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CHAPTER 2: EXERCISES AND SOLUTIONS y

SECTION 2.1: Extreme Points

2.1

Show by example that the set of extreme points of a nonempty compact set need
not be closed. Hint: Consider a line segmentC; = (X1;X2;X3) j X1 = 0;X2 =
0; 1 x3 1 andacirculardisk Co = (X1;X2;X3)j(x1 1)2+x3 1; x3=
0 , and verify that the set conv( C, [ C) is compact, while its set of extreme
points is not closed.

Solution: For the sets C; and C, as given in the hint, the set C1[ C; is compact,
and its convex hull is also compact by Prop. 1.2.2. The set of extreme points of
conv(Cy1 [ C2) is not closed, since it consists of the two end points of the line
segment Cq, namely (0;0; 1) and (0;0;1), and all the points X = ( X1;X2;X3)
such that

x60; (x1 1*+x5=1; x3=0:

2.2 (Krein-Milman Theorem)

Show that a convex and compact subset of <" is equal to the convex hull of its
extreme points.

Solution: By convexity, C contains the convex hull of its extreme points. To
show the reverse inclusion, we use induction on the dimensia of the space. On
the real line, a compact convex set C is a line segment whose endpoints are the
extreme points of C, so every point in C is a convex combination of the two
endpoints. Suppose now that every vector in a compact and convex subset of
<" 1 can be represented as a convex combination of extreme pointsof the set.
We will show that the same is true for compact and convex subsets of <".

y This set of exercises will be periodically updated as new execises are added.
Many of the exercises and solutions given here were develope as part of my
earlier convex optimization book [BNOO3] (coauthored with Angelia Nedc and
Asuman Ozdaglar), and are posted on the internet of that book 's web site. The
contribution of my coauthors in the development of these exercises and their
solutions is gratefully acknowledged. Since some of the execises and/or their
solutions have been modi ed and also new exercises have beemdded, all errors
are my sole responsibility.



Figure 2.1. Construction used in the in-
duction proof of the Krein-Milman Theo-
rem (Exercise 2.2): any vector x of a con-
o vex and compact set C can be represented
as a convex combination of extreme points

1 of C. If X is another pointin C, the points
x1 and x2 shown can be represented as
H, convex combinations of extreme points of
-~ the lower dimensional convex and compact
bee setsC\ Hj and C\ H, which are also ex-
1\

treme points of C by Prop. 2.1.1.

Let C be a compact and convex subset of<", and choose anyx 2 C. If x
is the only point in C, it is an extreme point and we are done, so assume thatx
is another point in C, and consider the line that passes through x and X. Since
C is compact, the intersection of this line and C is a compact line segment whose
endpoints, say x1 and x», belong to the relative boundary of C. Let H; be a
hyperplane that passes through x; and contains C in one of its closed halfspaces.
Similarly, let H> be a hyperplane that passes through x> and contains C in one
of its closed halfspaces (see Fig. 2.1). The intersectionsC\ H; and C\ H, are
compact convex sets that lie in the hyperplanes H;, and H», respectively. By
viewing H; and H, as (h  1)-dimensional spaces, and by using the induction
hypothesis, we see that each of the setsC\ H; and C\ H; is the convex hull of
its extreme points. Hence, x; is a convex combination of some extreme points of
C\ Hgy, and x; is a convex combination of some extreme points of C\ H»: By
Prop. 2.1.1, all the extreme points of C\ H; and all the extreme points of C\ H,
are also extreme points of C, so both x; and x, are convex combinations of some
extreme points of C. Since x lies in the line segment connecting X1 and Xz, it
follows that x is a convex combination of some extreme points of C, showing that
C is contained in the convex hull of the extreme points of C.

2.3

Let C be a nonempty convex subset of<", and let A be anm  n matrix with
linearly independent columns. Show that a vector x 2 C is an extreme point of
C if and only if Ax is an extreme point of the image AC. Show by example that
if the columns of A are linearly dependent, then Ax can be an extreme point of
AC, for some non-extreme point x of C.

Solution: Suppose that x is not an extreme pointof C. Thenx = x 1+(1  )x2
for some x1;x2 2 C with x; 6 x and x2 6 x, and a scalar 2 (0;1), so that
Ax = Ax 1+(1 )AX»: Since the columns of A are linearly independent, we
have Ay: = Ay, if and only if y; = y,. Therefore, Ax1 6 Ax and Ax; 6 AX,
implying that Ax is a convex combination of two distinct points in AC, i.e., AX
is not an extreme point of AC.
Suppose now that Ax is not an extreme point of AC, so that Ax = Ax 1+
1 )AX, for some x1;x2 2 C with Ax: 6 Ax and Ax, 6 Ax, and a scalar
2 (0;1). Then, A x x1 (1 )X2 = 0 and since the columns of A are
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linearly independent, it follows that x = x 1 (1 )X2. Furthermore, because
Ax1 6 Ax and Ax, 6 Ax, we must have x; 6 x and x> 6 X, implying that x is
not an extreme point of C.

As an example showing that if the columns of A are linearly dependent,
then Ax can be an extreme point of AC, for some non-extreme point x of C,
consider the 1 2 matrix A =[1 0], whose columns are linearly dependent. The
polyhedral set C given by

C= (Xi;X2)jx1 0,0 x2 1
has two extreme points, (0,0) and (0,1). Its image AC < is given by
AC = fxi1jx1 0g;

whose unigue extreme point is x; = 0. The point x = (0;1=2) 2 C is not an
extreme point of C, while its image Ax = 0 is an extreme point of AC. Actually,
all the points in C on the line segment connecting (0,0) and (0,1), except for
(0,0) and (0,1), are non-extreme points of C that are mapped under A into the
extreme point 0 of AC.

24

Let C be a nonempty closed convex subset of<". Show that the following are
equivalent.

(i) All boundary points of C are extreme points of C.

(ii) Every hyperplane that supports C at some point intersects C only at that
point.

(iii) Every line intersects the boundary of C at no more than two points.

Solution: The result is clearly true if C consists of a single point, so assume that
C consists of more than one point.

We rst show that (i) implies (ii). Assume that all boundary p  oints of C
are extreme points. If there is a hyperplane that supports C and intersects C at
two distinct points, the entire line segment connecting the two points would lie
on the boundary of C, but the midpoint of this line segment would not be an
extreme point - a contradiction.

Next we show that (ii) implies (iii). Assume that every hyper plane that
supports C at some point intersects C only at that point. Suppose that there
is a line that intersects the boundary of C at three distinct boundary points
X1;X2; X3, With X, being the midpoint. Consider a hyperplane H that supports
C at x», i.e., a vector a 6 0 such that

a%  a%; 8x2C:
Then since by the hypothesis, H intersects C only at x», we must havea®; > a %

and a%s > a %, which is a contradiction since x; lies strictly between x; and
X3.



Finally, we show that (iii) implies (i). Assume that every li ne intersects
the boundary of C at no more than two points. If there is a boundary point
X2 that is not extreme and therefore lies strictly between two p oints x1;x3 2 C,
then either x; or xz must be an interior point, for otherwise the line that passes
through Xxi;X2;x3 would contain more than two boundary points. Thus, by the
Line Segment Principle (Prop. 1.3.1), every point that lies strictly between xi
and xs, including Xz, is an interior point of C. This contradicts the hypothesis
that x» is a boundary point of C.

2.5 (Matrix Inequalities)

Let A be a symmetric n n matrix with components denoted a; and eigenval-
ues denoted 1;:::; n, and let A be the set of all vectors of <" obtained by
permutations of these eigenvalues.

(a) Let C be a convex set that contains , and let f : C 7! <" be a convex

function. Show that for any orthonormal set of vectors vi;:::;vy in <",
we have
f (VOAVL;:veAvy) max  f( 100 n)
15 n)2 A

where u1;:::;u, are orthonormal eigenvectors corresponding to the eigen-
values 1;:::; n. Showthat v=S; where
..... 0 . — PP
vV = (ViAvVy; VR Avp); =( 1)

and use the Birkho -von Neumann Theorem.

(b) Let A be positive semide nite. Show that for any orthonormal set o f vectors

detA= n VIAv:  VeAv,:
Furthermore, the inequality is sharp in the sense that it is s atis ed as an

equality for some orthonormal set of vectors. Hint: Use part (a) with
f(x1;:::Xn) = (X1 xn)Y2, and C equal to the nonnegative orthant.

(c) (Hadamard's Determinant Inequality) We have
(detA)? (afy+ +af;) (af,+ +an):
Furthermore, if in addition A is positive semide nite, we have

detA a1 am:

Solution: (a) Let us;:::;un be orthonormal eigenvectors corresponding to the
eigenvalues 1;:::; n. The orthogonality of ui;:::;un, implies that
vi = (Vu)ur+  + (vlUn)un; i=1;:m
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Using this relation, it is straightforward to verify that
v=S;

where
v = (VIAVL; v An); =( o)

and Sisthe n  n matrix with components s; = (vPy;)? for all i and j. We now
note that S is a doubly stochastic matrix. The reason is that we have for eachi,

2
kvi K? = (Vi0U1)U1+ +(ViOUn)Un ,

kvik? = (Vui)?+  +(vun)*:

This implies that S is doubly stochastic, since kvik = 1 by assumption, and the

ith row of the matrix Sis (vPu1)Z;:::;(voun)? .

The Birkho -von Neumann Theorem asserts that S can be expressed as
a convex comtp_ination of permutation matrices, i.e., there exist 0,j =
1;::5;m,with " ; =1, and such that

j=1

S= 1P+ + mPm;

v=S = (P )+ + m(Pm ):
Since the vectorsP; ,j =1;:::;m, belongto 4, they also belongto C. Sincev
is a convex combination of P; ,j =1;:::;m, it follows that v 2 C. Thus, using
the convexity of f, we have

f(v) 1f (P )+ + mf(Pm ) ( max_ f(1:00; n):

to 1;:::; n.

detB €lBe; €lBe, =(ak + +a2y) (aZ,+ +ak);
where the last equality can be veried by straightforward ca Iculation. Since

detB = (det A)?, the desired inequality follows.
If A positive semide nite, we apply part (b) to A with the orthonormal

detA an ann :



2.6 (Faces)

Let P be a polyhedral set. For any hyperplane H that passes through a boundary
point of P and contains P in one of its halfspaces, we say that the setF = P\ H
is a face of P. Show the following:

(a) Each face is a polyhedral set.

