if x € C1 N Cy, it follows that x € C; and © € C3. Since C; and Co
are cones and 0 < o < 1, we have z € aC7 and z € (1 — a)C2. Conversely, if
z € aC1 N (1 — a)C, we have

T

— € C'17

o

and
T

(1-a)

Since C1 and Cs are cones, it follows that x € C1 and z € Cq, so that x € C1NCx.
If a =0 or a =1, we obtain

€ (Cs.

aCiN(l—a)C; ={0} Cc C1NCy,

since C7 and Cs contain the origin. Thus, the result follows.

1.14 (Generated Cones and Convex Hulls II)

Let X be a nonempty set. Show that:
(a) X, conv(X), and cl(X) have the same affine hull.
(b) cone(X) = cone (conv(X)).

(c) aff (conv(X ))C aff (cone(X )) Give an example where the inclusion is
strict.

(d) If the origin belongs to conv(X), then aff (conv(X)) = aff (cone(X)).
(e) If A is a matrix, Aconv(X) = conv(AX).

Solution: (a) We first show that X and cl(X) have the same affine hull. Since
X C cl(X), there holds
aff(X) C aff (cl(X)).

Conversely, because X C aff(X) and aff(X) is closed, we have cl(X) C aff(X),
implying that
aff (cl(X)) C aff (X).

We now show that X and conv(X) have the same affine hull. By using a
translation argument if necessary, we assume without loss of generality that X
contains the origin, so that both aff(X) and aff (conv(X)) are subspaces. Since

X C conv(X), evidently aff(X) C aff (Conv(X )) To show the reverse inclusion,
let the dimension of aff (conv(X )) be m, and let z1, ...,z be linearly indepen-

dent vectors in conv(X) that span aff (conv(X)). Then every z € aff (conv(X)) is
a linear combination of the vectors x1, ..., Tm, i.e., there exist scalars £i,..., Bm

such that
m
i=1
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By the definition of convex hull, each z; is a convex combination of vectors in
X, so that z is a linear combination of vectors in X, implying that = € aff (X).
Hence, aff (conv(X)) C aff(X).

(b) Since X C conv(X), clearly cone(X) C cone(conv(X)). Conversely, let

T € cone(conv(X)). Then z is a nonnegative combination of some vectors in
conv(X), i.e., for some positive integer p, vectors zi,...,zp, € conv(X), and
nonnegative scalars aq, ..., qp, we have

P
xr = E Q.
i=1

Each z; is a convex combination of some vectors in X, so that x is a nonneg-
ative combination of some vectors in X, implying that x € cone(X). Hence
cone (COHV (X)) C cone(X).

(c) Since conv(X) is the set of all convex combinations of vectors in X, and
cone(X) is the set of all nonnegative combinations of vectors in X, it follows that
conv(X) C cone(X). Therefore

aff (conv(X)) C aff (cone(X)).

For an example showing that the above inclusion can be strict, consider
the set X = {(17 1)} in 2. Then conv(X) = X, so that

aff(conv(X)) =X= {(1, 1)}7

and the dimension of conv(X) is zero. On the other hand, cone(X) = {(a, a) |
a > O}, so that
aff(cone(X)) = {(3717272) | z1 = :tcz}7

and the dimension of cone(X) is one.

(d) In view of parts (a) and (c), it suffices to show that
aff (cone(X)) C aff(X).

It is always true that 0 € cone(X), so af'f(cone(X)) is a subspace. Let the
dimension of aff(cone(X)) be m, and let x1,...,x, be linearly independent
vectors in cone(X) that span af'f(cone(X)) [cf. Exercise 1.11(b)]. Since every

vector in aff(cone(X)) is a linear combination of x1,...,xm, and since each x;
is a nonnegative combination of some vectors in X, it follows that every vector
in aff (cone(X )) is a linear combination of some vectors in X. In view of the
assumption that 0 € conv(X), the affine hull of conv(X) is a subspace, which
implies by part (a) that the affine hull of X is a subspace. Hence, aff(X) is
the set of linear combinations of vectors from X. It follows that every vector in
aff (cone(X)) belongs to aff(X), showing that aff (cone(X)) C aff(X).
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(e) If y € conv(AX), then for some z1,z2 € X,
y=caAz1+ (1 — a)Azs = A(a:cl +(1- a):cg) € Aconv(X).

Hence conv(AX) C Aconv(X).
Conversely, if y € Aconv(X), then for some z1,22 € X,

y= A(axl +(1- a)xg) = A(a:cl +(1 - a)xz) € conv(AX).

Hence A conv(X) C conv(AX).

1.15

Let {fi | ¢ € I} be an arbitrary collection of proper convex functions f; : R" —
(—00, ¢]. Define

f(z) = inf {w | (z,w) € COHV(UiEIepi(fi))} , zeR"
Show that f(x) is given by

f(x) = inf { Zaifi(il?i) Zaixi =z, z; €N, Zai =1, a; >0, Viel,

iel icT icT

TcI, T: ﬁnite}.

Solution: By definition, f(z) is the infimum of the values of w such that (z,w) €
C, where C' is the convex hull of the union of nonempty convex sets epi(f;). By
Exercise 1.12, (z,w) € C if and only if (z,w) can be expressed as a convex
combination of the form

(z,w) = Zai(xi,wi) = Zai:ci, Zaiwi ,
icT iel iel

where T C T is a finite set and (2;,w;) € epi(fi) for all i € T. Thus, f(x) can be
expressed as

f(z) =inf { Zaiwi (z,w) = Zai(xi,wi),

icT icT

(zi,w;) € epi(fi), as >0, Viel, Zai :1}.

iel
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Since the set {(1:“ fz(ml)) | x; € §R"} is contained in epi(f;), we obtain

f(z) <inf Zalfl(xl) ’ x:Zaixi, 2 €RY, >0, Viel, Zaizl

iel iel icT

On the other hand, by the definition of epi(f;), for each (z;,w;) € epi(f;) we
have w; > fi(x;), implying that

f(z) > inf Zalfz(xl) ‘ x:Zami7 2 €R, >0, Viel, Zaizl

icl icl i€l

By combining the last two relations, we obtain

f(z) =inf Zalfz(xl) ‘ T = Zami? i €R, 0 >0, Viel, Zai =15,
i€l i€l i€l
where the infimum is taken over all representations of x as a convex combination

of elements x; such that only finitely many coefficients «; are nonzero.

1.16 (Minimization of Linear Functions)

Show that minimization of a linear function over a set is equivalent to minimiza-
tion over its convex hull, i.e.,

. / . /
inf cx= inf cz,
zEconv(X) reX

if X C R" and ¢ € R". Furthermore, the infimum in the left-hand side above is
attained if and only if the infimum in the right-hand side is attained.

Solution: Since X C conv(X), we have

inf ¢z < inf dz. (1.7)
zEconv(X) reX

— . p— n
Also, any T € conv(X) can be written as T = 22:1 o;x;, for some x1,...,2m €

. m .
X and some scalars ai,...,am > 0 with " o; = 1. Hence, since ¢'z; >
infrex 'z, we have

m m
/— / . / . / —
cT = g oic Xy > g «; | inf ¢z = inf ¢z, YV T € conv(X).
rzeX rzeX
=1 1=1

Taking the infimum of the left-hand side over T € conv(X),

inf  ¢T> inf dz. (1.8)
zEconv(X) zeX
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Combining Eqgs. (1.7) and (1.8), we obtain

. / . /
in cx = inf cx.
zEconv(X) reX

Since X C conv(X) and inf,cconv(x) '@ = infrex ¢'z, every point that
attains the infimum of ¢’z over X, attains the infimum of ¢’z over conv(X). For
the converse, assume that the infimum of ¢’z over conv(X) is attained at some

— p— m
T € conv(X). Then, T = Ei:l «a;x;, for some x1,...,x, € X and some scalars
. m
Aty ..., 0, > 0 with Zi:l a; = 1, and we have
m m
. / . / / /— . / . /
inf cax = g a; | inf cxz < E CT; =CT = inf cx = inf cx.
zeX zeX z€conv(X) zeX
i=1 i=1

Since the left-hand and right-hand sides are equal, it follows that equality holds
throughout above, which can happen only if ¢’z; = inf,ex ¢’z for all 4 with
a; > 0. Thus the infimum of ¢’z over X is attained.

1.17 (Extension of Caratheodory’s Theorem)

Let X7 and X2 be nonempty subsets of R", and let X = conv(X1) + cone(X2).
Show that every vector x in X can be represented in the form

k m
T = E Q;Ti + E Q;Yi,
i=1

i=k+1
where m is a positive integer with m < n+1, the vectors z1, ...,z belong to X1,
the vectors yx11, . . ., ym belong to X2, and the scalars a1, . . ., @, are nonnegative
with a1+ - -+ar = 1. Furthermore, the vectors xo—x1,...,2k—21, Yk+1,- - -, Ym

are linearly independent.

Solution: The proof will be an application of Caratheodory’s Theorem [Prop.
1.2.1(a)] to the subset of R™*! given by

Y = {(1:71) | xEXl} U {(y70) |y GXQ}.

If z € X, then
k m
T = Z%‘xi + Z Vili,
i=1 i=k+1
where the vectors x1, ...,z belong to X1, the vectors yxt1,...,ym belong to Xa,

and the scalars 71,...,vm are nonnegative with 1 4 --- 4+ vx = 1. Equivalently,
(z,1) € cone(Y). By Caratheodory’s Theorem part (a), we have that

k m
(@) =Y ai@, 1)+ > aily:,0),
i=1 i=k+1
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for some positive scalars ai, ..., a, and vectors

(z1,1), ... (zk, 1)y (Yr+1,0),..., (Ym,0),

which are linearly independent (implying that m < n + 1) or equivalently,

m

k k
x:Zaixi—F Z a;Yi, 1:2041-.
i=1 i=1

i=k+1

Finally, to show that the vectors x2 — z1,..., Tx — 1, Yk+1,...,Ym are linearly

independent, assume to arrive at a contradiction, that there exist Aq, ...

all 0, such that
k m
Z)\i(:ci—:cl)+ Z Aiyi = 0.
1=2 i=k+1

Equivalently, defining Ay = —(A2 4+ - - - + Am ), we have

k m
Z iz, 1) + Z Ai(yi,0) =0,
i=1 i=k+1

which contradicts the linear independence of the vectors

(:Ch 1)7 ey ($k7 1)7 (yk+170)7 ey (ym70)'

1.18
Let X be a nonempty bounded subset of ™. Show that

cl (COHV (X)) = conv (Cl(X)) .

, Am, not

In particular, if X is compact, then conv(X) is compact (cf. Prop. 1.2.2).

Solution: The set cl(X) is compact since X is bounded by assumption. Hence,
by Prop. 1.2.2, its convex hull, conv(cl(X)), is compact, and it follows that

cl(conv(X)) Ccl (conv (CI(X))) = conv(cl(X)).
It is also true that

conv (CI(X)) C conv (cl (conv(X))) =cl (conv(X)) ,

since by Prop. 1.1.1(d), the closure of a convex set is convex. Hence, the result

follows.
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1.19 (Convex Hulls and Generated Cones of Cartesian Products)
Given nonempty sets X; C R™, i =1,...,m, let X = X; X -+ X X,,, be their
Cartesian product. Show that:

(a) The convex hull (closure, affine hull) of X is equal to the Cartesian product
of the convex hulls (closures, affine hulls, respectively) of the X;.

(b) If all the sets X1,..., X, contain the origin, then
cone(X) = cone(X1) X - -+ X cone(Xm).
Furthermore, the result fails if one of the sets does not contain the origin.

Solution: (a) We first show that the convex hull of X is equal to the Cartesian
product of the convex hulls of the sets X;, i = 1,...,m. Let y be a vector that
belongs to conv(X). Then, by definition, for some k, we have

k k
y:Zaiyi7 with a; >0, 1 =1,...,m, Zai:L
i=1 i=1

where y; € X for all 4. Since y; € X, we have that y; = (xi,...,2%,) for all i,
with z§ € X1,...,2,, € Xm. It follows that

k k k
_ i i Y o
y= @i (X1, ) = QT ..., ity |,
i=1 i=1 i=1

thereby implying that y € conv(X1) X - -+ X conv(Xy,).