(b) Each extreme point of P, viewed as a singleton set, is a face.

(c) If P is not an a ne set, there is a face of P whose dimension is dim(P) 1.

(d) The number of distinct faces of P is nite.
Solution: (a) Let P be a polyhedral set in <", and let F = P\ H be a face of
P, where H is a hyperplane passing through some boundary point X of P and
containing P in one of its halfspaces. ThenH is given by H = fx j a% = a%g
for some nonzero vectora 2 <". By replacing a% = a’ with two inequalities
a% a% and a% a%, we see thatH is a polyhedral set in <". Since

the intersection of two nondisjoint polyhedral sets is a pol yhedral set, the set
F = P\ H is polyhedral.

(b) Let P be given by
P= xja’x Bb;j=21;:5r

for some vectorsa; 2 <" and scalarsby. Let v be an extreme point of P, and
without loss of generality assume that the rst n inequalities de ne v, i.e., the
rst n of the vectors a; are linearly independent and such that

av=h; 8j=1;::::n

[cf. Prop. 2.1.4(a)]. De ne the vector a2 <", the scalar b, and the hyperplane
H as follows

b; H= xjax=b:
Then, we have

a% = b;

so that H passes throughv. Moreover, for every x 2 P, we have ajox b for
all j, implying that a bfor all x 2 P. Thus, H contains P in one of its
halfspaces.

We will next prove that P\ H = fvg. We start by showing that for every
v2 P\ H, we must have

av=h; 8j=1:::::n (2.2)
To arrive at a contradiction, assume that a’v < b; for somev2 P\ H andj 2
holds for j =1, so that
alv<by; av b; 8j=2;:::n
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By multiplying each of the above inequalities with 1 =n and by summing the
obtained inequalities, we obtain

v = V, showing that P\ H = fvg.

As discussed in Section 2.1, every extreme point ofP is a relative boundary
point of P. Since every relative boundary point of P is also a boundary point of
P, it follows that every extreme point of P is a boundary point of P. Thus, v is
a boundary point of P, and as shown earlier,H passes throughv and contains P
in one of its halfspaces. By de nition, it follows that P\ H = fvgis a face ofP.

(c) Since P is not an ane set, it cannot consist of a single point, so we mu st
have dim(P) > 0. Let P be given by

P= xjax Bb;j=1;:5r

for some vectorsa; 2 <" and scalarsh . Also, let A be the matrix with rows a’
and b be the vector with components b, so that

P=fxjAx bg

An inequality aJQx by of the system Ax  bis redundant if it is implied by the
remaining inequalities in the system. If the system Ax b has no redundant
inequalities, we say that the system is nonredundant. An inequality ajox b of
the system Ax  bis an implicit equality if aJQx = by for all x satisfying Ax b,

By removing the redundant inequalities if necessary, we may assume that
the system Ax b de ning P is nonredundant. Since P is not an ane set,
there exists an inequality ajoox b, that is not an implicit equality of the
system Ax  h. Consider the set

F= x2Pja’,x=h, :

Note that F 6 , since otherwise ajoox b, would be a redundant inequality

of the system Ax b, contradicting our earlier assumption that the system is

nonredundant. Note also that every point of F is a boundary point of P. Thus, F
is the intersection of P and the hyperplane x j ajoox = b, that passes through
a boundary point of P and contains P in one of its halfspaces, i.e.,F is a face
of P. Since aJQOx b, is not an implicit equality of the system Ax b, the
dimension of F is dim(P) 1.

(d) Let P be a polyhedral set given by
P = xjajox b;j=1;::05r
with &y 2<" and iy 2 <, or equivalently

P=fxjAx bg;
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where A isanr n matrixand b2 <". We will show that F is a face ofP if and
only if F is nonempty and

F= x2Pjax=b;j2J ;

whereJ f 1;:::;rg. From this it will follow that the number of distinct faces
of P is nite.

By removing the redundant inequalities if necessary, we may assume that
the system Ax b dening P is nonredundant. Let F be a face of P, so that
F = P\ H, where H is a hyperplane that passes through a boundary point of P
and contains P in one of its halfspaces. LetH = xj ¢ = cx for a nonzero
vector c2 <" and a boundary point X of P, so that

F= x2Pjc%=cx
and
A X 8x2P:
These relations imply that the set of points x such that Ax band ¢* X
coincides with P, and since the systemAx b is nonredundant, it follows that
¢ X is a redundant inequality of the system Ax band c% cX. Therefore,
the inequality ¢ cx is implied by the inequalities of Ax b, so that there
exists some 2 <" with 0 such that
X X
iq = C ib = ck:
j=1 j=1
Let J =fjj ; > 0g. Then, for every x 2 P, we have
X
X=cx jax = b0 ax=1h;j23; (2.2)
j23J j213d
implying that
F= x2Pjax=h;j2J
Conversely, let F be a nonempty set given by

F = x2Pjaj°x=q;j2J ;

X X
c= & = B
j23 j23
Then, we have
x2Pjaj°x=Q;j2J = x2Pjck= ;
[cf. Eq. (2.2) where j =1forall j 2J]. LetH = xjcXk= , SO that in

view of the preceding relation, we have that F = P\ H. Since every point of F
is a boundary point of P, it follows that H passes through a boundary point of
P. Furthermore, for every x 2 P, we have aJQx b forall j 2 J, implying that

c for every x 2 P. Thus, H contains P in one of its halfspaces. Hence,F
is a face.



2.7 (Isomorphic Polyhedral Sets)

Let P and Q be polyhedral sets in <" and <™, respectively. We say that P and
Q are isomorphic if there exist ane functions f : P 7! Qandg: Q 7! P such
that

x=gf(x); 8x2P; y=fgy): 8y2Q:

(a) Show that if P and Q are isomorphic, then their extreme points are in
one-to-one correspondence.

(b) Let A be anr n matrix and b be a vector in <", and let
P=fx2<"jAx b; x Og;
Q= (x;z)2<""jAx+z=Db;x 0,z O0:
Show that P and Q are isomorphic.

Solution: (a) Let P and Q be isomorhic polyhedral sets, and letf : P 7! Q and
g:Q 7! P be ane functions such that

x=gf(x); 8x2P; y=1fg(y); 8y2Q:
Assume that x is an extreme point of P and lety = f (x ). We will show that

y is an extreme point of Q. Since x is an extreme point of P, by Exercise
2.6(b), it is also a face of P, and therefore, there exists a vector c 2 <" such that

X<c ; 8X2P; x6 X :
Forany y 2 Q with y 6 y , we have
fogly) =yéy =f(x);

implying that _
a(y) 6 g(y )= x ; with g(y) 2 P:

Hence,
Soy)<cly ); 8y2Q; y6y:

Let the ane function g be given by g(y) = By + d for somen m matrix B
and vector d 2 <". Then, we have

By +d)<c%By +d); 8y2Q; y6y;

implying that
(BOY< (BYY; 8y2Q y6y:

If y were not an extreme point of Q, then we would havey = y 1+ (1 Y2
for some distinct points y1;y22 Q,y1 6y ,y26y ,and 2 (0;1), so that

BOYY = BYYV:+@1 )BOYY2< (BOY ;
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which is a contradiction. Hence, y is an extreme point of Q.
Conversely, if y is an extreme point of Q, then by using a symmetrical
argument, we can show that x is an extreme point of P.

(b) For the sets
P=fx2<"jAx b; x Og;

Q= (x;z)2<""jAx+z=b;x 0,z O0;
let f and g be given by
f(x)=(x;b Ax); 8x2P;
9(x;2) = X; 8(x;z) 2 Q:
Evidently, f and g are a ne functions. Furthermore, clearly
f(x)2Q; g f(x) =x 8x2P;

a(x;z) 2 P; f ag(x;z) = x; 8 (x;2) 2 Q:

Hence, P and Q are isomorphic.

SECTION 2.2: Polar Cones

2.8 (Cone Decomposition Theorem)

Let C be a nonempty closed convex cone in<" and let x be a vector in <". Show
that:

(a) % is the projection of x on C if and only if
22 G, (x 2%=0; X R2C:
(b) The following two statements are equivalent:

(i) x1 and x» are the projections of x on C and C , respectively.

(i) x= x1+ x2 with x1 2 C, x22 C ; and xIx, = 0.

Solution: (a) Let % be the projection of x on C, which exists and is unique since
C is closed and convex. By the Projection Theorem (Prop. 1.1.9), we have

x %y % 0 8y2C:

Since C is a cone, we have (¥2)% 2 C and 28 2 C, and by taking y = (1 =2)%
and y = 2% in the preceding relation, it follows that

(x R)%=0:
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By combining the preceding two relations, we obtain
x Y o 8y2C;

implying that x %2C .
Conversely, if 82 C, (x %)% =0,and x %2 C , then it follows that

x ®%y % 0 8y2C;

and by the Projection Theorem, ’X is the projection of x on C.

(b) Suppose that property (i) holds, i.e., x1 and x are the projections of x on C
and C , respectively. Then, by part (a), we have

X1 2 C: (x x1)%:=0; X x12C:
Let y = x X1, so that the preceding relation can equivalently be written as
X y2C=(C); yo(x y)=0; y2C:

By using part (a), we conclude that y is the projection of x on C . Since by the
Projection Theorem, the projection of a vector on a closed convex set is unique,
it follows that y = x,. Thus, we have x = x; + X2 and in view of the preceding
two relations, we also have x1 2 C, x 2 C , and x9x» = 0. Hence, property (i)
holds.

Conversely, suppose that property (ii) holds, i.e., x = x1 + X2 with x1 2 C,
X2 2 C , and xIx2 = 0. Then, evidently the relations

X1 2 C: (x x1)%:=0; X x12C:

X22 C ; (x x2)%2=0; X X22C
are satis ed, so that by part (a), X1 and x, are the projections of x on C and
C , respectively. Hence, property (i) holds.

29

Let C be a nonempty closed convex cone in<” and let a be a vector in <". Show
that for any scalars > 0 and 0, we have

max a if and only if a2C + xjkxk =

kxk ;x 2C

(This may be viewed as an \approximate" version of the Polar C one Theorem,
which is obtained for =0.)

Solution: Ifa2C + xjkxk = ,then
a=a+a with a2 C and kak =

12



Since C is a closed convex cone, by the Polar Cone Theorem (Prop. 2.21), we
have (C ) = C, implying that for all x in C with kxk ,

a% 0 and a% k ak kxk

Hence,
a% =(a+a)% ; 8 x 2 C with kxk ;
thus implying that
max aX
kxk ;x 2C
Conversely, assume that a% for all x 2 C with kxk . Letdaand a

be the projections of a on C and C, respectively. By the Cone Decomposition
Theorem (cf. Exercise 2.8), we havea="a+ awith’a2 C ,a2 C, and a5 =o0.
Since a% for all x 2 C with kxk and a2 C, we obtain

o @ _ =0 & .
a Gk ("a+ a) Gk kak ;
implying that kak = , and showing that a2 C + xjkxk =

2.10 (Dimension and Lineality Space of Polar Cones)
Show that for any nonempty cone C in <", we have
2?2
LC = a ( C) )
dim(C) +dim( L¢c )= n;
dlm(C )+d|m Lconv( c) dlm(C )+d|m LC|(ConV( cy =M
where Lx denotes the lineality space of a convex setX .

Solution: Note that a ( C) is a subspace of<" becauseC is a cone in<". We
rst show that )
Lc = a(C) :

Let y 2 Lc . Then, by the de nition of the lineality space (see Chapter 1 ), both
vectors y and y belong to the recession coneRc . Since 02 C , it follows that
O0+yand 0 vy belongto C . Therefore,

y&% 0 ( & o 8x2C;

implying that
y% =0; 8x2C: (2.3)

Let the dimension of the subspace a (C) be m. By Prop. 1.3.2, there exist vectors
Xo;X1;::;Xm inri( C) such that X1 Xo;:::;Xm Xo span a ( C). Thus, for any
z 2 a ( C), there exist scalars 1;:::; m such that

z= i(Xi  Xo):
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By using this relation and Eq. (2.3), for any z 2 a ( C), we obtain
0. X 0
yz= iy (Xi  Xo0)=0;
i=1

implying that y2 a ( C) 7 Hence, L¢ a(C) 7
?
Conversely, lety 2 a (C) , so thatin particular, we have

y% =0; ( & =0; 8x2C:

Therefore, 0+ y 2 C and0+ ( y)2 C forall 0, and sinceC is a closed
convex set, by the Recession Cone Theorem [Prop. 1.4.1(b)],it follows that y and
y belong to the recession coneRc . Hence,y belongs to the lineality space of

C , showing that a ( C) ’ Lc and completing the proof of the equality
Lc = a(C) .
By de nition, we have dim( C) =dim a (C) andsinceLc = a(C) ’ ,

we have dim(Lc )=dim a(C) . This implies that

dim(C)+dim( L¢c )= n:

By replacing C with C in the preceding relation, and by using the Polar
Cone Theorem (Prop. 2.2.1), we obtain

dlm(C )+d|m L(C ) =d|m( C )+d|m Lcl(conv( cy =N

Furthermore, since
I—conv( C) I—cl(conv( c)) s

it follows that

dim(C ) +dim Lconv( c) dim(C ) +dim Lcl(conv( cy =M

2.11 (Polar Cone Operations)

Show the following:

(a) For any nonempty cones C; < "i,i=1;:::;m, we have

(Cy Cm) = C; Cm:
(b) For any collection of nonempty cones fCi ji 2 |1 g, we have
[i21C =V\i21Cy:
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(c) For any two nonempty cones C; and C,, we have

(Cl+ CZ) = C]_\ Cz:

(d) For any two nonempty closed convex cones C; and C,, we have
(Cl \ C2) = Cl( Cl + Cz):
Furthermore, if ri( C1)\ ri(C2) 6 , then the cone C; + C, is closed and

the closure operation in the preceding relation can be omitt ed.

(e) Consider the following cones in <3
Ci= (X1;X2;X3)jX3+x3 X3 x3 O ;

Co= (X1;X2;X3)jX2= Xaz :

Verify thatri( Ci)\ ri(C2) = ,(1;1;1) 2 (C1\ Cy) ,and (1;1;1) 62C, +C,,
thus showing that the closure operation in the relation of pa rt (c) may not
be omitted when ri( C1) \ ri(C>) =

Solution: (&) It suces to consider the case where m = 2. Let (yi1;y2) 2
(C1 Cz) . Then, we have (y1;y2)%x1;x2) 0 for all (x1;x2) 2 C;  Ca, or
equivalently

y(l’x1+ygxz (04 8x12Cy; 8x22Cy:

Since C; is a cone, 0 belongs to its closure, so by lettingx, ! 0 in the preceding
relation, we obtain y9x; 0 for all x1 2 Ci, showing that y; 2 C;. Similarly, we
obtain y, 2 C,, and therefore (y1;y2) 2 C; C,, implying that ( C1 Cy)
C, GC,.

Conversely, lety; 2 C; and y, 2 C,. Then, we have

(y1;¥2)%X1;X2) = ¥ix1 + y9x2 0,  8x12Ci; 8x22 Co;

implying that ( y1;y2) 2 (C1 C») , and showingthat C;, C, (Ci Cp) .

(b) A vector y belongs to the polar cone of[ iz C; if and only if y* 0 for all
x 2 Ci and all i 2 1, which is equivalent to having y 2 C; for everyi 2 |. Hence,
y belongs to [i2/Ci ifand only if y belongs to\ iz C; .

(c) Let y 2 (C1 + Cy) , so that
yAx1 + x2) O 8 X1 2 Cy; 8 X3 2 Ca: (2.4)

Since the zero vector is in the closures of C: and C, by letting x> ! 0 with
X2 2 Cz in Eq. (2.4), we obtain

yx1  O; 8 X1 2 Cy;
and similarly, by letting x1! 0 with x1 2 C; in Eq. (2.4), we obtain

y%2  ©; 8 X2 2 Cy:
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Thus, y 2 C; \ C,, showing that (C; + C5) C,\ C,.
Conversely, lety 2 C; \ C,. Then, we have

y™i1 0 8 x1 2 Cy;
y%: 0,  8x22Cy;
implying that
yix1 + x2) O 8x12Cy; 8x22Cy:

Hencey 2 (C;1 + C3) , showing that C; \ C, (C1+ C») .

(d) Since C; and C; are closed convex cones, by the Polar Cone Theorem (Prop.
2.2.1) and by part (b), it follows that

Ci\ C2=(Cy) \ (Cy) =(Cy +Cy):
By taking the polars and by using the Polar Cone Theorem, we ob tain
(C1\ C) = (CyL+Cy) =cl conv(C; + C,) :
The cone C; + C, is convex, so that
(C1\ Cz) =cl(Cy + Cy):
Suppose now that ri(C1) \ ri(C2) 6 . We will show that C; + C, is

closed by using Prop. 1.4.14. According to this proposition, if for any nonempty
closed convex setsC; and C; in <", the equality y1 + y> =0 with y; 2 R31 and

Y2 2 Rgz implies that y; and y, belong to the lineality spaces of C; and Co,

respectively, then the vector sum C; + C; is closed.

Let y1 + y2 = 0 with y; 2 Rcl and y, 2 Rcz. BecauseC, and C, are
closed convex cones, we haveRcl = C, and RCZ = C,, so that y1 2 C; and
y2 2 C,. The lineality space of a cone is the set of vectorsy such that y and

y belong to the cone, so that in view of the preceding discussim, to show that
C, + C, is closed, it suces to prove that y; 2 C; and Yy, 2 C,.
Sincey:s = y2 and y: 2 C,, it follows that
yIx O 8x2 Cy; (2.5)
and becausey, 2 C,, we have
yIx O 8 x 2 Cy;
which combined with the preceding relation yields

yIx =0; 8x2Ci\ Cy: (2.6)

In view of the fact ri( C1)\ ri(Cz) 6 , and Egs. (2.5) and (2.6), it follows that
the linear function y5x attains its minimum over the convex set C; at a point in
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the relative interior of Ci, implying that ySx =0 for all x 2 C; (cf. Prop. 1.3.4).
Therefore, y» 2 C; and sincey, = yi1, we have y; 2 C,. By exchanging the
roles of y1 and y, in the preceding analysis, we similarly show that vy, 2 C,,
completing the proof.

(e) By drawing the cones C; and Cg, it can be seen that ri(C1)\ ri(C2)= and
Ci\ Co= (X1;X2;%X3) jx1=0; x2= Xs; X3 0
Ci= (Yuyzya)jyi+y: yiys O
C, = (21;22;23) jz1=0; 2, = z3 :
Clearly, x1+ X2+ xg =0forall x2 C1\ Cy, implying that (1 ;1;1) 2 (C1\ C») .
Suppose that (1;1;1) 2 C, + C,, so that (1;1;1) = (y1;Y2;Y3) + ( 21;22; 23) for
some (y1;Y2;y3) 2 C, and (z1;22;23) 2 C,, implying that y; =1, y, =1 2z,
y3 =1 z, for some z; 2 <. However, this point does not belong to C,,

which is a contradiction. Therefore, (1;1;1) is not in C; + C,. Hence, when
ri(Cy) \ ri(Cz) = , the relation

(Cl\ Cz) = Cl + Cz

may fail.

2.12 (Linear Transformations and Polar Cones)

Let C be a nonempty cone in<", K be a nonempty closed convex cone in<™,
and A be a linear transformation from <" to <™. Show that

(AC) =(AY ' C; Al K =c(AX ):

Show also that if ri( K)\ R(A) 6 , then the cone A%K is closed and A9 *
and the closure operation in the above relation can be omitted.