To prove the reverse inclusion, assume that y is a vector in conv(X7) X - - - X
conv(Xymm). Then, we can represent y as y = (y1,...,Ym) with y; € conv(X;),
ie, foralli=1,...,m, we have

ki ki
y¢:Zo¢§-:c§», méeng Y 7, 04-20, v 7, Zoe;-:l.
=1 =1

First, consider the vectors
1 2 m 1 2 m 1 2 m
(x17x7"17 ot 7x7"m71)7 (x27x7"17' . 7:177"m71)7' ct (xkl7x7'17 ot 7x7"m71)7

for all possible values of r1,...,rm—_1, i.e., we fix all components except the
first one, and vary the first component over all possible ac}7s used in the convex
combination that yields y;. Since all these vectors belong to X, their convex
combination given by

k1

1.1 2 m
QGT; ) Toys ey T

=1
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belongs to the convex hull of X for all possible values of r1,...,7m—1. Now,
consider the vectors

k1 ki
§ 1.1 2 m E 1.1 2 m

( ajxj),xl,...7xr7n71 yee ey ( ajfl’j),xk2,...,xrm71 5
Jj=1 j=1

i.e., fix all components except the second one, and vary the second component
over all possible m?’s used in the convex combination that yields ys. Since all
these vectors belong to conv(X), their convex combination given by

k1 ko

1.1 2.2 m
a;T; ), ;T 7...7(17,,-m71

j=1 j=1

belongs to the convex hull of X for all possible values of ra, ..., rm—1. Proceeding
in this way, we see that the vector given by

k1 ko km

1.1 2.2 mo.m
a;xj ), a;xy ), ..., Q; T

j=1 j=1 j=1

belongs to conv(X), thus proving our claim.

Next, we show the corresponding result for the closure of X. Assume that
y = (x1,...,Tm) € cl(X). This implies that there exists some sequence {y*} C X
such that y* — y. Since y* € X, we have that y* = (zf,..., 2%) with 2F € X;
for each ¢ and k. Since y* — y, it follows that z; € cl(X;) for each i, and
hence y € cl(X1) X -+ X cl(X,). Conversely, suppose that y = (21,...,Zm) €

cl(X1) x -+ x cl(X,,). This implies that there exist sequences {z¥} C X; such

that ¥ — x; for each ¢ = 1,...,m. Since z¥ € X; for each ¢ and k, we have that
y* = (aF,...,2") € X and {y*} converges to y = (21,...,xm), implying that

y € cl(X).

Finally, we show the corresponding result for the affine hull of X. Let’s
assume, by using a translation argument if necessary, that all the X;’s contain
the origin, so that aff(X1),...,aff(X,,) as well as aff(X) are all subspaces.

Assume that y € aff(X). Let the dimension of aff(X) be r, and let
y',...,y" be linearly independent vectors in X that span aff(X). Thus, we

can represent y as
T
v=>_ B,
i=1

where ',..., 8" are scalars. Since y* € X, we have that y* = (z%,...,z%,) with
xj € X;. Thus,

T ™ T
=3 F 6t = (S S )
i=1 i=1 i=1
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implying that y € aff(Xi1) x --- x aff(X,,). Now, assume that y € aff(X;) x
-+ x aff(X,,). Let the dimension of aff(X;) be r;, and let x},...,2;? be linearly
independent vectors in X; that span aff (X;). Thus, we can represent y as

71 ™m
y= (Zﬂ{x{7...725m%> :
j=1 j=1
Since each X; contains the origin, we have that the vectors

1 T2 ™m
(Zﬂ{x{70770> ) <O7Zﬂ%x%707”'70> IR (077Zﬂgnxgn> )
J=1 Jj=1 Jj=1

belong to aff (X)), and so does their sum, which is the vector y. Thus, y € aff (X),
concluding the proof.

(b) Assume that y € cone(X). We can represent y as

y=Y a'y,
i=1

for some r, where a!,...,a" are nonnegative scalars and y; € X for all 5. Since
y' € X, we have that y* = (x7,...,x,,) with 2} € X;. Thus,

s T s
_ i i i i i i i
y= A" (XY, X)) = o'z, ..., o'z, |,
i=1

i=1 i=1

implying that y € cone(X1) X -+ x cone(Xm).

Conversely, assume that y € cone(X1) x --- x cone(X,,). Then, we can
represent y as
"1 Tm
y={D olel... Y anah )
j=1 j=1

where x{ € X; and ag > 0 for each i and j. Since each X; contains the origin,
we have that the vectors

1 L8] ™m
(Za{x{,O,...,O) , <0,Za%xg,0,...,0> RN (O,...,Za%x%) R
j=1 j=1 j=1

belong to the cone(X), and so does their sum, which is the vector y. Thus,
y € cone(X), concluding the proof.
Finally, consider the example where

)(1:{071}C§R7 Xzz{l}cm.

For this example, cone(X;) X cone(X2) is given by the nonnegative quadrant,
whereas cone(X) is given by the two halflines «(0,1) and «(1,1) for @ > 0 and
the region that lies between them.

SECTION 1.3: Relative Interior and Closure
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1.20 (Characterization of Twice Continuously Differentiable
Convex Functions)

Let C be a nonempty convex subset of ™ and let f : R™ — R be twice continu-
ously differentiable over R". Let S be the subspace that is parallel to the affine
hull of C. Show that f is convex over C if and only if y'V2f(z)y > 0 for all
z € C and y € S. [In particular, when C has nonempty interior, f is convex over
C if and only if V2 f(x) is positive semidefinite for all z € C.]

Solution: Suppose that f : R" — R is convex over C. We first show that for all
x €r1i(C) and y € S, we have y' V2 f(z)y > 0. Assume to arrive at a contradiction,
that there exists some T € ri(C') such that for some y € S, we have

y’sz(f)y < 0.

Without loss of generality, we may assume that ||y|| = 1. Using the continuity of
V2f, we see that there is an open ball B(T, €) centered at & with radius e such
that B(T,¢) Naff(C') C C [since T € ri(C)], and

y'V2f(z)y <0, V€ B(T,¢). (1.9)

For all positive scalars a with o < €, we have
_ _ _ 1 o
f@+ay) = f(2) + V(@) y+ 50’V (T +ay)y,

for some & € [0, @]. Furthermore, ||(T + ay) — T|| < € [since ||y|]| =1 and & < €.
Hence, from Eq. (1.9), it follows that

f(@ 4+ ay) < f(&) +aV @)y, Y a € [0,¢).

On the other hand, by the choice of € and the assumption that y € S, the vectors
Z + ay are in C for all « with o € [0, ¢), which is a contradiction in view of
the convexity of f over C. Hence, we have 3'V2f(x)y > 0 for all y € S and all
z € ri(C).

Next, let T be a point in C that is not in the relative interior of C. Then, by
the Line Segment Principle, there is a sequence {zx} C ri(C) such that z, — Z.
As seen above, y' V2 f(zx)y > 0 for all y € S and all k, which together with the
continuity of V2f implies that

YV f(@y = lim y'V f(z)y 20,  VyeS.
— 00
It follows that y'V>f(z)y > 0 for allz € C and y € S.

Conversely, assume that y'V?f(z)y > 0 for all z € C and y € S. For all
x,z € C we have

[(2) = f(@) + (2 = 2)' V(@) + 5(z = 2) V[ (2 + a(z — 7)) (= — @)

for some o € [0,1]. Since z,z € C, we have that (z — z) € S, and using the
convexity of C' and our assumption, it follows that

() 2 f@) + (: =)' Vi(@), Va,zeC.

From Prop. 1.1.7(a), we conclude that f is convex over C.

29



1.21

Construct an example of a point in a nonconvex set X that has the prolongation
property of Prop. 1.3.3 but is not a relative interior point of X.

Solution: Take two intersecting lines in the plane, and consider the point of
intersection.

For another example, take the union of two circular disks in the plane,
which have a single common point, and consider the common point.

1.22

Let C be a nonempty convex subset of ®". Show that
ri(C) = int(C' + S*) N C,

where S is the subspace that is parallel to the affine hull of C'.

Solution: For any vector a € R", we have ri(C 4+ a) = ri(C) + a (cf. Prop.
1.3.7). Therefore, we can assume without loss of generality that 0 € C, and
aff (C') coincides with S.

Let z € ri(C). Then there exists some open ball B(x,€) centered at = with
radius € > 0 such that

B(z,e)n S C C. (1.10)

We now show that B(z,e) C C + S*. Let z be a vector in B(z,¢). Then,
we can express z as z = x + ay for some vector y € R" with ||y|| = 1, and
some « € [0,¢). Since S and S* are orthogonal subspaces, y can be uniquely
decomposed as y = ys + yg.1, where ys € S and yg1 € S*. Since ||ly|| = 1, this
implies that ||ys|| < 1 (Pythagorean Theorem), and using Eq. (1.10), we obtain

x4+ ays € B(z,e)NS C C,

from which it follows that the vector z = x + ay belongs to C 4+ S+, implying
that B(z,¢) C C + S*. This shows that = € int(C' + S+) N C.

Conversely, let = € int(C + S*) N C. We have that 2 € C and there exists
some open ball B(z, €) centered at = with radius € > 0 such that B(x,e) C C+S™ .
Since C' is a subset of S, it can be seen that (C' + S+) NS = C. Therefore,

B(z,e)nS C C,

implying that z € ri(C).

30



1.23

Let zo,...,xm be vectors in R™ such that z1 — zo,...,Zm — xo are linearly
independent. The convex hull of xo, ...,z is called an m-dimensional simplez,
and xo,...,xm are called the vertices of the simplex.

(a) Show that the dimension of a convex set is the maximum of the dimensions
of all the simplices contained in the set.

(b) Use part (a) to show that a nonempty convex set has a nonempty relative
interior.

Solution: (a) Let C be the given convex set. The convex hull of any subset of
C is contained in C. Therefore, the maximum dimension of the various simplices
contained in C' is the largest m for which C contains m + 1 vectors zo,...,ZTm
such that x1 — xo,...,ZTm — xo are linearly independent.

Let K = {zo,...,Zm} be such a set with m maximal, and let aff (K) denote
the affine hull of set K. Then, we have dim(aff(K)) = m, and since K C C, it
follows that aff (K) C aff(C).

We claim that C' C aff(K). To see this, assume that there exists some
x € C, which does not belong to aff (K). This implies that the set {z, zo,...,Tm}
is a set of m + 2 vectors in C such that © — xo, 1 — xo,...,ZTm — To are linearly
independent, contradicting the maximality of m. Hence, we have C' C aff(K),
and it follows that

aff (K) = aff(C),
thereby implying that dim(C) = m.

(b) We first consider the case where C' is n-dimensional with n > 0 and show that
the interior of C' is not empty. By part (a), an n-dimensional convex set contains
an n-dimensional simplex. We claim that such a simplex S has a nonempty
interior. Indeed, applying an affine transformation if necessary, we can assume
that the vertices of S are the vectors (0,0,...,0),(1,0,...,0),...,(0,0,...,1),
ie.,

S=<(x1,...,zn) | ; >0, Vi=1,...,n, ingl
i=1
The interior of the simplex S,

int(S) =< (z1,...,an) |2 >0, Vi=1,...,n, in<1 ,
=1

is nonempty, which in turn implies that int(C) is nonempty.

For the case where dim(C') < n, consider the n-dimensional set C' + S+ ,
where S+ is the orthogonal complement of the subspace parallel to aff(C). Since
C + S+ is a convex set, it follows from the above argument that int(C' + S*) is
nonempty. Let z € int(C + SL). We can represent x as * = x¢ + w51, where
zc € Cand x4, € S+t. It can be seen that z¢ € int(C + SJ‘). Since

ri(C) = int(C' + )N C,
[cf. Exercise 1.22(a)], it follows that x. € ri(C), so ri(C') is nonempty.
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1.24 (Characterizations of Relative Interior)

Let C be a nonempty convex set.

(a) Show the following refinement of the Prolongation Lemma (Prop. 1.3.3):
z € ri(C) if and only if for every T € aff(C'), there exists a v > 0 such that
z+vy(z—-7)eC.

(b) Show that cone(C) = aff(C) if and only if 0 € ri(C).
Solution: (a) Let = € ri(C'). We will show that for every T € aff(C'), there exists

a y > 1 such that  + (v — 1)(x — %) € C. This is true if T = z, so assume that
T # x. Since = € ri(C), there exists € > 0 such that

{z [z —=z| < e} Naff(C) C C.

Choose a point T. € C in the intersection of the ray {1: +aZ—z)|a> 0} and
the set {z [z — x| < e} Naff(C). Then, for some positive scalar o,

T —Te = ae(z — 7).
Since z € ri(C) and ZT. € C, by Prop. 1.3.1(c), there is v > 1 such that
T+ (Ye—1D(x—Te) €C,
which in view of the preceding relation implies that
T+ (ye — Dae(z — ) € C.

The result follows by letting v = 1 + (7. — 1) and noting that v > 1, since
(ye — Dae > 0.

The converse assertion follows from the fact C' C aff(C') and Prop. 1.3.1(c).
(b) Assume that 0 € ri(C'). Then, the inclusion cone(C) C aff(C) is evident. For
the reverse inclusion, note that if T € aff (C'), then —% € aff(C), so applying part
(a) with « = 0, we have that T € C for some v > 0. Hence T € cone(C) and
aff(C) C cone(C).