Solution: We havey 2 (AC) if and only if y’Ax 0 for all x 2 C, which is
equivalent to (A%)% 0 for all x 2 C. This is in turn equivalentto A% 2 C .
Hence,y 2 (AC) ifandonly if y2 (A% ' C , showing that

(AC) =(AY * C: (2.7)
We next show that for a closed convex coneK < ™, we have
Al K =c(A%K ):
Lety2 A ! K and to arrive at a contradiction, assume that y 62cl(A% ).
By the Strict Separation Theorem (Prop. 1.5.3), the closed ¢ onvex cone cl(A%K )
and the vector y can be strictly separated, i.e., there exist a vector a2 <" and
a scalar b such that

a%<b<aty; 8x 2 cl(A%K ):
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If a% > 0 for some x 2 cl(A%K ), then since cl(A%K ) is a cone, we would
have x 2 cl(A% ) for all > O, implying that ax)!1 when 1
which contradicts the preceding relation. Thus, we must hav e a% 0 for all
x 2 cl(A% ), and since 02 cl(A% ), it follows that

sup a%=0 b<al: (2.8)
x2c(AK )
Therefore, a2 cl(A% ) , and since cl(A%K ) (A% ) , it follows that

a2 (A% ) . Inview of Eq. (2.7) and the Polar Cone Theorem (Prop. 2.2.1) , we
have
(AR ) =A (K) =A ! K

implying that a2 A ' K. Becausey 2 A ! K it follows that y%a 0,
contradicting Eq. (2.8). Hence, we must have y 2 cl(A% ), showing that

Al K cl(AK ):

To show the reverse inclusion, lety 2 A% and assume, to arrive at a con-
tradiction, that y 62A ! K) . By the Strict Separation Theorem (Prop. 1.5.3),
the closed convex cone A ' K) and the vector y can be strictly separated, i.e.,
there exist a vector a2 <" and a scalar b such that

ax < b<aly; 8x2 (A K):

Similar to the preceding analysis, since (A * K) is a cone, it can be seen that

sup a%=0 b<al; (2.9)
x2(A 1K)

implyingthat a2 (A ' K) . SinceK is a closed convex cone andA is a linear
(and therefore continuous) transformation, the set A ! K is a closed convex cone.
Furthermore, by the Polar Cone Theorem, we have that (A ' K) = A ! K.

Therefore,a2 A ' K, implying that Aa2 K. Sincey 2 AK , we havey = A%
for somev 2 K , and it follows that

contradicting Eq. (2.9). Hence, we must have y 2 (A * K) , implying that
AR (A K):
Taking the closure of both sides of this relation, we obtain
c(AK ) (A ' K);
completing the proof.
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Suppose that ri(K )\ R(A) 6 . We will show that the cone A%K is
closed by using Prop. 1.4.13. According to this proposition, if Rx \ N(A% is a
subspace of the lineality spaceLx of K , then

cl(A%K )= AKX :

Thus, it su ces to verify that Rx \ N(A9 is a subspace ofLx . Indeed, we
will show that Rx \ N(A9)= Lx \ N(AY.
Lety2 K \ N(A9. Becausey 2 K , we obtain

( & o 8x2K: (2.10)
For y 2 N(AY, we have y 2 N (A9 and since N (A% = R(A)?, it follows that
( V2=0; 822 R(A): (2.11)

In view of the relation ri( K)\ R(A) 6 , and Egs. (2.10) and (2.11), the linear
function ( y)% attains its minimum over the convex set K at a point in the
relative interior of K, implying that ( y)% =0 for all x 2 K (cf. Prop. 1.3.4).
Hence ( y) 2 K ,sothaty 2 Ly and becausey 2 N(AY, we see thaty 2
Lk \' N (AO). The reverse inclusion follows directly from the relation L Rk ,
thus completing the proof.

2.13 (Pointed Cones and Bases)

Let C be a closed convex cone irk". We say that C is apointed coneif C\ ( C) =
fOg. AconvexsetD < " issaidto be abasefor C if C = cone(D) and 0 62cl(D).
Show that the following properties are equivalent:

(a) C is a pointed cone.

(b) c(C C )= <".

(cgC C =x<".

(d) C has nonempty interior.

(e) There exist a nonzero vector 2 <" and a positive scalar such that
2%  kxk forall x 2 C.

(f) C has a bounded base.

Hint : Use Exercise 2.11 to show the implications (&)) (b)) (¢)) () ) (e)
) ) @.

Solution: (a) ) (b) Since C is a pointed cone,C\ ( C)= f0g, so that
C\(C) =<M
On the other hand, by Exercise 2.11, it follows that
C\(C) =c(C C),
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which when combined with the preceding relation yields cl( C C)=<".

(b) ) (c) SinceC is a closed convex cone, by the polar cone operations of Exerise
2.11, it follows that

C\(C) =c(C C)=<"

By taking the polars and using the Polar Cone Theorem (Prop. 2 .2.1), we obtain
C\ ( C) =C\ ( C)= f0g: (2.12)

Now, to arrive at a contradiction assume that there is a vecto r % 2 <" such that
X 62C C . Then, by the Separating Hyperplane Theorem (Prop. 1.5.2), there
exists a nonzero vectora 2 <" such that

a% a%; 8x2C C:

If a% > Oforsomex2 C C ,thensinceC C is acone, the right hand-side
of the preceding relation can be arbitrarily large, a contra diction. Thus, we have
a% Oforallx2C C ,implyingthat a2 (C C ) . By the polar cone
operations of Exercise 2.11(b) and the Polar Cone Theorem, it follows that

(C C)=(C)\(C)=C\(C):

Thus, a2 C\ ( C) with a6 0, contradicting Eq. (2.12). Hence, we must have
C C =x<",

(c)) (d)BecauseC a(C)and C a(C ), wehaveC C a(C)
and since C C = <", it follows that a( C ) = <", showing that C has
nonempty interior.

(d) ) (e) Let v be a vector in the interior of C . Then, there exists a positive
scalar such that the vector v + Eyy_k isinC forall y2<" with y60, i.e.,

v+ Y X 0 8x2C; 8y2<";y60:

v+ — x O 8x2C; x60;

implying that
v + kxk O 8x2C; x60:

Clearly, this relation holds for x =0, so that
v kxk: 8x2C:
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Multiplying the preceding relation with 1 and letting X = v, we obtain

2% kxk: 8x2C:

(e)) (f) Let
D= y2CjgYy=1

Then, D is a closed convex set since it is the intersection of the clogd convex
coneC and the closed convex setfy j % = 1g. Obviously, 0 62D. Thus, to show
that D is a base forC, it remains to prove that C = cone(D). Take any x 2 C.
If x =0, then x 2 cone(D) and we are done, so assume thatx 6 0. We have by
hypothesis

2%  kxk> O 8x2C; x60;

so we may dene § = . Clearly, ¥ 2 D and x = (’x%)§ with X% > 0,
showing that x 2 cone(D) and that C  cone(D). Since D  C, the inclusion
cone(D) C isobvious. Thus, C = cone(D) and D is a base forC. Furthermore,
for every y in D, sincey is also in C, we have

1=4% kyk;

showing that D is bounded and completing the proof.

(f) ) (a) Since C has a bounded base,C = cone(D) for some bounded convex
set D with 0 62cl(D). To arrive at a contradiction, we assume that the cone C is
not pointed, so that there exists a honzero vector d2 C\ ( C), implying that d
and darein C. Let f (g be a sequence of positive scalars. Sinceyd 2 C for
all k and D is a base forC, there exist a sequencef g of positive scalars and a
sequencef yx g of vectors in D such that

kd= k Yk, 8 k:

Therefore, yx = —‘;d 2 D for all k and becauseD is bounded, the sequence ykg
has a subsequence converging to somg 2 cl(D). Without loss of generality, we
may assume thatyy ! 'y, which in view of y, = —tdfor all k, impliesthat y = d

and d 2 cl(D) for some 0. Furthermore, by the de nition of base, we have
062cl(D), so that > 0. Similar to the preceding, by replacing d with d, we
can show that ~( d) 2 cl(D) for some positive scalar ~. Therefore, d 2 cl(D)
and ~( d) 2 cl(D) with > 0Oand ~> 0. SinceD is convey, its closure cl(D)
is also convex, implying that 0 2 cl(D), contradicting the de nition of a base.

Hence, the coneC must be pointed.

SECTION 2.3: Polyhedral Sets and Functions
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2.14

Show that a closed convex cone is polyhedral if and only if its polar cone is
polyhedral.

Solution: Let the closed convex coneC be polyhedral, and of the form
C= xjax 0 j=1;:5r ;
for some vectorsa; in <". By Farkas' Lemma, we have
C =cone fai;:::;aQ ;

so the polar cone of a polyhedral cone is nitely generated. Conversely, using the
Polar Cone Theorem, we have

cone fai;::i;arg = Xxjax 0 j=1;::r
so the polar of a nitely generated cone is polyhedral. Thus, a closed convex
cone is polyhedral if and only if its polar cone is nitely gen erated. By the
Minkowski-Weyl Theorem (Prop. 2.3.2), a cone is nitely gen erated if and only

if it is polyhedral. Therefore, a closed convex cone is polyhedral if and only if its
polar cone is polyhedral.

2.15 (Closedness of Finitely Generated Cones)

This exercise proves that a nitely generated cone is closed without invoking

Prop. 1.4.13. Let a;;:::;ar be vectors in <" and let A be then r matrix that
has as columns these vectors. Consider the cone generated bgs;:::;ar
conefas;::i;arg = fA | Og
(@) Show thatif ai;:::;ar are linearly independent, then cone fas;:::;arg is

closed. Hint : Show that if yx = fA ygandyx! y,theny= A with

= lim = lim (A°A) A%y, = (A%A) AY:

(b) Show that cone fai;:::;arg is closed without the linear independence as-
sumption of part (a). Hint: Use Caratheodory's Theorem to show that
cone fap;:::;arg is equal to the union of a nite number of cones gener-

ated by linearly independent vectors.
Solution: (a) Consider a sequencefyckg cone fas;:::;a,g with y ! y. We
k 0, from which we obtain,
A% = AA
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and we have
k= (AA) TAY:

It follows that

where

= (AA) *AY:
Furthermore, since 0, we have 0: Taking the limit in the relation
Yk = A k, we obtain y = A with 0,soy 2 cone ai;:::;arg .
(b) By Caratheodory's Theorem, every vector in cone faj;:::;ar,g is a positive
combination of linearly independent vectors. Thus, cone faj;:::;arg is the
union of cone fa; jj 2 Jg asJ ranges over all subsets off 1;:::;rg such that

the setfa; jj 2 Jgis linearly independent. Each of these cones is closed by par
(a), so their union is also closed.

2.16
Let P be a polyhedral set in <", with a Minkowski-Weyl Representation

X X
P= x x= ivity,; i=1, ; 0 j=1;:::;my2C
j=1 j=1

(cf. Prop. 2.3.3). Show that:
(a) The recession cone ofP is equal to C.

(b) Each extreme point of P is equal to some vectorv; that cannot be repre-
sented as a convex combination of the vectorsv; with v; 6 v;.

Solution:  (a) We rst show that C is a subset of Rp, the ggcession cone ofP.
Let y 2 C, and choose any Oandx 2 P of the form x = j"‘:l jVj. SinceC
isacone, Y2 C,sothatx+ y2 P forall 0. It follows that y 2 Rp. Hence
C Rp. Conversely, to show that Rp C,let y 2 Rp and take any x 2 P.
Then x+ ky 2 P forall k 1. SinceP = V+ C,whereV =conv fvi;:::;vmg ,
it follows that

x+k7=vk+yk; 8k 1;

with v 2 V and y* 2 C for all k 1. BecauseV is compact, the sequence
fvkg has a limit point v 2 V, and without loss of generality, we may assume that
vE 1 v. Then

lim kky y k= lim kv* xk= kv xk;

k11 k!l

implying that
lim 'y (1=k)y* =o0:
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Therefore, the sequence (1=k)y* converges toy. Sincey* 2 C for all k 1,

the sequence (1=k)y* isin C, and by the closedness ofC, it follows that y 2 C.
Hence,Rp C.

or equivalently
vty= v+ 1(V+2y):
2 2

with v and v + 2y being two distinct points in P if y 6 0. Therefore, none of the

by de nition, an extreme point of P is not a convex combination of points in P,
an extreme point of P must be equal to someyv; that cannot be expressed as a
convex combination of the remaining vectors v, j 6 i.

2.17 (Compact Polyhedral Sets)

Show that a nonempty compact convex set is polyhedral if and only if it has a
nite number of extreme points. Show by example that the comp actness assump-
tion is essential.

Solution: By the Minkowski-Weyl Representation Theorem (Prop. 2.3.3 ), a poly-
hedral set has a nite number of extreme points. Conversely, let P be a compact

by Minkowski-Weyl Representation Theorem.

As an example showing that the assertion fails if compactness of the set
is replaced by a weaker assumption that the set is closed and ontains no lines,
consider the setD < ® given by

D = (xl;xz;X3)jxf+x§ 1, x3=1

Let C = cone(D). It can seen that C is not a polyhedral set. On the other hand,
C is closed, convex, does not contain a line, and has a unique etteme point at
the origin.

[For a more formal argument, note that if C were polyhedral, then the set

D=C\ (X1;X2;X3)jxz=1

would also be polyhedral by Prop. 2.3.4, since both C and (X1;X2;X3) jXz =1
are polyhedral sets. Thus, by Prop. 2.3.3, it would follow th at D has a nite
number of extreme points. But this is a contradiction becaus e the set of extreme
points of D coincides with  (X1;X2;X3) ] xf +x3=1; x3 =1 , which contains
an in nite number of points. Thus, C is not a polyhedral cone, and therefore
not a polyhedral set, while C is closed, convex, does not contain a line, and has
a unique extreme point at the origin.]
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2.18 (Polyhedral Set Decomposition)

Show that a polyhedral set can be written as the vector sum of a subspace
and a polyhedral set that contains at least one extreme point. Hint: Use the
decomposition result of Prop. 1.4.4.

Solution: By the remarks following Prop. 1.4.4, a convex set C can be written
as
C=Lc+(C\ L)

where L¢ is the lineality space of C. Furthermore, the set C\ L2 contains no
lines. If C is polyhedral, then C\ L2 is also polyhedral and since it contains no
lines, by Prop. 2.1.2, it must contain an extreme point.

2.19 (Cones Generated by Polyhedral Sets)

Show that if P is a polyhedral set in <" containing the origin, then cone(P) is a
polyhedral cone. Give an example showing that if P does not contain the origin,
then cone(P) may not be a polyhedral cone.

Solution: We give two proofs. The rst is based on the Minkowski-Weyl Re p-
resentation of a polyhedral set P (cf. Prop. 2.3.3), while the second is based on
a representation of P by a system of linear inequalities.

Let P be a polyhedral set with Minkowski-Weyl representation

( - - )
P= x x= ivity,; i=1; j 0 j=1;:::;my2C
j=1 i=1
wherevi;:::;vm are some vectors in<" and C is a nitely generated cone in <".
Let C be given by
C )
C= vy y= ia; i 0 i=1inrg
i=1
where a;;:::;a, are some vectors in<", so that
( xn X X )
P= x x= ivi + iaj; i =1 0; 8j; i 0; 8i
j=1 i=1 j=1
We claim that
cone(P)=cone fvi;:::;vm;as;:::;arg
SinceP  cone fvi;:::;vm;a1;::i;arg , it follows that
cone(P) conefvy;:ii;vm;as;:ii;arg
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Conversely, lety 2 cone fvy;:::;vm;as;:::;arg . Then, we have

X X
y= Vit iai;

— P —
with —;  Oand ; Oforalliandj. If 7, =0forall j,theny = ir:1 iai 2 C,
and sinceC = Rp (cf. Exercise 2.16), it follows that y 2 Rp. Because the origin

belongs to P and y 2 Rp, we have 0 +y 2 P, implying that y 2PP and

consequentlyy 2 cone(P). If =, > O for somej, then by setting — = =1 g
j=";= foralj,and i= _- = for all i, we obtain
!
X X
y=" ivj + idi
j=1 i=1
. P m .
where 7> 0, 0 with = 0 =L and ; 0. Therefore y = = X with

X 2 P and > 0, implying that y 2 cone(P) and showing that
cone fvi;::i;vm;as;:i;arg cone(P):

We now give an alternative proof using the representation of P by a system
of linear inequalities. Let P be given by

P= xjax Bb;j=1;:5r

where a;;:::;a, are vectors in <" and by;:::;b, are scalars. SinceP contains
the origin, it follows that by O for all j. De ne the index set J as follows

J=fjjp =0g

We consider separately the two cases whereJ 6 andJ= .IfJ6 ,
then we will show that

coneP)= xjalx 0;j2J
To see this, note that since P X ajox 0;j2J3 ,we have
coneP) xja’x 0;j2J

Conversely, let X2 xj aJO 0;j 2J . We will show that X 2 cone(P).

If X 2 P, then X 2 cone(P) and we are done, so assume thatx 62P, implying
that the set

J=1fj62ja)x>bjg (2.13)

is nonempty. By the de nition of J, we havely > 0 for all j 621, so let

Cmin D
j23 &X
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and note that 0 < < 1. We have
a(x) o 8j2J;
al(x) b; 8j27:

Forj 62 [ J and a’Xx 0<bj, since > 0, we still have ajo( X) 0<bj. For
j62J[ Jand0<alx B,since < 1, we have 0<a( X) <bj. Therefore,
X 2 P, implying that X = 1( X) 2 cone(P). It follows that

xja)x 0;j2J3  coneP);

and hence, coneP) = xj ajox 0j23J

If J = , then we will show that cone(P) = <". To see this, take any
X 2<".If X2 P, then clearly X 2 cone(P), so assume thatX 62P, implying that
the set J as de ned in Eq. (2.13) is nonempty. Note that by > 0O for all j, since
J is empty. The rest of the proof is similar to the preceding case.

As an example, where coneP) is not polyhedral when P does not contain
the origin, consider the polyhedral set P < 2 given by

P= (XiiX2)jX1 0O xp=1
Then, we have
coneP)= (X1;%X2)jx1>0; x2>0 [ (X1;X2)jx1=0;x2 O ;

which is not closed and therefore not polyhedral.

2.20

Show that if P is a polyhedral set in <" containing the origin, then cone(P) is a
polyhedral cone. Give an example showing that if P does not contain the origin,
then cone(P) may not be a polyhedral cone.

Solution: We give two proofs. The rst is based on the Minkowski-Weyl Re p-
resentation of a polyhedral set P (cf. Prop. 2.3.3), while the second is based on
a representation of P by a system of linear inequalities.

Let P be a polyhedral set with Minkowski-Weyl representation

( o o )
P= x x= ivity,; i=1, ; 0 j=1;:::;my2C
j=1 j=1
wherevi;:::;vm are some vectors in<" and C is a nitely generated cone in <".
Let C be given by
( « )

C= y y= iai; i O i=1;nr



( xn X X )
P= x x= v+ iai; i=1; 5 0;,8j) i 0 8i
j=1 i=1 j=1
We claim that
cone(P)=cone fvi;:::;vm;as;:::;arg
SinceP  cone fvy;:i:;vm;as;iii;arg , it follows that
cone(P) conefvy;:ii;vm;as;iii;arg
Conversely, lety 2 cone fvi;:::;vm;a1;:::;arg . Then, we have
X X
y= vt iai,;
j=1 i=1
. - . . . P, -
with =5 Oand ; Oforalliandj.If 7 =0forall j,theny= . ia 2C,

and sinceC = Rp (cf. Exercise 2.16), it follows that y 2 Rp . Because the origin
belongs to P and y 2 Rp, we have O +y 2 P, implying that y 2pP, and
m —

consequentlyy 2 cone(P). If —; > 0 for somej, then by setting — = =1 0o
j = ;= forallj,and ;= ;= forall i, we obtain
!
X X
y=" ivj + idi
j=1 i=1
where ™ 0, j Owith ™, j=1and ; 0. Thereforey = ~ X with

X 2 P and = 0, implying that y 2 cone(P) and showing that
cone fvy;::i;vm;as;:i;arg cone(P):

We now give an alternative proof using the representation of P by a system
of linear inequalities. Let P be given by

P= xjax Bb;j=1;:5r

the origin, it follows that b 0 for all j. De ne the index set J as follows
J=1jjh =0g

We consider separately the two cases whereJ 6 andJ= .IfJ6 ,
then we will show that

coneP)= xja’x 0;j2J
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To see this, note that since P X aJQx 0;j2J3 ,we have
coneP) xja’x 0;j2J

Conversely, let X2 xj aJQx 0;j 2J . We will show that X 2 cone(P).
If X 2 P, then X 2 cone(P) and we are done, so assume thatx 62P, implying
that the set

J=1fj62ja)x>bjg (2.14)

is nonempty. By the de nition of J, we havely > 0 for all j 62J, so let

and note that 0 < < 1. We have
a(x) o 8j2J;

a(x) b; 8j23:

For j 62J [ J and aXx 0<bj,since > 0, we still have aJQ( X) 0<b;j. For
j62)[ Jand0<aXx B,since < 1, we have 0<ap( X) <bj. Therefore,
X 2 P, implying that X = 1( X) 2 cone(P). It follows that

xja)x 0,213 cone(P);

and hence, coneP) = xja’x 0;j2J

If J = , then we will show that cone(P) = <". To see this, take any
X 2<".If X2 P, then clearly X 2 cone(P), so assume thatx 62P, implying that
the set J as de ned in Eq. (2.14) is nonempty. Note that kg > O for all j, since
J is empty. The rest of the proof is similar to the preceding case.