Conversely, assume that aff (C') = cone(C'). We will show that 0 € ri(C).
Indeed if this is not so, by applying part (a) with z = 0, it follows that there
exists T € aff(C) such that v(—%) ¢ C for all v+ > 0. Hence —T ¢ cone(C), a
contradiction.

1.25

Let f : R™ — (—o00,00] be a convex function, let v be a scalar, and let C be a
nonempty convex subset of £".

(a) Show that if f(x) < v for some z, then f(z) < ~ for some z € ri(dom(f)).

(b) Show that if C' C ri(dom(f)) and f(z) < v for some z € cl(C), then
f(z) < for some z € ri(C).
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(c) Show that if C' C dom(f) and f(z) > ~ for all x € C, then f(x) > v for all
z € cl(C).

Solution: (a) Assume the contrary, i.e., that f(z) > v for all € ri(dom(f)).

Let T be such that f(Z) < 7 and let Z be any vector in ri (dom(f)). By the Line
Segment Principle, all the points on the line segment connecting T and Z, except
possibly T, belong to ri(dom(f)) and therefore,

f(oei:—&—(l—oe)f)Z% vV a € (0,1].
Thus, we have
af(@)+ (1 —a)f@ > fai+(1-a)7) 27, Vae(01]

By letting o — 0, it follows that f(T) > v, a contradiction.
(b) Define

00 otherwise.

g(x) = {f(x) if z € cl(C),
Then
ri(C) C dom(g) C cl(C),

so that ri(dom(g)) = ri(C), by Prop. 1.3.5. By hypothesis, there is an T with
g9(T) < 7, so by part (a), there exists an & € ri(dom(g)) with g(Z) < 7. This
vector belongs to ri(C') and satisfies f(Z) < a.

(c) Assume the contrary, i.e., that f(z) < 7 for some z € cl(C). Then, by part
(b), we have f(z) <y for some x € ri(C), which contradicts the hypothesis.

1.26

Let C1 and C2 be two nonempty convex sets such that Cy C Cs.
(a) Give an example showing that ri(C1) need not be a subset of ri(C2).

(b) Assuming that the sets C1 and C> have the same affine hull, show that
ri(C1) (- I‘i(CQ).

(¢) Assuming that the set ri(Ch) N ri(C2) is nonempty, show that ri(Ci) C
I‘i(Cz).

(d) Assuming that the set C1 Nri(Cs2) is nonempty, show that the set ri(C1) N
ri(C?) is nonempty.

Solution: (a) Let C1 be the segment {(:cl,:cg) [0<z1 <1, 2o = 0} and let C>
be the box {(xl,xg) [0<z1 <1, 0< 22 < 1}. We have

ri(C1) = {(z1,22) |0 < @1 < 1, 22 =0},
I‘i(Cz) = {(1317172) | O<z1 <1, 0< 22 < 1}.
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Thus C1 C Cs, while ri(C1) Nri(Cs2) = @.

(b) Let = € ri(Cy), and consider a open ball B centered at = such that B N
aff(C1) C C1. Since aff (C1) = aff(C2) and C1 C Cbs, it follows that BNaff(Cs) C
Cs, so x € ri(C2). Hence ri(C1) C ri(Ca).

(c) Because C1 C Ca, we have
ri(C1) = ri(Cy N Ca).
Since ri(C1) N1i(C2) # @, there holds
ri(Ch N Cq) =ri(Ch) Nri(C2)

(Prop. 1.3.8). Combining the preceding two relations, we obtain ri(C1) C ri(C2).

(d) Let z2 be in the intersection of Ci and ri(C2), and let z1 be in the relative
interior of C1 [ri(C1) is nonempty by Prop. 1.3.2]. If 1 = za, then we are
done, so assume that x1 # x2. By the Line Segment Principle, all the points
on the line segment connecting x1 and x2, except possibly x2, belong to the
relative interior of C'i. Since Ci; C C2, the vector x1 is in C2, so that by the
Line Segment Principle, all the points on the line segment connecting x; and x2,
except possibly z1, belong to the relative interior of C2. Hence, all the points on
the line segment connecting x1 and x2, except possibly 1 and x2, belong to the
intersection ri(C1) Nri(C2), showing that ri(C1) Nri(C2) is nonempty.

1.27

Let C' be a nonempty set.

(a) If C is convex and compact, and the origin is not in the relative boundary
of C, then cone(C) is closed.

(b) Give examples showing that the assertion of part (a) fails if C' is unbounded
or the origin is in the relative boundary of C.

(c) If C is compact and the origin is not in the relative boundary of conv(C),
then cone(C) is closed. Hint: Use part (a) and Exercise 1.14(b).

Solution: (a) If 0 € C, then 0 € ri(C') since 0 is not on the relative boundary of
C'. By Exercise 1.24(b), it follows that cone(C) coincides with aff (C'), which is a
closed set. If 0 ¢ C, let y be in the closure of cone(C) and let {yr} C cone(C)
be a sequence converging to y. By Exercise 1.13, for every y, there exists a
nonnegative scalar ay and a vector z € C such that yx = agxk. Since {yx} — v,
the sequence {yx} is bounded, implying that

agllzk]] < sup [lym| < oo, V k.
m>0

We have inf,,>q ||€m]|| > 0, since {zx} C C and C' is a compact set not containing
the origin, so that

su
0<ap <> Pm>0 ||ymH
infm>o [|m||

00, V k.
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Thus, the sequence {(ax,zr)} is bounded and has a limit point («, ) such that
a > 0and z € C. By taking a subsequence of {(ax,zx)} that converges to («, z),
and by using the facts yr = agxy for all k and {yx} — y, we see that y = ax
with o > 0 and = € C. Hence, y € cone(C), showing that cone(C) is closed.

(b) To see that the assertion in part (a) fails when C' is unbounded, let C' be the
line {(1:171:2) |21 =1, z2 € §R} in $% not passing through the origin. Then,
cone(C) is the nonclosed set {(1:171:2) |z1 >0, 22 € §R} U {(070)}.

To see that the assertion in part (a) fails when C contains the origin on its
relative boundary, let C be the closed ball {(:cl,:cg) [ (z1—1)*+23 < 1} in R2.
Then, cone(C) is the nonclosed set {(xl,xz) | z1 >0, x2 € §R} U {(0,0)} (see
Fig. 1.3.2).

(c) Since C' is compact, the convex hull of C' is compact (cf. Prop. 1.2.2). Because
conv(C') does not contain the origin on its relative boundary, by part (a), the cone
generated by conv(C) is closed. By Exercise 1.14(b), cone(conv(C’)) coincides
with cone(C) implying that cone(C') is closed.

1.28 (Closure and Relative Interior of Cones)

(a) Let C' be a nonempty convex cone. Show that cl(C) and ri(C) is also a
convex cone.

(b) Let C' = cone ({xl, . ,:cm}). Show that

ri(C) = {Z ;T

a; >0, i—l,...,m}.

Solution: (a) Let = € cI(C) and let a be a positive scalar. Then, there exists a
sequence {xy} C C such that z; — x, and since C' is a cone, azy € C for all k.
Furthermore, axr — ax, implying that ax € cl(C). Hence, cl(C) is a cone, and
it also convex since the closure of a convex set if convex.

By Prop. 1.3.2(a), the relative interior of a convex set is convex. To show
that ri(C') is a cone, let z € ri(C). Then, x € C and since C is a cone, ax € C
for all @ > 0. By the Line Segment Principle, all the points on the line segment
connecting x and ax, except possibly az, belong to ri(C). Since this is true for
every a > 0, it follows that az € ri(C) for all > 0, showing that ri(C') is a cone.

onsiaer € limear transiormation at maps (a1,...,am) € mto
(b) Consider the linear transformation A that maps (o1, ...,am) € R™ int

2111 a;x; € R™. Note that C is the image of the nonempty convex set

{(oe17...7o¢m)|o¢1 207...704,”20}
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under A. Therefore, by using Prop. 1.3.6, we have

ri(C) :ri(A- {(aa,...;am) a1 >0,...,am 20})

:A~ri({(a1,...,am)|a120,...,am20})

:A~{(a1,...,am)|a1>0,...,am>0}

m
= Zaixi|o¢1>07...7am>0 .
i=1

1.29 (Closure and Relative Interior of Level Sets)

Let f: R"™ — (—o0,00] be a proper convex function, and let v > inf,exn f(z).

(a) Show that
i({z | fl@) <}) =ri({z | f(z) <v}) = {z €xi(dom(/)) | f(2) <},
A({z | fz) <7}) =cd({z| f2) <7}) = {z] (@ f)(z) <7}

(b) The sets {:c | flz) < 7} and {:c | flz) < ’y} have the same dimension as
dom(f).

(¢) If f is real-valued, {:c | flz) < 7} has nonempty interior. Furthermore,
for all v,7 with inf,epn f(z) < v < 7, the interior of {x | flz) < fy} is
contained in the interior of {:c | flz) < 7}.

Solution: We have for every v € &

{(z,9) | f(=) < v} = epi(f) N M, (L.11)

where M is the set
M = {(:cgy) |z € 8?"}

By Prop. 1.3.10,
ri(epi(f)) = {(x,w) |z € ri(dom(f)), fz) < w}, (1.12)

so for v > infepn f(z), using also Exercise 1.25(a), we have ri(epi(f)) NM # 0.
It follows from Eq. (1.11) and Prop. 1.3.8 that

({0 | @) <9}) = riepi(n) N M,

o({@) | f@) <7}) =el(epi(s) N M.
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The last two equations together with Eq. (1.12) show that for every v > inf enn f(x),
we have

si({o | f) <7}) = {o € ritdom(£) | (=) <},
d({z1 /@ <9}) = {z | (@N@) <7}

Next, we show that

cl({:c | fz) < fy}) = cl({:c | fz) < ’y}) (1.13)

Clearly,
d({z | fx) <+}) D d({z | f(2) <~}).

To show the reverse inclusion, let T € cl({:c | f(z) < ’y})7 or equivalently,

(cl f)(@) < ~. Also, choose & such that Z € ri(dom(f)) and f(Z) < 7 [such a
vector exists by Exercise 1.25(a), in view of the assumption v > infiepn f(x)].
Then, by Prop. 1.3.15, along the line segment connecting & and =, there is a
sequence {xy} C ri(dom(f)) that converges to T and satisfies f(xx) < «y for all

k. It follows that = € cl({x | f(z) < fy})7 showing that

A({z] f@) <+}) cad({z | f@) <)),

and thereby proving Eq. (1.13).
Next note that since the sets {:c | f(z) < ’y} and {1: | f(z) < fy} have the
same closure, by Prop. 1.3.5(c), they have the same relative interior, i.e.,

ri({:c | f(z) < fy}) = ri({m | fz) < ’y})

Finally, since the sets {:c | f(z) < 7} and {:c | f(z) < ’y} have the same
closure and relative interior, they also have the same affine hull, and hence the
same dimension.

1.30 (Relative Interior Intersection Lemma)

Let C7 and C5 be convex sets. Show that
CiNri(Ca) # @ ifandonly if  1i(C1Naff(C2)) Nri(Ch) # .

Hint: Choose T € ri(Cl N aﬁ(C’z)) and z € Cq Nri(C2) [which belongs to C1 N
aff (C2)], consider the line segment connecting x and Z, and use the Line Segment
Principle to conclude that points close to x belong to ri(C’l N af‘f(C’g)) Nri(C2).

Solution: Let x € C1Nri(C2) and T € ri(C’l ﬂaﬁ(C’g)). Let L be the line segment
connecting  and T. Then L belongs to C1 N aff(C>) since both of its endpoints
belong to Cq N aff(C2). Hence, by the Line Segment Principle, all points of L
except possibly x, belong to ri (Cl ﬂaff(C’g)) . On the other hand, by the definition
of relative interior, all points of L that are sufficiently close to = belong to ri(Cb),
and these points, except possibly for z belong to ri(C’l N aﬁ(C’g)) Nri(Cy).
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1.31 (Closedness of Finitely Generated Cones)

Let aq,...,ar be vectors of R"™. Then the generated cone

T
C:cone({al,...,ar}) =<z ‘ :c:Zujaj,,ujzo,j:L...,r

j=1

is closed. Note and Hint: One way to show this is by noting that C' can be
written as AX where A is the matrix with columns ai,...,a, and X is the
polyhedral set of all (u1,...,ur) with u; > 0 for all j. The result then follows
from Prop. 1.4.13. The purpose of this exercise is to explore an alternative and
more elementary method of proof. To this end, use induction on the number of
vectors . When r = 1, C' is either {0} (if a1 = 0) or a halfline, and is therefore
closed. Suppose, for some r > 1, all cones of the form

o

T
Cr=qz ‘ x:Zujaj,ujz
j=1

are closed. Then, show that a cone of the form

r+1
Cryi=4z ‘ fC=ZMjaj7 pj 20
j=1

is also closed.