As an example, where conef) is not polyhedral when P does not contain
the origin, consider the polyhedral set P < 2 given by

P= (Xy;X2)jx1 0, x2=1
Then, we have
coneP)= (X1;%X2)jx1>0; x2>0 [ (X1;X2)jx1=0;x2 0 ;

which is not closed and therefore not polyhedral.
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2.21 (Support Function of a Polyhedral Set)
Show that the support function of a polyhedral set is a polyhe dral function.
Solution: Let X be a polyhedral set with Minkowski-Wey! representation

for some vectorsvi;:::;vm;di;:::;d; (cf. Prop. 2.3.3). The support function of
X takes the form

x (y) = sup y%
X2 X

( )(n . )Q» . )
= sup iviy+ idyy
pEPmi g 0 i=1
S
- maXi=1 ;::m Vioy if djoy 0 =L,
1 otherwise.

Thus the support function is polyhedral.
2.22 (Conjugate of a Polyhedral Function)

(@) Show that the conjugate of a function can be specied in te rms of the
support function of its epigraph with the formula

f?(Y) = epi(f)(y; 1):

(b) Use part (a) to show that the conjugate of a polyhedral fun ction is poly-
hedral.

Solution: (a) We have
f7(y)=sup x% f(x) ;
x2< N
which can equivalently be written as

f°(y)=  sup fx¥ wg
(x;w )2 epi( )

Since the expression in braces in the right-hand side is the nner product of
the vectors (x;w) and (y; 1), the supremum above is the value of the support
function of epi(f) at (y; 1):

f7(y) = epic) (s 1); 8y2<":
(See Fig. 2.2.)

(b) Let us apply the result of part (a) to the case where f is a polyhedral function,
so that epi(f) is a polyhedral set. From Exercise 2.21, the support function

epi(f) IS @ polyhedral function, and it can be seen that ¢y (y; 1), viewed as
a function of vy, is polyhedral.
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h(y) = Tepi¢s (¥ —1)
f(z) —~]

epi(f)

Tepi(p) (¥ ?)

Figure 2.2. Construction of the conjugate of a function f from the support
function  epi 1) (y; v) of epi(f) (cf. Exercise 2.22). The conjugate is obtained by
setting v=1:

h(y) = epict)(y; 1) gy2<m:
If f is polyhedral as in the gure, then epi( f)and p1)(y; V) are polyhedral, so
the conjugate is also polyhedral.

2.23 (Polar Sets)

This exercise introduces a notion of polar set that generalizes the notion of polar
cone. Polar sets originated in Euclidean geometry, where they can be used to
provide elegant proofs to many classical theorems. Given a ronemptysetC < ",
the polar set of C is de ned as

C =fyjy% 1,8x2Cg

Thus the polar set C isthelevelset yj c(y) 1 of the support function
¢ of C. Since a single level set is su cient to characterize all lev el sets of a
support function (in view of positive homogeneity), it foll ows from the Conjugacy
Theorem (Prop. 1.6.1), that any set is fully characterized b y its polar up to convex
closure, i.e., two sets with the same polar set have the same onvex closure.

(a) Show that C is a closed convex set. Furthermore,C is bounded if and
only if the origin in an interior point of conv( C).

(b) Show that the polar set of a cone is equal to its polar cone.
(c) Consider the subset € of <"** obtained from C via the liting procedure,
¢= (x;1jx2cC :

Show that C is obtained from the polar of the cone generated by €, by
\slicing" at the level -1:

C = yi(y; 1)2 coneC)
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(d) Show that if C is a nite set, then C is a polyhedral set.

(e) Show that
(C) =cl conv fog[ C ;

so if C is a closed convex set containing the origin, we have C ) = C.

(f) Consider a bounded polyhedral set P. For each extreme point v of P,
consider the halfspaceH, = fy j y% 1g. Show that the polar set P
is the intersection of the halfspaces Hy, where v ranges over the extreme
points of P.

(g) Consider a circle in the plane that is centered at the orig in, and a convex
polygon that is inscribed in the circle and contains the orig in in its interior.
Show that the polar set is a polygon that can be circumscribed around some
circle centered at the origin.

Solution: (a) Clearly, we have
02 int(conv( C)) 0 c(y) > 0 8y60:
Since ¢ is positively homogeneous, it is equal to its recession fundion, so

0 2 int(conv( C)) 0 R . =f0g:

SinceR . = f0g if and only if the nonempty level sets of ¢ are compact, and
C is a level set, we have

0 2 int(conv( C)) 0 yj c(y) 1 = C iscompact.

(b) If C is a cone, by Example 5.2.2, ¢ is the indicator function of the polar set
C . SinceC is a nonempty level set of ¢, it follows that C = C~.

(c) Using the de nition of cone:
cone€)= (x; )jx2C; > 0:
Using the de nition of polar cone:
(cone(€)’ = (y;w)jy’x +w® 0O;x2C; > 0
Therefore

fyjy°x Ox2C; > 0Og
fyiyx 1g
C

fyi(y; 1)2 (cone(€))’g

(d) If C is a nite set, C is the intersection of a nite number of halfspaces.
Furthermore, C is nonempty since it contains the origin, so it is polyhedral .

32



(e) We rst show that
C =(l(C) )=(conv(C) )=(fog\ C) :

The rst two equations hold because C, cl(C), and conv(C) have the same sup-
port function. The third equation is true by the de nition of  polar set.
Assume that C is closed, convex, and contains the origin. To show that

(C ) = C, note that
(C) =fxjx% 1,8y2Cyg

xj(61)%; 1) 0;8(y; 1)2D ;

where D = cone(€) and the second equation follows from part (c). Since D is a
cone, its polar set is a cone by part (b). We write the above equation as

(C) = xj(xDAy; ) 0,8(y; 1)2D ;8 > 0) ;

or equivalently,
(C) = xj(xDUy) 0 8y2D";

and note that
(x )i(x1Yy 0,8y2D? =(D)

and (D ) = D because€ is closed and convex. Now it follows that
(C) = xj(x)2(")’=D

where D is the cone of \lifted" C. Therefore (C ) = C. For an arbitrary set C
without any assumption,

cl(conv(fOg\ C))= cl(conv(fOg\ C) ) =(C ) :
(f) By the Minkowski-Weyl representation, a bounded polyhe dral set P is the
convex hull of its extreme points. Thus
P =fyjy% 1; 8x2 conv(fvi;vz; iV, Q)
We have
yox 1; 8 x 2 conv(fvy;:i;veQ) 0 yovi 1, 8i=1;:;r
Therefore
P =1fyj yox 1, 8 x 2 conv(fvy;va;iveg)g= Hy, \ i\ Hy,p:

(g) Using part (f), the polar set of the convex polygon P is the intersection of
Hy = fy jy% 1g, where v ranges over the extreme points of P. Furthermore,
P is bounded because 0 is an interior point of P, and it is polyhedral because
it is the intersection of a nite number of halfspaces.

If P is inscribed in the circle fx j kxk = rg, all extreme points v satisfy
kvk = r, and Hy, corresponds to a tangent hyperplane of the circle centered &

origin with radius 1 =r. Thus, the intersection of H, can be circumscribed around
the circle fx j kxk = 1=rg.

SECTION 2.4: Polyhedral Aspects of Optimization
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2.24 (Gordan's Theorem of the Alternative [Gor1873])

(a) Show that exactly one of the following two conditions hol ds:

(i) There exists a vector x 2 <" such that

(i) There exists a vector 2 <' such that 60, 0, and

i1a + + rar =0:

(b) Show that an equivalent statement of part (a) is the follo wing: a polyhedral
cone has nonempty interior if and only if its polar cone does not contain a
line, i.e., a set of the form fx+ z j 2<g, where x lies in the polar cone
and z is a nonzero vector.

Note: This result is also given with an alternative proof in Secti on 5.6.

Solution:  (a) Assume that there exist X 2 <" and 2 <" such that both
conditions (i) and (ii) hold, i.e.,

a’< 0 8j=1;:::m (2.15)
X
60, 0; jg =0: (2.16)
j=1
By premultiplying Eq. (2.15) with ;0 and summing the obtained inequalities
over j, we have
X
ja'k< o

i=1

On the other hand, from Eq. (2.16), we obtain

jaj(’R:O;
=1

which is a contradiction. Hence, both conditions (i) and (ii ) cannot hold simul-
taneously.