Solution: Without loss of generality, assume that ||a;|| = 1 for all j. There are
two cases: (i) The vectors —au,..., —ar+1 belong to Cr41, in which case Cri1
is the subspace spanned by ai,...,ar+1 and is therefore closed, and (ii) The

negative of one of the vectors, say —a,+1, does not belong to C,11. In this case,
consider the cone C;, which is closed by the induction hypothesis. Let

. /
min a4 .
2€Cr zf=1 "
Since, the set {z € C; | ||z|| = 1} is nonempty and compact, the minimum above
is attained at some x* by Weierstrass’ theorem. We have, using the Schwartz
inequality,
m=app2” 2 —llara| - 27 = -1,

with equality if and only if z* = —a,4+1. It follows that
m > —1,

since otherwise we would have * = —ar1, which violates the hypothesis (—ar+1) ¢
Cr. Let {z} be a convergent sequence in Cr+1. We will prove that its limit be-
longs to Cr4t1, thereby showing that C,41 is closed. Indeed, for all k, we have
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zr = &kar+1 + Yi, where & > 0 and yi € Cr. Using the fact ||ary1]| = 1, we
obtain ) ) )
/
lzxll” = & + llyell” + 28kar 19k

> &+ llyell® + 2méxllyxll

= (& — llywlD? +2(1 + m)&x |1yl

Since {zx} converges, & > 0, and 1+ m > 0, it follows that the sequences {&}
and {yr} are bounded and hence, they have limit points denoted by & and y,
respectively. The limit of {zx} is

lim (&rari1 +yr) = ars1 +y,
k— o0

which belongs to Cry1, since £ > 0 and y € C, (by the closure hypothesis on
Cr). We conclude that Cr41 is closed, completing the proof.

1.32 (Improper Convex Functions)

Let f: R"™ — [—00,00] be a convex function with dom(f) # @.
(a) Show that if f is improper, then
flz) = —o0, Ve ri(dom(f)).

Furthermore,
(el f)(z) = { -0 ifze cl(dom(f)),
00 otherwise.
(b) Show that if f(x) < oo for all x € R", then either f(z) = —oo for all
z € R" or f(xz) > —oo for all z € R™.

Solution: (a) Since f is improper, there exists some T € dom(f) such that
f(@) = —oco. Let x € ri(dom(f)). Then by the Prolongation Principle [Prop.
1.3.1(c)], there is a vector y € ri(dom(f)) such that y # x and « lies in the line
segment connecting y and Z. Thus, for some a € (0, 1), we have z = ay+(1—a)T,
so by convexity of f,

f(@) <af(y) + (1 —a)f(@).
Since f(y) < oo and f(T) = —oo, it follows that f(z) = —oc.

We next note that if x ¢ cl(dom(f))7 then (z,w) ¢ cl (epi(f)) for allw € R,
so that (cl f)(z) = oco.

We finally show that (cl f)(z) = —oo for all z € cl(dom(f)). Assume, to
arrive at a contradiction, that for some z € cl (dom(f)), we have (cl f)(z) > —oc.
By the Line Segment Principle, there exists a sequence {zx} C ri(dom(f)) that
converges to z. Since by part (a), we have f(xx) = —oo, we have that (zr,w) €
epi(f) for every k and w € R. It follows that

(z,w) € cl(epi(f)) = epi(clf), YV we R
This implies that (cl f)(z) = —oo for all z € cl (dom(f)).

(b) We have dom(f) = R", so either f is improper, in which case by part (a) we
have f(z) = —oo for all z € R", or f is proper, in which case we have f(z) > —oco
for all z € R".
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1.33 (Lipschitz Continuity of Convex Functions)

Let f: R" — R be a convex function and X be a bounded set in %". Show that
f is Lipschitz continuous over X, i.e., there exists a positive scalar L such that

|f(z) = f(y)| < Lllz —yl,  VazyeX.

Note: This result is also shown with a different proof in Section 5.4, using the
theory of subgradients.

Solution: Let € be a positive scalar and let Cc be the set given by
Ce= {z | Iz — z|| <€, for some x € cl(X)}.

We claim that the set C. is compact. Indeed, since X is bounded, so is its closure,
which implies that [|z| < maxgcq(x) ||z| + € for all z € Ce, showing that C- is
bounded. To show the closedness of C., let {z1} be a sequence in C¢ converging
to some z. By the definition of C¢, there is a corresponding sequence {zy} in
cl(X) such that

||z — x| <, v k. (1.14)

Because cl(X) is compact, {z)} has a subsequence converging to some = € cl(X).
Without loss of generality, we may assume that {zx} converges to = € cl(X). By
taking the limit in Eq. (1.14) as k — oo, we obtain ||z — z|| < e with z € cl(X),
showing that z € C.. Hence, C. is closed.

We now show that f has the Lipschitz property over X. Let x and y be
two distinct points in X. Then, by the definition of Ce¢, the point

Z=y+ ——(y — )
ly — =
is in C.¢. Thus
o y=all e
ly =zl +e  lly—zl+e
showing that y is a convex combination of z € Cc and = € C.. By convexity of
f, we have

I

€

ly — =l
fly) < 7f(z)+m

STy—al+e o)

implying that
s = 1) < G (10 - 1) < B (0 - 10 ).

where in the last inequality we use Weierstrass’ theorem (f is continuous over
R™ and C. is compact). By switching the roles of x and y, we similarly obtain

x— .
st = 100 < B2 (1) - i )
€ ueCle veCe
which combined with the preceding relation yields }f(:c) — f(y)} < Ll — yl|,
where

L= (max f(u) — min f(v))/e

u€Ce vECe
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1.34 (Uniform Approximation Lemma)

Let C be a convex and compact set, and let {f; | i € I} be a family of convex
functions f; : C'+— R such that

sup fi(z) =0, Vezel.
iel

Then for every e > 0 there exists an index i € I such that

Hint: Let & be a point in the relative interior of C. For any z € C' with = # Z,
consider the line that starts at = and passes through Z, and let (z) be the point
at which it meets D, the relative boundary of C. Choose an index i such that

. —1
Ji(#) > - (Mﬂx—xl N 1) ‘

mingep ||z — Z||

From the paper: Yu, H., and Bertsekas, D. P., “On Near-Optimality of the Set of
Finite-State Controllers for Average Cost POMDP,” Mathematics of Operations
Research, Vol. 33, pp. 1-11, 2008.

Solution: Let & be a point in the relative interior of C. For any z € C with
x # &, consider the line that starts at x and passes through %, and let r(z) be
the point at which it meets D, the relative boundary of C' (D is the set of points
in C that are not relative interior points of C). Choose an index 7 such that

N —1
0> fife) > — (Baxeeclz el ) (1.15)
mingep || — z||

Using the convexity and nonpositivity of f;, we have

" e —r@l le—al o
Gl e | Rl sy ) RS
LELC T,

=l =2l + 12 = ()
From this relation and Eq. (1.15), we obtain for all z € C' with © # &

[z — 2| + [|& — r(z)

~(x H—i’
o) = = )

N i
Qm—rwn+‘)ﬂ()

> (—ma"zec e =2l 1) (&)

mingep | — ||

> —e€.

SECTION 1.4: Recession Cones
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1.35 (Recession Cones of Nonclosed Sets)

Let C be a nonempty convex set.

(a) Show that
Rc C Ry, cl(Re) C Racc)-

Give an example where the inclusion cl(Rc) C Reycy is strict.

(b) Let C be a closed convex set such that C C C. Show that Rc C Rg. Give
an example showing that the inclusion can fail if C is not closed.

Solution: (a) Let y € Rc. Then, by the definition of R¢, = + ay € C for every
z € C and every a > 0. Since C' C cl(C), it follows that = + ay € cl(C) for some

z € cl(C) and every a > 0, which, in view of part (b) of the Recession Cone
Theorem (cf. Prop. 1.4.1), implies that y € Rg¢y. Hence

RC C Rcl(C)-
By taking closures in this relation and by using the fact that Re(¢) is closed [part

(a) of the Recession Cone Theorem], we obtain cl(Rc) C Rec)-
To see that the inclusion cl(Rc) C Rei(c) can be strict, consider the set

C={(1,22) | 0< 21, 0< 22 <1} U{(0,1)},
whose closure is
cd(C) ={(z1,22) | 0 < z1, 0 < g <1}
The recession cones of C' and its closure are
RC:{(070)}7 Rcl(C)={(JL’17JL’2)|0§&U17 13220}.

Thus, cl(Rc) = {(O, O)}, and cl(Rc¢) is a strict subset of Rej(c).

(b) Let y € Rc and let = be a vector in C. Then we have z + ay € C for all
a > 0. Thus for the vector x, which belongs to C, we have z + ay € C for all
a > 0, and it follows from part (b) of the Recession Cone Theorem (cf. Prop.
1.4.1) that y € Rg. Hence, Rc C Rg.

To see that the inclusion Rc C Rg can fail when C is not closed, consider
the sets

C = {(5017502) | xr1 >0, T2 :0}7 62 {(1317172) | 120, 0< 22 < 1}.
Their recession cones are
Re =C = {(21,22) | 21 > 0, 22 =0}, Rz={(0,0)},

showing that Rc¢ is not a subset of Rg.
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1.36 (Recession Cones of Relative Interiors)

Let C' be a nonempty convex set.
(a) Show that Rri(C) = Rcl(C)«

(b) Show that a vector y belongs to Ry if and only if there exists a vector
z € ri(C) such that = + ay € ri(C) for every o > 0.

(c) Let C be a convex set such that C = ri(C) and C C C. Show that
Rc C Rg. Give an example showing that the inclusion can fail if C' # ri(C).

Solution: (a) The inclusion R,y C Rei(c) follows from Exercise 1.35(b). Con-
versely, let y € Re(cy, so that by the definition of Rcy(¢y), z+ay € cl(C) for every
z € cl(C) and every o > 0. In particular, z + ay € cl(C) for every z € ri(C)
and every a > 0. By the Line Segment Principle, all points on the line segment
connecting = and x + ay, except possibly = + ay, belong to ri(C), implying that
x + ay € 1i(C) for every z € ri(C) and every a > 0. Hence, y € R,j(c), showing
that Rcl(C) C Rri(C)-

(b) If y € Ryi(cy, then by the definition of R,y for every vector = € ri(C) and
a > 0, the vector z + ay is in ri(C'), which holds in particular for some z € ri(C')
[note that ri(C) is nonempty by Prop. 1.3.1(b)].

Conversely, let y be such that there exists a vector z € ri(C) with z + ay €
ri(C) for all & > 0. Hence, there exists a vector z € cl(C) with z + ay € cl(C) for
all @ > 0, which, by part (b) of the Recession Cone Theorem (cf. Prop. 1.4.1),
implies that y € Rey(cy. Using part (a), it follows that y € R,;(cy, completing the
proof.

(c) Using Exercise 1.35(c) and the assumption that C C C [which implies that
C C cl(C)], we have
Re C Rcl(E) = Rri(E) = Rg,

where the equalities follow from part (a) and the assumption that C = ri(C).

To see that the inclusion Rc C R can fail when C # 1i(C), consider the
sets

C={(z1,22) |21 >0, 0 <2 <1}, C={(z1,22) | 31 >0, 0 < a2 <1},
for which we have C C C and
Rc={(ar:har:g)wclzo7 x2:0}7 };{5:{(070)}7

showing that Rc¢ is not a subset of Rg.

1.37 (Closure Under Linear Transformations)

Let C be a nonempty convex subset of ™ and let A be an m X n matrix. Show
that if Ry N N(A) = {0}, then

cl(A-C)=A-c(0), A Racy = Raao)-
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Give an example showing that A - R.c) and Ra.ci(c) may differ when Reyc) N

N(A) # {0},

Solution: Let y be in the closure of A - C. We will show that y = Az for some
z € cl(C). For every € > 0, the set

Ce=l(C) N {a | |ly— Ax| < ¢}

is closed. Since A-C C A-cl(C) and y € cl(A-C), it follows that y is in the closure
of A-cl(C), so that C¢ is nonempty for every € > 0. Furthermore, the recession
cone of the set {JJ | |Az —y|| < 6} coincides with the null space N(A), so that
Rc. = Ry N N(A). By assumption we have Ry N N(A) = {0}, and by part
(c) of the Recession Cone Theorem (cf. Prop. 1.4.1), it follows that C. is bounded
for every € > 0. Now, since the sets C. are nested nonempty compact sets, their
intersection Ne>oCe is nonempty. For any x in this intersection, we have x € cl(C)
and Az —y = 0, showing that y € A - cl(C). Hence, cl(A-C) C A-cl(C). The
converse A - cl(C) C cl(A - C) is clear, since for any = € cl(C) and sequence
{zr} C C converging to z, we have Az, — Az, showing that Az € cl(A - C).
Therefore,

cl(A-C)=A-cl(C). (1.16)

We now show that A - Rgc)y = Ra.ci(c)- Let y € A- Ryc). Then, there
exists a vector u € Rey(¢) such that Au = y, and by the definition of Ry,
there is a vector = € cl(C) such that = + au € cl(C) for every a > 0. Therefore,
Az + aAu € A - cl(C) for every a > 0, which, together with Az € A -cl(C) and
Au = y, implies that y is a direction of recession of the closed set A - cl(C) [cf.
Eq. (1.16)]. Hence, A- Rcl(C) C RA-cl(C)-

Conversely, let y € R4.ci(c). We will show that y € A - Rej(). This is true
if y = 0, so assume that y # 0. By definition of direction of recession, there is a
vector z € A-cl(C) such that z+ay € A-cl(C) for every a > 0. Let x € cl(C) be
such that Az = z, and for every positive integer k, let zx € cl(C) be such that
Az, = z + ky. Since y # 0, the sequence {Az,} is unbounded, implying that
{z1} is also unbounded (if {zy} were bounded, then {Ax;} would be bounded,
a contradiction). Because x; # z for all k, we can define

T — X

Uk vV k.

TN

Let uw be a limit point of {ux}, and note that u # 0. It can be seen that
u is a direction of recession of cl(C) [this can be done similar to the proof of
part (c) of the Recession Cone Theorem (cf. Prop. 1.4.1)]. By taking an appro-
priate subsequence if necessary, we may assume without loss of generality that
limg_ oo ur = u. Then, by the choices of u; and xx, we have

Az — A
Au = lim Aup = lim Tk Y — lLim Y,
k=00 k—oo ||k — 2| koo [Tk — |

—z]

in the null space N(A), implying that u € Rccy N N(A). By the given condition

implying that limg_ oo ﬁ exists. Denote this limit by A. If A = 0, then w is
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Rocy N N(A) = {0}, we have u = 0 contradicting the fact w # 0. Thus, X is
positive and Au = Ay, so that A(u/)\) = y. Since R ¢y is a cone [part (a) of the
Recession Cone Theorem] and v € Rcy(c), the vector u/A is in Reycy, so that y
belongs to A - Rcic). Hence, Ra.cicy C A - Re(c), completing the proof.

As an example showing that A- R (c) and R 4.y may differ when RgjcyN
N(A) # {0}, consider the set

C= {(xhxz) | 21 € R, 22 > xf},

and the linear transformation A that maps (z1,z2) € R? into z1 € R. Then, C
is closed and its recession cone is

Rc :{(2717902) | 1 =0, 22 > 0}7

so that A- Rc = {0}, where 0 is scalar. On the other hand, A - C coincides with
3%, so that Ra.c =R 75 A- Rc.

1.38

Let C be a nonempty convex subset of ®", and A be an m X n matrix. Show
that if Reycy N N(A) is a subspace of the lineality space of cl(C), then

Cl(A . C) =A- Cl(c’)7 A- RCI(C) = RA-CI(C)‘
Note: This is a refinement of Exercise 1.37.
Solution: Let S be defined by
S = RCI(C) n ,N(A)7
and note that S is a subspace of L.j(c) by the given assumption. Then, by Lemma
1.4.4, we have
c(C) = (cl(C)N S*) + 8,
so that the images of cl(C) and cl(C) N S+ under A coincide [since S C N(A)],

ie.,

A-c(C)=A-((C)nSH). (1.17)
Because A-C C A-cl(C), we have

cl(A-C) Ccl(A-cl(C)),
which in view of Eq. (1.17) gives
(- ) a4 () nsh)).

Define .
C=c(C)ns*
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so that the preceding relation becomes
cl(A-C) Ccl(A-C). (1.18)
The recession cone of C is given by
Rz = RaeyN S+, (1.19)

[cf. part (e) of the Recession Cone Theorem, Prop. 1.4.1], for which, since S =
R.cy N N(A), we have

RzNN(A)=8n S+ ={0}.

Therefore, by Prop. 1.4.13, the set A-C is closed, implying that cl(A-C) = A-C.
By the definition of C, we have A-C C A-cl(C), implying that cl(4-C) C A-cl(C)
which together with Eq. (1.18) yields cl(A-C) C A-cl(C). The converse A-cl(C) C
cl(A - C) is clear, since for any z € cl(C') and sequence {z;} C C converging to
x, we have Az, — Az, showing that Az € cl(A - C). Therefore,

cl(A-C) = A-cl(C). (1.20)

We next show that A- Rec) = Ra.c(c). Let y € A- Roycy. Then, there
exists a vector u € Rey(c) such that Au = y, and by the definition of Ry,
there is a vector = € cl(C) such that = + au € cl(C) for every a > 0. Therefore,
Az + aAu € Acl(C) for some z € cl(C) and for every o > 0, which together with
Az € A-cl(C) and Au = y implies that y is a recession direction of the closed
set A-cl(C) [Eq. (1.20)]. Hence, A - Reycy C Ra.ci(oy-

Conversely, in view of Eq. (1.17) and the definition of C, we have

Ra.ac)y =R, &
Since Rz N N(A) = {0} and C is closed, by Exercise 1.37, it follows that
R,g=4 Rg,
which combined with Eq. (1.19) implies that

A'Rgc A'RCI(C)'

The preceding three relations yield R4.cicy C A - Rei(cy, completing the proof.
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1.39 (Recession Cones of Vector Sums)

This exercise is an extension of Prop. 1.4.14 to nonclosed sets. Let Ci,...,Chn
be nonempty convex subsets of ™ such that the equality di + - - - + d, = 0 with
d; € Ra(c,) implies that d; € La(c,) for all i. Then

c(Cr+ -4+ Cn) =cl(Cr) + - + cl(C),

R+ tom) = Baey) + -+ Raem)-

Solution: Let C be the Cartesian product Ci X --- X Cy,. Then,
cl(C) =cl(Cy) x -+ x cl(C), (1.21)
and using Exercise 1.38, its recession cone and lineality space are given by
Raey = Raey) X -+ X Rei(Cm)> (1.22)

Lacy = Leaoy) X -+ X Leacm)-

Let A be a linear transformation that maps (z1,...,2m) € ™" into 1 4+ --- +
Zm € R™. Then, the intersection R (C) N N(A) consists of points (y1,...,Ym)
such that y1 + -+ +ym = 0 with y; € R, for all i. By the given condition,
every vector (yi,...,¥ym) in the intersection Recy(cyNIN(A) is such that y; € Lei(c;)
for all 4, implying that (yi,...,%m) belongs to the lineality space Lqcy. Thus,
Recy NN(A) C Lacy N N(A). On the other hand by definition of the lineality
space, we have Lccy C Reyc), 5o that Leyey N N(A) C Ry N N(A). Hence,
Recy N N(A) = Ly N N(A), implying that Ry N N(A) is a subspace of
Ley(cy. By Exercise 1.38, we have cl(A-C) = A-cl(C) and Ra.qcy) = A Ry,
from which by using the relation A-C = C1 + --- + Cp, and Egs. (1.21) and
(1.22), we obtain

c(C1 + -+ Cp) =cl(C1) 4 - - - 4 cl(Crn),

Racy+-v0m) = Raep) + -+ Racm)-

1.40 (Retractiveness of Convex Cones)

(a) Show that a nonpolyhedral closed convex cone need not be retractive, by
using as an example the cone C' = {(u,v,w) | ||(u,v)| < w}, the reces-
sion direction d = (1,0,1), and the corresponding asymptotic sequence
{(k7 VE,VEZ F k:)} (This is the, so-called, second order cone, which plays
an important role in conic programming; see Chapter 5.)

(b) Verify that the cone C' of part (a) can be written as the intersection of
an infinite number of closed halfspaces, thereby showing that a nested set
sequence obtained by intersection of an infinite number of retractive nested
set sequences need not be retractive.
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Solution: (a) Clearly, d = (1,0, 1) is the recession direction associated with the
asymptotic sequence {x1} , where x1, = (k, vk, VA% + k). On the other hand, it
can be verified by straightforward calculation that the vector

ap—d=(k—1,VEk k2 +k—1)

does not belong to C. Indeed, denoting

uka—L Ukz\/E7 wk:\/kz—i—k—L

we have

I(un, o) > = (k= 1)> + k= k> =k +1,

wi= (V2 +k-1) =K +k+1-2Vk +F,

and it can be seen that

while

I, o) > w?,  VE> 1.

(b) Since by the Schwarz inequality, we have

max (vw + vy) = ||(u,v)]],
[[(w,y)[|=1

it follows that the cone
C=A{(u,v,w) | [|(u,v)] < w}
can be written as
C = ﬂ\\(w,y)u:l{(%%w) | vw + vy < w}.

Hence C' is the intersection of an infinite number of closed halfspaces.

1.41 (Radon’s Theorem)

Let x1,...,zTm be vectors in N, where m > n + 2. Show that there exists a
partition of the index set {1,...,m} into two disjoint sets I and J such that

conv({:ci |i€ I}) ﬂconv({:cj |je J}) # 0.
As an illustration, show that given four points in the plane, either the (possibly
degenerate) triangle formed by three of the points contains the fourth, or else

the four points define a (possibly degenerate) quadrilateral. Hint: The system of
n + 1 equations in the m unknowns A1,..., Am,

m m
Z)\ﬂ?i:Q Z)\¢:07
i=1 i=1
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has a nonzero solution A*. Let I = {i | \] > 0} and J = {j | A\] < 0}.

Solution: Consider the system of n+ 1 equations in the m unknowns A1, ...

EE:Aixi::O, EE:AiZZO.
i=1 i=1
Since m > n + 1, there exists a nonzero solution, call it A*. Let
I:{i|)‘:20}7 J:{j|)‘;<0}7

and note that I and J are nonempty, and that

Z AL = Z(—AZ) > 0.

kel keJ
Consider the vector
o E Ty,
iel
where .
A .
= = i€l

i
¥
Zke[ )‘k
. . m * _ m *
In view of the equations Zi:l Aix; =0 and Zi:l A; = 0, we also have
* p—
T =) ajzj,
jed

where
-\ )
O = ="~ JEeJ

EkeJ(_)‘lzy

It is seen that the scalars «; and «; are nonnegative, and that

so ™ belongs to the intersection

conv({xi lie I}) ﬂconv({xj |j € J})

s Am

Given four distinct points in the plane (i.e., m = 4 and n = 2), Radon’s
Theorem guarantees the existence of a partition into two subsets, the convex
hulls of which intersect. Assuming, there is no subset of three points lying on the

same line, there are two possibilities:

(1) Each set in the partition consists of two points, in which case the convex

hulls intesect and define the diagonals of a quadrilateral.
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(2) One set in the partition consists of three points and the other consists of one
point, in which case the triangle formed by the three points must contain
the fourth.

In the case where three of the points define a line segment on which they lie,
and the fourth does not, the triangle formed by the two ends of the line segment
and the point outside the line segment form a triangle that contains the fourth
point. In the case where all four of the points lie on a line segment, the degenerate
triangle formed by three of the points, including the two ends of the line segment,
contains the fourth point.

1.42 (Helly’s Theorem [Hel21])

Consider a collection S of convex sets in ", with at least n + 1 members, and
assume that the intersection of every subcollection of n + 1 sets has nonempty
intersection.

(a) Assuming that S is a finite collection, show that the entire collection has
nonempty intersection. Hint: Use induction. Assume that the conclusion
holds for every collection of M sets, where M > n + 1, and show that
the conclusion holds for every collection of M + 1 sets. In particular,
let Ci,...,Cnm+1 be a collection of M + 1 convex sets, and consider the
collection of M + 1 sets Bi, ..., Bay1, where

Bj:ﬂizl,m,MJrl,Ci, ji=1...,.M+1.

i#]

Note that, by the induction hypothesis, each set Bj is the intersection of a
collection of M sets that have the property that every subcollection of n+ 1
(or fewer) sets has nonempty intersection. Hence each set B; is nonempty.
Let z; be a vector in B;. Apply Radon’s Theorem (Exercise 1.41) to
the vectors x1,...,znm+1. Show that any vector in the intersection of the
corresponding convex hulls belongs to the intersection of C1,...,Car41.

(b) Assuming that the members of S are compact, show that the entire collec-
tion has nonempty intersection. Hint: Use part (a) and the fact that if a
collection of compact sets has empty intersection, so does one of its finite
subcollections [cf. Prop. A.2.4(i)].

c) Use part (a) to show that given a finite family of vertical intervals on the
g y
plane every three of which can be intersected by a line, the entire family
can be intersected by the same line.