The proof will be complete if we show that the conditions (i) a nd (ii) cannot
fail to hold simultaneously. Assume that condition (i) fails to h old, and consider
the sets given by

Ci= w2<'jalx w;j=1;:5nx2<"
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It can be seen that both C; and C, are convex. Furthermore, because the condi-
tion (i) does not hold, C; and C, are disjoint sets. Therefore, by the Separating

Hyperplane Theorem (Prop. 1.5.2), C;1 and C; can be separated, i.e., there exists
a nonzero vector 2 <" such that

WO 8w2 Cy; 8 2Cy;

implying that
inf %W  °: 8 2Cy:
w2Cq

Since each component ; of 2 C» can be any negative scalar, for the preceding

relation to hold, ; must be nonnegative for all j. Furthermore, by letting ! 0,
in the preceding relation, it follows that
inf W 0O
w2Cq
implying that
1W1 + + Wy 0, 8w?2 Cy:

By setting w; = ajox for all j, we obtain
(1a+ + ra)% O gx2<";
and because this relation holds for all x 2 <", we must have
a1 + + ra =0:

Hence, the condition (ii) holds, showing that the condition s (i) and (ii) cannot
fail to hold simultaneously.

Alternative proof : We will show the equivalent statement of part (b), i.e., tha t
a polyhedral cone contains an interior point if and only if th e polar C does not
contain a line.
Let
C= Xj ajox 0 =1;:::5r

where a; 6 0 for all j. Assume that C contains an interior point, and to arrive

at a contradiction, assume that C contains a line. Then there exists ad 6 0
such that d and d belong to C , i.e., d Oand d% Oforall x2 C, so
that d% =0 for all x 2 CpThus for the interior point X 2 C, we have d% =0,

and sinced2 C andd= J.':l ja for some ; 0, we have

O —_n-
j aj X=0:
i=1
This is a contradiction, since X is an interior point of C, and we have aj°7< 0 for
all j.

Conversely, assume that C does not contain a line. Then C has an
extreme point, and since the origin is the only possible extr eme point of a cone,
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it follows that the origin is an extreme point of C , which is the cone generated

by fai;:::;arg. Therefore 02 conv fas;:::;arg , and there exists a hyperplane
that strictly separates the origin from conv fas;:::;arg . Thus, there exists a
vector x such that y% < 0 for all y 2 conv fas;:::;arg , so in particular,

0 . R R .

ax< 0 8)=1;::i13

and x is an interior point of C.

(b) Let C be a polyhedral cone given by
C= Xj ajox 0 =21;:::5r
where a; 6 0 for all j. The interior of C is given by
int(C)= xj aJ-°x< O j =151

so that C has nonempty interior if and only if the condition (i) of part  (a) holds.
By Farkas' Lemma, the polar cone of C is given by

X
C = X x= T O j=1;:::r
j=1

We now show thatpC  contains a line if and only if there isa 2 <" such that
60, 0, and j':l j& = 0 [condition (ii) of part (a) holds]. Suppose that

C contains a line, i.e., a set of the form fx+ z j 2<g, wherex 2 C and

z is a nonzero vector. SinceC is a closed convex cone, by the Recession Cone

Theorem (Prop. 1.4.1), it follows that z and z belong to Rc . This, implies

that 0+ z=2z2 C and 0 z = 1z 2 C, and therefore z and z can be

represented as

zZ= iaj; 8 0; 60 for some j;

z= i 8j, 75 0, 7; 60 for some j:

P
Thus, jr:l( i+ 7j)a =0,where ( j+7;) Oforalljand(;+7;)60for
at least one j, showing that the gondition (ii) of part (a) holds.

Conversely, suppose that .'=1 ja =0Owith ; Oforalljand ; 60
for somej. Assume without loss of generality that 1 > 0, so that
X
a, = _JaJ ;
) 1
j61
with ;=1 Oforall j, whichimpliesthat a2 C . Sincea;2C, a12C ,

and a; 6 0, it follows that C contains a line, completing the proof.
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2.25 (Linear System Alternatives)

one of the following two conditions holds:

(i) There exists a vector x 2 <" such that

ai;x  b;iinax b
(i) There exists a vector 2 <" such that 0 and
a1 + + rar:O; ]_b_|_+ + l’h‘<0:

Note: This result is a special case of Motzkin's Transposition Th eorem, given
with an alternative proof in Section 5.6.

Solution: Assume that there exist X 2 <" and 2 <" such that both conditions
(i) and (i) hold, i.e.,

a%x b 8j=1;:r (2.17)
X X
0; ig =0; ih <O (2.18)
j=1 j=1
By premultiplying Eq. (2.17) with ;0 and summing the obtained inequalities
over j, we have
X o X
jaR i:
j=1 j=1

On the other hand, by using Eg. (2.18), we obtain

X X
jaj&=0> i
j=1 j=1
which is a contradiction. Hence, both conditions (i) and (ii ) cannot hold simul-
taneously.

The proof will be complete if we show that conditions (i) and ( ii) cannot
fail to hold simultaneously. Assume that condition (i) fails to h old, and consider
the sets given by

Po=f 2<"j; 0/ j=1;::r0
P, = w2<'jalpx b =w;j=1;::nx2<"
Clearly, P; is a polyhedral set. For the set P,, we have
P=fw2<"jAx b=w; x2<"g= R(A) b;

where A is the matrix with rows a and b is the vector with components & .
Thus, P, is an ane set and is therefore polyhedral. Furthermore, bec ause the
condition (i) does not hold, P; and P, are disjoint polyhedral sets, and they
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can be strictly separated [Prop. 1.5.3 under condition (3)] . Hence, there exists a

vector 2 <" such that

sup ° < inf Ow:

2P, w2 P

Since each component ; of 2 P1 can be any negative scalar, for the preceding

relation to hold, ; must be nonnegative for all j. Furthermore, since 0 2 Py, it
follows that
0< inf ‘w:
w2Po
implying that
0< wp+ + W 8w2 P;:

By setting w; = a’x by for all j, we obtain
b+ o+ b < (it o+ ora)k 8x2<":
Since this relation holds for all x 2 <", we must have
i1a; + + ra =0;

implying that
b+ + b <O

Hence, the condition (ii) holds, showing that the condition s (i) and (ii) cannot
fail to hold simultaneously.

2.26 (Integer Programming and Unimodular Matrices)

Integer programming problems are optimization problems, w hich as part of their
constraints include the requirement that the optimization variables take integer
values, such as 0 or 1. An important method for solving such problems relies on
the solution of a continuous optimization problem, called t he relaxed problem,
which is derived from the original by neglecting the integer constraints while
maintaining all the other constraints. If the relaxed probl em happens to have
integer components, it will then solve optimally not just th e relaxed problem,
but also the original integer programming problem. Thus, po lyhedral sets whose
extreme points have integer components are of special signicance. We will char-
acterize an important class of such sets.

Let us say that a square matrix with integer components is unimodular if
its determinant is 0, 1, or -1, and let us say that a rectangula r matrix with integer
components istotally unimodular if each of its square submatrices is unimodular.
If A is an invertible matrix, by Cramer's rule, its inverse A ! has components of

the form o
_ polynomial in the components of A

i determinant of A
It follows that if A is an invertible matrix with integer components that is uni-
modular, its inverse has integer components. Furthermore, for any vector b with
integer components, the unique solution A b of the system

A 1

Ax = b
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has integer components.
Let P be a polyhedral set of the form

P=fxjAx=b;c x dg;

where A isanm n matrix, bis a vector in <™, and c and d are vectors in <".
Assume that all the components of A, b, ¢, and d are integer, and that A is totally
unimodular. Show that all the extreme points of P have integer components.

Solution: Let v be an extreme point of P. Consider the subset of indices
I =fijc <vi<dig;
and without loss of generality, assume that
| =1f1;:::;mg

for some integer M. Let A be the matrix consisting of the rst ™ columns of
A and let V be the vector consisting of the rst m components of v. Note that
each of the last n ™ components of v is equal to either the corresponding
component of ¢ or to the corresponding component of d, which are integer. Thus
the extreme point v has integer components if and only if the subvector v has
integer components.

By Prop. 2.1.4, A has linearly independent columns, so V is the unique
solution of the system of equations

Ay = b;

where b is equal to b minus the last n ™ columns of A multiplied with the
corresponding components ofv (each of which is equal to either the correspond-
ing component of ¢ or the corresponding component of d, so that b has integer
components). Equivalently, there exists an invertible ™ ™ submatrix A of A
and a subvector b of b with T components such that

v=(A)

Since by hypothesis, A is totally unimodular, the invertible submatrix A is uni-
modular, and it follows that Vv (and hence also the extreme point v) has integer
components.

2.27 (Unimodularity 1)

Let A be ann n invertible matrix with integer entries. Show that A is uni-
modular if and only if the solution of the system Ax = b has integer components
for every vector b 2 <" with integer components. Hint: To prove that A is
unimodular when the given property holds, use the system Ax = u;, where u; is
the ith unit vector, to show that A ! has integer components, and then use the
equality det(A) det(A !)=1. To prove the converse, use Cramer's rule.
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Solution:  Suppose that the system Ax = b has integer components for every
vector b2 <" with integer components. Since A is invertible, it follows that the
vector A 'b has integer components for everyb 2 <" with integer components.

components equal to 0. Then, for b= e, the vectors A e, i =1;:::;n, have
integer components, implying that the columns of A ! are vectors with integer
components, so that A * has integer entries. Therefore, det(A 1) is integer,
and since det(A) is also integer and det(A) det(A 1) =1, it follows that either
det(A) =1 or det( A) = 1, showing that A is unimodular.

Suppose now that A is unimodular. Take any vector b2 <" with integer

by replacing the ith column of A with b. Then, according to Cramer's rule, the
components of the solution ® of the system Ax = b are given by

_ det(A))
YT de Ay T

Since each matrix A; has integer entries, it follows that det( A;) is integer for all

det(A) =1 or det( A) = 1, implying that the vector ~x has integer components.

2.28 (Unimodularity 11)

Let A be anm n matrix.

(a) Show that A is totally unimodular if and only if its transpose A’ is totally
unimodular.