Solution: (a) Consider the induction argument of the hint, let B; be defined
as in the hint, and for each j, let z; be a vector in B;. Since M +1 > n + 2,

we can apply Radon’s Theorem to the vectors x1,...,za+1. Thus, there exist
nonempty and disjoint index subsets I and J such that U J = {1,..., M + 1},
nonnegative scalars aa,...,anm+1, and a vector z* such that

icl jed icl jed
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It can be seen that for every i € I, a vector in B; belongs to the intersection
NjesCj. Therefore, since x* is a convex combination of vectors in B;, i € I, x*
also belongs to the intersection N;jecsC;. Similarly, by reversing the role of I and
J, we see that ™ belongs to the intersection N;e;Cr. Thus, ™ belongs to the
intersection of the entire collection C1,...,Chrr41.

(b) Evident from the hint.

(c) Consider a finite family {S; | ¢ = 1,...,m} of vertical line segments on the
plane:

Sl:{(x7y)|x:xl7glgy§yz}7 i=1,...,m,
where m > 3, and Ti, Y, Vo> i =1,...,m, are given scalars. For each ¢, consider

the set of lines that intersect S;:
C; = {(a7b) ly, <awi+b ggi}.
The sets C; are convex, and every three of them have a common point. By Helly’s

Theorem, it follows that all the sets C; have a common point, which is a line that
intersects all the intervals S;.

1.43 (Minimization of Max Functions)
Consider the minimization over " of the function

max{f1(x)7...7fM(1’)}7

where f; : " — (—o00,00], i =1,..., M, are convex functions, and assume that
the optimal value, denoted f*, is finite. Show that there exists a subset I of
{1,..., M}, containing no more than n 4 1 indices, such that

g, s @) =
Hint: Consider the convex sets X; = {:c | fi(z) < f*}, argue by contradiction,
and apply Helly’s Theorem (Exercise 1.42). Note: The result of this exercise
relates to the following question: what is the minimal number of functions f;
that we need to include in the cost function max; f;(z) in order to attain the
optimal value f*? According to the result, the number is no more than n + 1.

For applications of this result in structural design and Chebyshev approximation,
see Ben Tal and Nemirovski [BeNO01].

Solution: Assume the contrary, i.e., that for every index set I C {1,..., M},
which contains no more than n + 1 indices, we have

inf {maxfi(x)} < fr

zeERM iel

This means that for every such I, the intersection N;crX; is nonempty, where
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From Helly’s Theorem, it follows that the entire collection {X; | i =1,..., M}
has nonempty intersection, thereby implying that

inf { max fl(:c)} < [

zeRN | i=1,...,

This contradicts the definition of f*.

1.44 (Set Intersections and Helly’s Theorem)

Show that the conclusions of Prop. 1.4.11(b) hold if the assumption that the
sets C are nonempty and nested is replaced by the weaker assumption that
any subcollection of n 4+ 1 (or fewer) sets from the sequence {C)} has nonempty
intersection. Hint: Consider the sets C}, given by

Uk:ﬂf:00i7 k=1,2,...,
and use Helly’s Theorem [Exercise 1.42(a)] to show that they are nonempty.

Solution: Helly’s Theorem implies that the sets Cj defined in the hint are
nonempty. These sets are also nested and satisfy the assumptions of Prop. 1.4.11(b).
Therefore, the intersection N2, C; is nonempty. Since

ﬂ?iléi C ﬂ{’ilCi,

the result follows.

1.45 (Kirchberger’s Theorem [Kir1903])

Let S be a finite subset of ™ with at least n + 2 points, and let S = BUR
be a partition of S in two disjoint subsets B (the “blue” points) and R (the
“red” points). Suppose that every subset S of n + 2 points of S can be linearly
separated, in the sense that there is a vector @ and a scalar ¢ such that @’b+¢ < 0
for all b € SNB and @r+¢ > 0 for all » € SN R. Use Helly’s Theorem (Exercise
1.42) to show that the entire set S can be linearly separated, i.e., that there is a
vector a and a scalar ¢ such that a’b+c < 0 for all b € B and a'r + ¢ > 0 for all
r € R. Hint: For each b € B consider the set G(b) of vectors (z1,...,2Znt1) such
that

n
Zl’ibi +rny1 < 07
=1

and for each r € R, consider the set H(r) of vectors (z1,...,Zny1) such that

n
Z:ciri + Tny1 > 0.

i=1

Let C be the collection of the sets G(b) and H(r) as b and r ranges over B and R,
respectively. Use Helly’s Theorem (Exercise 1.42) to show that C has nonempty
intersection.
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Solution: For each b € B consider the set G(b) of vectors (x1,...,Znt+1) such
that

il’ibi 4+ Tpt1 <0,

i=1

and for each r € R, consider the set H(r) of vectors (z1,...,Zny1) such that

n
me + Zng1 > 0.

i=1

Let C be the collection of the convex sets G(b) and H(r) as b and r ranges over
B and R, respectively. By assumption, for any subset C C B U R, consisting of
n + 2 points, the sets BN C and RN C can be linearly separated, so there exist
a € R" and ¢ € R such that

ab+¢<0, Ybe BNC

ar+e>0, Vre RNC.

Thus, (a,¢) € L(b) for all b € BNC, and (a,¢) € G(r) forall r € RNC. It
follows that C is a finite family of convex sets in 7!, which contains at least
n + 2 members and every collection of n + 2 of these members has nonempty
intersection. By Helly’s Theorem, there is a vector (a,c) that belongs to all
members of C, and for which we have a’x +c¢ < 0 for all z € B and @’z +¢ > 0
for all z € R. (Proof given in Webster [Web94], and credited to H. Rademacher
and I. J. Shoenberg, “Helly’s Theorem on Convex Domains and Tchebycheft’s
Approximation Problem,” Canadian J. of Math., Vol. 2, 1950, pp. 245-256.)

1.46 (Krasnosselsky’s Theorem [Kra46])

Let S be a nonempty compact subset of *". For any two points x and y of S, we
say that x is visible from y if the line segment connecting x and y belongs to S.
Assume that S has the property that for any subset of n+ 1 points of S, there is
a point of S from which all n+ 1 points are visible. Show that there is a point in
S from which all points of S are visible. Hint: For each y € S, let Sy be the set of
points of S that are visible from y. Show that the set C}y = conv(Sy) is compact,
and consider the family of sets {Cy | y € S}. Use Helly’s Theorem (Exercise
1.42) to show that there is a vector a € S that belongs to Nyes conv(Sy). Show
that @ € Nyes Sy (this last part is not simple).

Solution: For each y € 5, let Sy, be the set of points of S that are visible from y.
The set Sy is easily seen to be closed, and hence its convex hull, Cy = conv(Sy), is
compact by Prop. 1.2.2. Consider the family of sets {Cy | y € S}. Let yo,...,yn
be points in S. By the hypothesis, there is a vector « € S from which yo,...,yn
are visible. Thus x € Sy, N---NSy,,, and hence also € Cy,N---NCy,,. It follows
that any subcollection of n+1 sets from the family {C, | y € S} is nonempty. By
Helly’s Theorem [Exercise 1.42(b)], the entire family is nonempty. Thus, there
exists a vector a such that

a € conv(Sy), Vyes.
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We claim now that every y € S is visible from a. Assume the contrary, so
there exists a vector b € S and a vector c in the line segment connecting a and b
such that ¢ ¢ S. Let C be a closed ball of nonzero radius, which is centered at ¢
and does not intersect S. Let

a=inf{A>0]SN(C+Ab-c) # 0},

denote the closed ball C' + a(b — ¢) by D and denote its center by d. Then by

construction, S meets the boundary of D but not its interior. Let e a vector in

SN D. We will show that a ¢ conv(Se), thus arriving at a contradiction.
Indeed, consider the halfspaces

H7:{21|(Z—6)l(6—d)<0}, H+:{z|(z—e)/(e—d)20}.

Then, by elementary geometry, it follows that a € H~, while S. ¢ H* and
hence also conv(S.) C H*. Since H™ N H' = @, it follows that a ¢ conv(S.), a
contradiction. (Proof given in Webster [Web94].)

SECTION 1.5: Hyperplanes

1.47

(a) Let C1 be a convex set with nonempty interior and C2 be a nonempty
convex set that does not intersect the interior of C;. Show that there exists
a hyperplane such that one of the associated closed halfspaces contains Cs,
and does not intersect the interior of C1.

(b) Show by an example that we cannot replace interior with relative interior
in the statement of part (a).

Solution: (a) In view of the assumption that int(C:) and C> are disjoint and

convex [cf Prop. 1.1.1(d)], it follows from the Separating Hyperplane Theorem
that there exists a vector a # 0 such that

a1 < a'xa, YV z1 € int(Ch), VYV z2 € Ch.
Let b = infz,ecc, a’@2. Then, from the preceding relation, we have
a'z < b, vV z € int(Ch). (1.23)

We claim that the closed halfspace {z | a’z > b}, which contains C2, does not
intersect int(Ch).

Assume to arrive at a contradiction that there exists some ZT1 € int(Ch)
such that a’Z; > b. Since 7, € int(C1), we have that there exists some ¢ > 0
such that T1 + ea € int(C4), and

a' (T + ea) > b+ €lal]® > b.
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This contradicts Eq. (1.23). Hence, we have

int(C1) C {z | a’z < b}.

(b) Consider the sets

C, = {(xl,:cg) | z1 = O},
Co = {(1317502) | xr1 > 07 Tox1 > 1}.

These two sets are convex and C5 is disjoint from ri(C1), which is equal to Ci. The
only separating hyperplane is the z2 axis, which corresponds to having a = (0, 1),
as defined in part (a). For this example, there does not exist a closed halfspace
that contains C but is disjoint from ri(C1).

1.48

Let C be a nonempty convex set in ", and let M be a nonempty affine set in
R™. Show that M Nri(C) = @ is a necessary and sufficient condition for the
existence of a hyperplane H containing M, and such that ri(C) is contained in
one of the open halfspaces associated with H.

Solution: If there exists a hyperplane H with the properties stated, then MNC =
@, so the condition M Nri(C) = & holds. Conversely, if M Nri(C) = @, then M
and C' can be properly separated by Prop. 1.5.6. This hyperplane can be chosen
to contain M since M is affine. If this hyperplane contains a point in ri(C), then
it must contain all of C' by Prop. 1.3.4. This contradicts the proper separation
property, thus showing that ri(C) is contained in one of the open halfspaces.

1.49

Let C1 and C2 be nonempty convex subsets of 8" such that Cs is a cone.

(a) Suppose that there exists a hyperplane that separates C1 and C> properly.
Show that there exists a hyperplane which separates C1 and C2 properly
and passes through the origin.

(b) Suppose that there exists a hyperplane that separates C1 and C strictly.
Show that there exists a hyperplane that passes through the origin such
that one of the associated closed halfspaces contains the cone Cy and does
not intersect C1.

Solution: (a) If C1 and C> can be separated properly, we have from the Proper
Separation Theorem that there exists a vector a # 0 such that

inf a’z > sup a'z, (1.24)
zeCq z€Co
sup a’z > inf a'z. (1.25)
zeCq zeCy
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Let

b= sup a'z. (1.26)
z€Co

and consider the hyperplane
H={z]|dz=0}
Since Cs is a cone, we have
X'z =a'(Az) < b < oo, Vzely VA>O0.

This relation implies that a’z < 0, for all x € Cs, since otherwise it is possible to
choose )\ large enough and violate the above inequality for some x € C2. Hence,
it follows from Eq. (1.26) that b < 0. Also, by letting A — 0 in the preceding
relation, we see that b > 0. Therefore, we have that b = 0 and the hyperplane H
contains the origin.

(b) If Cy and C2 can be separated strictly, we have by definition that there exists
a vector a # 0 and a scalar 8 such that

a'mz < ﬂ < CL,$17 YV x1 € C’17 Y xo € Cz. (1.27)

We choose b to be

b= sup a'z, (1.28)
zeCo

and consider the closed halfspace
K= {z]|dz<b},
which contains Cs. By Eq. (1.27), we have
b< B<az, Ve,

so the closed halfspace K does not intersect C'.

Since C2 is a cone, an argument similar to the one in part (a) shows that
b = 0, and hence the hyperplane associated with the closed halfspace K passes
through the origin, and has the desired properties.

1.50 (Separation Properties of Cones)

Define a homogeneous halfspace to be a closed halfspace associated with a hyper-
plane that passes through the origin. Show that:

(a) A nonempty closed convex cone is the intersection of the homogeneous
halfspaces that contain it.

(b) The closure of the convex cone generated by a nonempty set X is the
intersection of all the homogeneous halfspaces containing X.
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Solution: (a) C' is contained in the intersection of the homogeneous closed half-
spaces that contain C, so we focus on proving the reverse inclusion. Let = ¢ C.
Since C' is closed and convex by assumption, by using the Strict Separation The-
orem, we see that the sets C' and {z} can be separated strictly. From Exercise
1.49(c), this implies that there exists a hyperplane that passes through the origin
such that one of the associated closed halfspaces contains C, but is disjoint from
z. Hence, if z ¢ C, then z cannot belong to the intersection of the homogeneous
closed halfspaces containing C, proving that C' contains that intersection.

(b) A homogeneous halfspace is in particular a closed convex cone containing
the origin, and such a cone includes X if and only if it includes cl(cone(X ))
Hence, the intersection of all closed homogeneous halfspaces containing X and
the intersection of all closed homogeneous halfspaces containing cl (cone(X )) co-
incide. From what has been proved in part(a), the latter intersection is equal to
cl(cone(X)).

1.51 (Strong Separation)

Let C1 and C2 be nonempty convex subsets of ™, and let B denote the unit
ball in R", B = {z | ||z|| < 1}. A hyperplane H is said to separate strongly Ci
and Cj if there exists an € > 0 such that C; + ¢B is contained in one of the open
halfspaces associated with H and C3 + €B is contained in the other. Show that:

(a) The following three conditions are equivalent.
(i) There exists a hyperplane separating strongly C7 and Co.
(ii) There exists a vector a € R" such that infzec, a'z > sup,cc, a'z.
(ili) infz,ccy,eqecy [|lX1 — @2] > 0, ie., 0 ¢ cl(Ca — Cy).

(b) If Cy and C- are disjoint, any one of the five conditions for strict separation,
given in Prop. 1.5.3, implies that C; and C2 can be strongly separated.

Solution: (a) We first show that (i) implies (ii). Suppose that C1 and C3 can
be separated strongly. By definition, this implies that for some nonzero vector
a € R, be R, and € > 0, we have

Ci+eB C{x|dxz>b},

Co+€B C {z|d'z < b},

where B denotes the closed unit ball. Since a # 0, we also have
inf{a'y | y € B} <0, sup{a’y | y € B} > 0.
Therefore, it follows from the preceding relations that
b<inf{a'z+ea'y|x € Cr,y€ B} <inf{a'z |z € Ci},
b>sup{a'z+ea'y |z € Coy € B} >sup{a’z |z € Ca}.
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Thus, there exists a vector a € " such that

. ! !
inf a'x > sup a'z,
zeCy z€Co

proving (ii).
Next, we show that (ii) implies (iii). Suppose that (ii) holds, i.e., there
exists some vector a € R™ such that

inf o'z > sup o', (1.29)
zeCy z€Cy

Using the Schwartz inequality, we see that

0 < inf o'z — sup a'x

z€Cy z€Cy
= inf a/(:cl — z2),
z1€Cq, ©9€Cy
< inf  laflllz1 — 22|
z1€C1, x9€Cy
It follows that
inf lzr — 22| > 0,

x1€C,29€Co
thus proving (iii).
Finally, we show that (iii) implies (i). If (iii) holds, we have for some e > 0,

inf |lx1 — z2|| > 2¢ > 0.
z1€C,x0€Cy
From this we obtain for all z; € C1, all 2 € Ca, and for all y1, y2 with ||y1|| <€,
lly2ll < e,

(@1 +y1) = (22 + y2)|| = [lz2 — z2]| = llwall = [ly2ll > O,

which implies that 0 ¢ (C1 4+ €B) — (C2 + €B). Therefore, the convex sets Cy +€B
and C2 + eB are disjoint. By the Separating Hyperplane Theorem, we see that
Ci + eB and C2 + eB can be separated, i.e., C1 + eB and C2 + eB lie in opposite
closed halfspaces associated with the hyperplane that separates them. Then,
the sets C1 + (¢/2)B and C2 + (¢/2)B lie in opposite open halfspaces, which by
definition implies that C7 and C2 can be separated strongly.

(b) Since C: and C2 are disjoint, we have 0 ¢ (Cy — C2). Any one of conditions
(2)-(5) of Prop. 1.5.3 imply condition (1) of that proposition (see the discussion
in the proof of Prop. 1.5.3), which states that the set C1 — C5 is closed, i.e.,

Cl(Cl — Cg) = C1 — Cg.
Hence, we have 0 ¢ cl(Cy — C2), which implies that

inf lzr — x2|| > 0.
z1€C1,x9€Cy

From part (a), it follows that there exists a hyperplane separating Cq and Ca
strongly.
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1.52 (Characterization of Closed Convex Sets)

This exercise generalizes Prop. 1.5.4. Let C' be a nonempty closed convex subset
of ®*T1. Show that if C' contains no vertical lines, then C' is the intersection of
the closed halfspaces that contain it and correspond to nonvertical hyperplanes.

Solution: The set C' is contained in the intersection of the closed halfspaces that
contain C' and correspond to nonvertical hyperplanes, so we focus on proving
the reverse inclusion. Let © ¢ C. Since by assumption C' does not contain any
vertical lines, by Prop. 1.5.8, there exists a closed halfspace that corresponds to
a nonvertical hyperplane, contains C, but does not contain z. Hence, if x ¢
C, then = cannot belong to the intersection of the closed halfspaces containing
C and corresponding to nonvertical hyperplanes, proving that C' contains that
intersection.

SECTION 1.6: Conjugate Functions

1.53 (Logarithmic/Exponential Conjugacy)
Let f: R +— R be the exponential function
flz) =€

Show that the conjugate is

ffy) =40 ity =0,

{ylny—y ify >0,
00 if y <0.

Solution: The conjugate is

[ (y) = sup{azy —e*}.
zeER

For y < 0, by taking x — —o0, we see that zy — e can be made arbitrarily large,
so f*(y) = oo. For y =0, we have

F7(0) = sup{—e"} = — inf " = 0.
zeR zeR

Finally, for y > 0, by setting the derivative of zy — e” to zero, we see that the

supremum of zy — e” is obtained for x = Iny, and by substitution, we obtain
) =yhny—y.
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1.54 (Conjugates of p-Norms)

Let f: R" — R be the function

Solution: Consider first the case n = 1. Let x and y be scalars. By setting
the derivative of zy — (1/p)|x|” to zero, and we see that the supremum over z is
attained when sgn(z)|z|P~! = y, which implies that zy = |z|? and |z|P~" = |y|.
By substitution in the formula for the conjugate, we obtain

Py =lal = e = (1= 1) jop = L7 = L. (1.30)
p p q q

We now note that for any function f : R" — (—o00,00] that has the form

f(@) = fi(z) + - 4 fa(zn),

where x = (z1,...,zn) and f; : ® — (—00,00], ¢ = 1,...,n, the conjugate is
given by
@) =)+ + falyn),

where f7 : R — (—o00,00] is the conjugate of f;, ¢ = 1,...,n. By combining this
fact with the formula (1.30), we obtain the desired result.

1.55 (Conjugate of a Quadratic)

Let
flz) = Q-SC,QJZ +ad'z+0b,

where @ is a symmetric positive semidefinite n X n matrix, a is a vector in R",
and b is a scalar. Derive the conjugate of f.

Solution: Let us assume first that @ is nonsingular. Then the maximum of
z'y — f(x) over z is attained when Qz + a = Vf(z) = y. By substitution, we
obtain

ffy)=2"y—f@) =2"(Qv+a) - 32'Qr —a'z — b= §2'Qz — b,

60



and finally, using x = Q™' (y — a),
Fy)=3y—-a)Q ' (y—a) b

Consider now the general case where ) may be singular. Then if the
equation y = Qz + a has no solution, i.e., y — a does not belong to the range
R(Q) of @, we have f*(y) = co. Otherwise, let x be the solution of the equation
y = Qx+a that has minimum Euclidean norm. Then z is linearly related to y —a
and can be written as z = Qf (y—a) where Q' is a symmetric positive semidefinite
matrix (this is the pseudoinverse of @; see e.g., Luenberger, Optimization by
Vector Space Methods, 1969, p. 165). Similar to the case where @ is invertible,
we have f*(y) = (1/2)z'Qz — b, and it follows, using z = Q'(y — a), that

f*(y):{ay—a)’cz*(y—a)—b ify—a€RQ)

00 otherwise.

1.56

(a) Show that if f1 : R™ — (—o00,00] and f2 : R — (—o0, 00] are closed proper
convex functions, with conjugates denoted by fi and f3, respectively, we
have

Ji(z) < fo(x), VzeR",
if and only if
fily) > f2(y), VyeRr"
(b) Show that if C, and C are nonempty closed convex sets, we have
C1 C Oy,
if and only if
ooy (y) <ocy(y), VyeR"

Construct an example showing that closedness of C; and C; is a necessary
assumption.

Solution: (a) If fi(z) < f2(x) for all z, we have for all y € R",
Jiy) = sup {2’y — fi(x)} > sup {2’y — fi(z)} = 5 (v).
RN zERN
The reverse implication follows from the fact that fi and f» are the conjugates
of f{ and f3, respectively.
(b) Consider the indicator functions d¢; and dc, of C1 and Ca. We have
C1 C Cy if and only if  d¢, (z) > dcy(x), Yz eR".

Since o¢; and oc, are the conjugates of 601 and 602, respectively, the result
follows from part (a).

To see that the assumption of closedness of C1 and C2 is needed, consider
two convex sets that have the same closure, but none of the two is contained in
the other, such as for example (0, 1] and [0, 1).
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1.57 (Essentially One-Dimensional Functions)

We say that a closed proper convex function f : R" — (—o0,00] is essentially
one-dimensional if it has the form

f(a) = f(d'z),

where a is a vector in " and f : # — (—o00, 0] is a scalar closed proper convex
function. We say that a closed proper convex function f : R" — (—o0,00] is
domain one-dimensional if the affine hull of dom(f) is either a single point or a
line, i.e.,

aff (dom(f)) = {ya+0b|v € R},

where a and b are some vectors in R".

(a) The conjugate of an essentially one-dimensional function is a domain one-
dimensional function such that the affine hull of its domain is a subspace.

(b) The conjugate of a domain one-dimensional function is the sum of an es-

sentially one-dimensional function and a linear function.

Solution: (a) Let f: R" — (—o0, 0] be essentially one-dimensional, so that

f(z) = f(a'z),

where a is a vector in " and f : # — (—o00, 0] is a scalar closed proper convex
function. If @ = 0, then f is a constant function, so its conjugate is domain
one-dimensional, since its domain is {0}. We may thus assume that a # 0. We
claim that the conjugate

() = sup {y/z — f(d'z)}, (1.31)

zeERM

takes infinite values if y is outside the one-dimensional subspace spanned by a,
implying that f* is domain one-dimensional with the desired property. Indeed,
let y be of the form y = £a+ v, where £ is a scalar, and v is a nonzero vector with
v L a. If we take © = ya+dv in Eq. (1.31), where + is such that ~y|/a||®> € dom(f),
we obtain

f () = sup {y'z — f(a'z)}

zeR™

> ggg{(&a +v) (ya+ v) = F(~llal®) }
= &yllal® = F(vllal?) + sup{s|lv|*},
seR

so it follows that f*(y) = oo.

(b) Let f: R"™ — (—o0,00] be domain one-dimensional, so that
aff(dom(f)) ={ya+b|veR}
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for some vectors a and b. If a = b = 0, the domain of f is {0}, so its conjugate is
the function taking the constant value —f(0) and is essentially one-dimensional.
If b =0 and a # 0, then the conjugate is

)= f;fn{y z— f(z)} = igg{w y—f(va)},

so f*(y) = F (a'y) where f" is the conjugate of the scalar function f(v) = f(va).
Since f is closed, convex, and proper, the same is true for g, and it follows that f*
is essentially one-dimensional. Finally, consider the case where b # 0. Then we
use a translation argument and write f(z) = f(z — b), where f is a function such
that the affine hull of its domain is the subspace spanned by a. The conjugate of
f is essentially one-dimensional (by the preceding argument), and the conjugate
of f is obtained by adding b’y to it.

1.58

Calculate the support functions of the following sets:

(1) C={z| ] <1}.
2) C= {a}—|—’y{x [ x| < 1}, where a € " and v > 0.
3 C={z|lai+ - +aa=1,2:>0,i=1,...,n}

4) C={z||wi| <1,i=1,...,n}.

5) C = {:c I >0 il < 1}.
Solution: Answers:

(1) oc(y) = lyll.
2
3
4
5

(2)
®3)
(4)
()

(2)
®3)
(4)
()
1.59

Show that a subset of R" is bounded if and only if its support function is every-
where finite.

Solution:

1.60

Show that the support function of the unit ball of ®™ with respect to a norm
| - ||« is another norm || - ||s. Verify that if || - ||o is the [;-norm then || - ||, is the
loo-norm, and that if || - ||o is the loo-norm then || - ||, is the l;-norm.
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Solution:

1.61 (Support Function of a Bounded Ellipsoid)
Let X be an ellipsoid of the form
X = {1: [ (z —%)'Q(x—7) < b}7

where @ is a symmetric positive definite matrix, T is a vector, and b is a positive
scalar. Show that the support function of X is

/— ’~N— 1/2 n
ox(y) =yT+ (byQ'y) ", VyeRr"

Solution: To calculate ox(y), we write
X={z+X,

where
X = {:c | 2'Qx < b}7

we calculate the support function o(y), and we use the equation

ox(y) =y'T + ox(y). (1.32)

To calculate

ox(y) = sup y'z,
z/Qx<b

1/2

we introduce the transformation z = Q" “x and we write

oxly) = swp y'Q V%

Izl <pl/2
It can be seen that for y # 0, the supremum over z above is attained at

/2 Q %y

W) =TT

and by substitution in the expression for o (y), we have
1 \1/2
ox(y) = (by'Q 'y) .

Thus, using Eq. (1.32), we finally obtain

ox(y) =yT+ (by'Q7'y)"",  Vyewm
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1.62 (Support Function of Sum and Union)

Let X1,...,X,, be nonempty subsets of ®". Derive formulas for X7 + - + X,
conv(X1) + - -+ 4 conv(X,), Uj_; X;, and conv (U;lej) .

Solution: Let X = X; + -+ X,.. We have for all y € R",

ox(y)= sup 2y
zeX++Xp

/
= s (@meta)y
z1€X1,..zre€Xy

= sup 1y +---+ sup .y
r1E€X zrEXy
=ox;(y) + -+ ox.(y)-
Since X; and conv(X;) have the same support function, it follows that
oxy(y) + -+ ox,(y)
is also the support function of
conv(X1) + - - + conv(X,).

Let also X = Uj_; X;. We have

/ !
ox(y) =supyc= max sup y = max UXj(y).

zeX J:1,.A.,r'z€Xj Jj=1,..,r

This is also the support function of conv (U;lej) .

1.63 (Positively Homogeneous Functions and Support Functions)

A function f : R" — [—o0, 00] is called positively homogeneous if its epigraph is
a cone in R"*!. Equivalently, f is positively homogeneous if and only if

fyz) =7 f(=), Vy>0,VzeR

(a) Show that if f is a proper convex positively homogeneous function, then
for all z1,...,%m € X" and ¥1,...,7m > 0, we have

fnzr + -+ vmxm) < if(zr) + -+ v f(@m).

(b) Clearly, the support function ox of a nonempty set X is closed proper con-
vex and positively homogeneous. Show that the reverse is also true, namely
that the closure of any proper convex positively homogeneous function is
the support function of some set. In particular, show that if o : " —
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o(y)

<y

Figure 1.1. Visualization of the con-
jugate of a positively homogeneous
function o (cf. Exercise 1.63). The
values of its conjugate correspond to
crossing levels of the vertical axis by
hyperplanes supporting the epigraph
of 0. There can be only one such
level, namely 0, so the conjugate of
o takes only the values 0 and oo, i.e.,
it is the indicator function of the set
whose elements x correspond to nor-
mals (—x, 1) of hyperplanes support-
ing epi(f) at 0, as shown in the fig-
ure.

(—o00,00] is a proper convex positively homogeneous function, then the
conjugate of ¢ is the indicator function of the closed convex set

X = {gr:|y'ar:ﬁa’(y%Vye8?"}7

and clo is the support function of X (see Fig. 1.1 for a geometric interpre-

tation of this result).

Solution: (a) Let

and

By convexity of f, we have

fOher+ -+ Fnwm) ST (@) + - 475 f(@m)-

Since f is positively homogeneous, this inequality can be written as

1
%f(’)’lxl + -+ ’mem) <

2=

and the result follows.

(b) Let § be the conjugate of o:

(mf(@) + -+ mf(zm)),

§(z) = sup {y'z —o(y)}.

yeERM

Since o is positively homogeneous, we have for any v > 0,

vé(z) = sup {v'z—vo(y)} = seugn{(vy)'x —a(yy)}-

yeERN

The right-hand sides of the preceding two relations are equal, so we obtain

5(a) = v (),
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which implies that J takes only the values 0 and co (since o and hence also its
conjugate 6 is proper). Thus, § is the indicator function of a set, call it X, and
we have

X:{:c|6(1:)§0}

= {:c ysetg)n{y T — U(y)} < 0}

= {:c |yz<o(y),VyeE §R”}

Finally, since § is the conjugate of o, we see that clo is the conjugate of ¢; cf.
the Conjugacy Theorem [Prop. 1.6.1(c)]. Since § is the indicator function of X,
it follows that clo is the support function of X.

1.64 (Support Function of Domain)

Let f: R"™ — (—o00, 0] be a proper convex function, and let f* be its conjugate.
(a) The support function of dom(f) is the recession function of f*.

(b) If f is closed, the support function of dom(f*) is the recession function of

Solution: (a) From the definition

f () = sup {a'y - f(x)},

zeERM

we see that f* is the pointwise supremum of the affine functions
h(ac,w) (y) = Ll'ly —w,

as (z,w) ranges over epi(f). Therefore, epi(f*) is the intersection of the epigraphs
of h(z,w) as (x,w) ranges over epi(f). Hence, by the Recession Cone Theorem
[Prop. 1.4.1(e)], the recession cone of epi(f*) is the intersection of the recession
cones of the epigraphs of h(, ) as (z,w) ranges over epi(f). Since the epigraph
of h(g ) is {(y,u) | 2’y —w < u}, its recession cone is {(y,u) | 'y < u}, and
we have

Repi(f*) = r-]acedom(f){(yvu) | l"/y < u}«

Since Repi(s+) is the epigraph of the recession function 7} of f*, it follows that

ri(y)= sup ay,
rzcdom(f)
so r} is the support function of dom(f).

(b) If f is closed, then by the Conjugacy Theorem [Prop. 1.6.1(c)], it is the
conjugate of f*, and the result follows by applying part (a) with the roles of f
and f* interchanged.
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Figure 1.2. Illustration of the po-
larity of the recession cone R¢c of a

closed convex set C and the domain

& Re = (dom((rc))* dom(o¢) of its support function (cf.
Exercise 1.65). For any y ¢ Ry, we
have

sup 3’z = oo,

/> z€C

while for any y € Rf,, we must have
sup,cc 'z < 0.

R{, = dom(o¢

1.65 (Polarity of Recession Cone and Domain of Support
Function)

Let C' be a nonempty closed convex set in ®". Then, the recession cone of C is
equal to the polar cone of the domain of o¢:

Rc = (dom(oc))*.

Solution: We apply the result of Exercise 1.64(b) with f and f* equal to the
indicator function ¢ and support function oc of C, respectively. We obtain

Tsc = Odom(og)s

from which, by using also the formula of Example 1.6.2,

Re = {y|7sc() <0} = {y| Cdom(oe) (y) <0} = (dom(oc))"

1.66 (Generated Functions - Support Function of 0-Level Set)

Given a proper convex function f : R" — (—o0, 00|, the closure of the cone
generated by epi(f), is the epigraph of a closed convex positively homogeneous
function, called the closed function generated by f, and denoted by gen f. The
epigraph of gen f is the intersection of all the halfspaces that contain epi(f)
and contain 0 in their boundary. Alternatively, the epigraph of gen f is the
intersection of all the closed cones that contain epi(f).

(a) Show that if the level set {y | h(y) < 0} is nonempty, the generated
function gen f is proper.

(b) Let f: R"™ — (—o00,00] be a closed proper convex function and let f* be
its conjugate. Show that if the level set {y | Fy) < 0} [respectively

{:c | f(z) < 0}] is nonempty, its support function is the closed function
generated by f (respectively f*).
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f@A 7wk
ri(z)
\\\

Slope :—/2 : |

Slope =1 : |

€ )E) ] S | ,

0 - — _

Slope = —1/4 & 2 1/4\0 1/21 y

Figure 1.3. Illustration of Exercise 1.66. The recession function 7y and the
closed generated function gen f are the support functions of the sets dom(f*) and

{y | f*(y) < 0}, respectively.

Solution: (a) If (cl f)(0) > 0, by the Nonvertical Hyperplane Theorem (Prop.
1.5.8), there exists a nonvertical hyperplane passing through the origin and con-
taining epi(f) in one of its closed halfspaces, implying that the epigraph of gen f
does not contain a line, so gen f is proper. Any y such that f*(y) < 0, or equiv-
alently y'z < f(z) for all z, defines a nonvertical hyperplane that separates the
origin from epi(f).

(b) Let o be the closed function generated by f. Then, since {y | *y) < 0} # 0,
by part (a), o is proper, and by Exercise 1.63, o is the support function of the
set

Y:{y|y'x§0(:c),V:c€§R”}.

Since epi(o) is the intersection of all the halfspaces that contain epi(f) and con-
tain 0 in their boundary, the set Y can be written as

Y = {y|y/:c§f(:c),Vx€§R"},

from which we obtain

v={v

Note that the method used to characterize the O-level set of f can be applied
to any level set. In particular, a nonempty level set L, = {:c | flz) < ’y} is the 0-
level set of the function f, defined by f-(z) = f(z) —, and its support function
is the closed function generated by h., the conjugate of f,, which is given by
h~(y) = h(y) + 7. The preceding analysis is illustrated in Fig. 1.3.

sup {y'z — f(z)} < 0} ={y| f*(y) <0}.

zeERM
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1.67 (Conjugates Involving Invertible Linear Transformations)

Let p: R™ — [—00, 0] be a convex function, let A be an invertible n x n matrix,
let a and ¢ be vectors in R", and let b be a scalar. Calculate the conjugate of the
convex function

flx) = p(A(:c — c)) +a'z+0.

Solution: Using the transformation z = A(x — ¢), we can write the conjugate as

') = sup {a'y —p(A(x — ) — o'z — 1}
= zseuggl{(Aflz +0)y—piz)— (A 24 ¢)a— b}
= s (475 (=) ()} + ¢y ) -

and finally
) =pr(A) " (y—a) +y+d,
where p* is the conjugate of p and
d=—(ca+b).
Note the symmetry between f and f*.

1.68 (Conjugate of a Partially Affine Function)

A partially affine function f is defined as a function such that dom(f) is an affine
set, and f is affine on dom(f). Show that the conjugate of a partially affine
function is another partially affine function. Hint: Write f as

f(l’) = 5aff(f) (:l?) —+ G,ILE + b
and apply the result of Exercise 1.67.
Solution: See p. 107 of [Roc70]. Write f as

f(l’) = 5aff(f) (:l?) —+ G,ILE + b
and apply the result of Exercise 1.67.

1.69

Let f: R"™ — (—o00, 0] be a proper convex function and let f* be its conjugate.
Show that:

(a) The constancy space of f* is the orthogonal complement of the subspace
parallel to aff (dom(f)). Hint: Use Exercise 1.64.

(b) If f is closed, the subspace parallel to aff (dom(h)) is the orthogonal com-
plement of the constancy space of f.

Solution: Hint: Use Exercise 1.64. See Theorem 13.3 of [Roc70].
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1.70

Let f : R™ — (—o00,00] be a closed proper convex function, and let f* be its
conjugate. Show that dom(f) is an affine set if and only if the recession function
of f* satisfies 71, (d) = oo for all d that are not in the constancy space of f. Hint:
Use Exercise 1.64.

Solution: Hint: Use Exercise 1.64. See Theorem 13.3 of [Roc70].

1.71 (Co-finite Functions)

A closed proper convex function f : R" — (—o0,00] is said to be co-finite if its

recession function is .
0 ifd=0,

Tf(d):{oo if d # 0.

Show that f is co-finite if and only if its conjugate is real-valued. Hint: Use
Exercisel.64.

Solution: See Theorem 13.3 of [Roc70].

1.72 (Lipschitz Continuity and Domain Boundedness)

Let f: R™ — (—o0,00] be a proper convex function, and let f* be its conjugate.
Show that dom(f*) is bounded if and only if f is real-valued and there exists a
scalar L > 0 such that

[f@@) —fW] < Llz—yl, VYzeR" yeR"
Furthermore, the minimal value of L for which this Lipschitz condition holds is

sup [y]-
yedom(f*)

Hint: Use Exercise 1.64.

Solution: See Theorem 13.3, Corollary 13.3.3 of [Roc70].

1.73

Let C be a nonempty convex subset of ®" and let o¢ be its support function.
(a) z € cl(C) if and only if ¥’z < oc(y) for all y € R".

(b) z €ri(C) if and only if y'z < oc(y) for all y € R™ and y'z < oc(y) for all
y € R" with —oc(—y) # oc(y).

(c) z is an interior point of C' if and only if y'z < oc(y) for all y # 0.

Solution: See Theorem 13.1 of [Roc70].
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