(b) Show that A is totally unimodular if and only if every subset J off1;:::;ng
can be partitioned into two subsets J; and J, such that

X X
ajj aj 1; 8i=1;:::;m:
i23; i23;

Solution:  (a) The proof is straightforward from the de nition of the to tally
unimodular matrix and the fact that B is a submatrix of A if and only if B%is a
submatrix of A°.

zby z =1if j 2 J, and z = 0 otherwise. Also let w= Az, ¢ = di = 1w if
w; is even, and ¢ = %(Wi 1) and di = %(wi +1) if w; is odd. Consider the
polyhedral set

P=fxjc Ax d;0 x zg

and note that P 6 because %z 2 P. Since A is totally unimodular, the
polyhedron P has integer extreme points. Let % 2 P be one of them. Because
0 % z and % has integer components, it follows that %; = 0 for j 62J and
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% 2f0;1gforj 2 J. Therefore,zz 2% = 1forj2J. Dene J1=1j 2J]
zi 2% =1lgandJ>=1fj2Jjz 2% = 1g. We have
X X

X
aj aj = aj (z;  2%))
231 j23, j23
X
= aj (z;  2%))
j=1
=[Az]i 2[AR]i
= Wi 2[Ak]i;

where [Ax]i denotes theith component of the vector Ax. If w; is even, then since
¢ [AR] diandc = d = 1w, it follows that [ AR] = w;, so that

wi  2[AR] =0; when w; is even

If wi is odd, then sincec  [AR]  di, G = 2(wi 1), and di = L(w; +1), it
follows that 1 1
s Wi 1) (ARl S(wi+1);
implying that
1 Wi Z[Ak]i 1:
Becausew; 2[AR] is integer, we conclude that

w;  2[AR] 2f 1;0;1g; when w; is odd:
Therefore,
X X
aj aj 1, 8i=1;:::;m: (2.19)
j231 23,
Suppose now that the matrix A is such that any J f 1;:::;ng can be

partitioned into two subsets so that Eq. (2.19) holds. We pro ve that A is totally
unimodular, by showing that each of its square submatrices is unimodular, i.e.,
the determinant of every square submatrix of A is -1, 0, or 1. We use induction
on the size of the square submatrices ofA.

To start the induction, note that for J f 1;:::;ng with J consisting of a
single element, from Eqg. (2.19) we obtain a; 2f 1;0;1gfor all i andj. Assume
now that the determinant of every ( k 1) (k 1) submatrix of A is -1, O, or
1. Let B be ak k submatrix of A. If det(B) =0, then we are done, so assume
that B is invertible. Our objective is to prove that jdetBj = 1. By Cramer's
rule and the induction hypothesis, we have B 1= de‘f(—B), whereb; 2f 1,0;1g.
By the de nition of B , we haveBb; = det( B)e;, where b, is the rst column of
B ande =(1;0;:::0)0°

Let J = fj j b, 6 Og and note that J 6 since B is invertible. Let
Ji=fj2Jjhy,=1gandJ, = fj 2 Jjj 62]19. Then, since Bb;]; = 0 for
| =

Xe X X
[Bb.]i = bj .= o bj =0; 8i=2;::,;k

j=1 j23q j235



Thus, the cardipality of the get J is even, so that for any partition ( J1; J2) of J,
it follows that 27, b 123, by
there is a partition ( J1;J2) of J such that

X X
b b 1 8i=1;::::k; (2.20)
293 i23;
implying that X X
b bj =0; 8i=2;::::k: (2.21)
j231 j235
, P P o
Consider now the value = 1234 by 123, by; , for which in view
of Eq. (2.20), we have either =0or =1. Dene y 2 <X by y =1 for
i2J1,yi = 1fori 2 Jz, andyi = 0 otherwise. Then, we have [By]p =
and by Eq. (2.21), [By]i =0 for all i =2;:::;k. If =0, then By =0 and
since B is invertible, it follows that y = O, implying that J = , which is a
contradiction. Hence, we must have =1 so that By = e;. Without loss of
generality assume that By = e; (if By = e, we can replacey by y). Then,

sinceBb; =det( B)e;, we see thatB b, det(B)y =0 and since B is invertible,
we must have b; = det( B)y. Becausey and b, are vectors with components -1,
0, or 1, it follows that b, = vy and det(B) =1, completing the induction and

showing that A is totally unimodular.

2.29 (Unimodularity 111)

Show that a matrix A is totally unimodular if one of the following holds:

(a) The entries of A are -1, 0, or 1, and there are exactly one 1 and exactly
one -1 in each of its columns.

(b) The entries of A are 0 or 1, and in each of its columns, the entries that are
equal to 1 appear consecutively.

Solution: (a) We show that the determinant of any square submatrix of A is -1,
0, or 1. We prove this by induction on the size of the square submatrices of A.
In particular, the 1 1 submatrices of A are the entries of A, which are -1, 0, or
1. Suppose that the determinant of each (k 1) (k 1) submatrix of A is -1,
0, or 1, and consider ak k submatrix B of A. If B has a zero column, then
det(B) = 0 and we are done. If B has a column with a single nonzero component
(1 or -1), then by expanding its determinant along that colum n and by using the
induction hypothesis, we see that det(B) = 1 or det( B) = 1. Finally, if each
column of B has exactly two nonzero components (one 1 and one -1), the sumof
its rows is zero, so that B is singular and det(B) = 0, completing the proof and

showing that A is totally unimodular.

(b) The proof is based on induction as in part (a). The 1 1 submatrices of A
are the entries of A, which are 0 or 1. Suppose now that the determinant of each
(k 1) (k 1)submatrixof Ais-1,0, or1, and consider ak k submatrix B of A.
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Since in each column ofA, the entries that are equal to 1 appear consecutively, the
same is true for the matrix B. Take the rst column by of B. If by =0, then B is
singular and det(B) = 0. If b, has a single nonzero component, then by expanding
the determinant of B along by and by using the induction hypothesis, we see

that det(B) = 1 or det( B) = 1. Finally, let by have more than one nonzero
component (its nonzero entries are 1 and appear consecutivéy). Let | and p be
rows of B such that by =0 forall i<l andi>p,andbis=1foral I i p.

By multiplying the Ith row of B with (-1) and by adding it to the | +1st, | +2nd,
.11, kth row of B, we obtain a matrix B such that det(B) = det( B) and the rst
column by of B has a single nonzero component. Furthermore, the determinant
of every square submatrix of B is -1, 0, or 1 (this follows from the fact that the
determinant of a square matrix is una ected by adding a scala r multiple of a
row of the matrix to some of its other rows, and from the induct ion hypothesis).
Since by has a single nonzero component, by expanding the determinart of B
along by, it follows that det( B) =1 or det( B) = 1, implying that det( B) =1 or
det(B) = 1, completing the induction and showing that A is totally unimodular.

2.30 (Unimodularity 1V)

Let A be a matrix with entries -1, 0, or 1, and exactly two nonzero entries in
each of its columns. Show that A is totally unimodular if and only if the rows of
A can be divided into two subsets such that for each column the following hold:
if the two nonzero entries in the column have the same sign, their rows are in
di erent subsets, and if they have the opposite sign, their r ows are in the same
subset.

Solution: If A is totally unimodular, then by Exercise 2.28(a), its transp oseA°
is also totally unimodular, and by Exercise 2.28(b), the set | = f1;:::;mg can
be partitioned into two subsets 11 and |, such that

X X
ajj ajj 1; 8j=1;:::;n:
i21q 21,
Sincea; 2f 1;0;1g and exactly two of asj;:::;am are nonzero for eachj, it
follows that X X
aj a; =0; 8j=1;:::;n:
i21q i21,

i 6 p, so that in view of the preceding relation and the fact a; 2f 1;0;1g, we
see that: if a; = ap, then both | and p are in the same subset (1 or I2); if
a; = ap, then | and p are not in the same subset.

Suppose now that the rows of A can be divided into two subsets such
that for each column the following property holds: if the two nonzero entries in
the column have the same sign, they are in di erent subsets, and if they have
the opposite sign, they are in the same subset. By multiplyin g all the rows in
one of the subsets by 1, we obtain the matrix A with entries @ 2f 1,0;1g,
and exactly one 1 and exactly one -1 in each of its columns. Theefore, by
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Exercise 2.29(a), A is totally unimodular, so that every square submatrix of A
has determinant -1, 0, or 1. Since the determinant of a square submatrix of A
and the determinant of the corresponding submatrix of A dier only in sign, it
follows that every square submatrix of A has determinant -1, 0, or 1, showing
that A is totally unimodular.

2.31 (Elementary Vectors [Roc69])

fj j zj 6 0g. We say that a nonzero vector z of a subspaceS of <" is elementary
if there is no vector Z 6 0 in S that has smaller support than z, i.e., for all
nonzeroz 2 S, fj jz; 6 0gis not a strict subset of fj jz 6 0g. Show that:

(&) Two elementary vectors with the same support are scalar multiples of each
other.

(b) For every nonzero vector y, there exists an elementary vector with support
contained in the support of y.

(c) (Conformal Realization Theorem) We say that a vector X is in harmony
with a vector z if

Xjzi O 8j =11,

Show that every nonzero vector x of a subspaceS can be written in the
form

x=z"+ 1+ 2",

™ are elementary vectors of S, and each of them is in har-
mony with x and has support contained in the support of x. Note: Among
other subjects, this result nds signi cant application in  network optimiza-
tion algorithms (see Rockafellar [Roc69] and Bertsekas [Be98]).

Solution: (a) If two elementary vectors z and Z had the same support, the vector
z Z would be nonzero and have smaller support than z and Z for a suitable
scalar . If z and Z are not scalar multiples of each other, then z Z 6 0, which
contradicts the de nition of an elementary vector.

(b) We note that either vy is elementary or else there exists a nonzero vectorz
with support strictly contained in the support of y. Repeating this argument for
at most n 1 times, we must obtain an elementary vector.

(c) We rst show that every nonzero vector y 2 S has the property that there
exists an elementary vector of S that is in harmony with y and has support that
is contained in the support of vy.

We show this by induction on the number of nonzero components of y. Let
Vi be the subset of nonzero vectors inS that have k or less nonzero components,
and let k be the smallest k for which Vi is nonempty. Then, by part (b), every
vector y 2 Vi- must be elementary, so it has the desired property. Assume that all
vectors in Vi have the desired property for somek k. We let y be a vector in
Vk+1 and we show that it also has the desired property. Let z be an elementary
vector whose support is contained in the support of y. By using the negative of
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z if necessary, we can assume thaty; z; > 0 for at least one index j. Then there
exists a largest value of , call it —, such that

Yi zj O 8j with y; > 0;

Vi zj O 8j with yj < O:

The vector y 7z is in harmony with y and has support that is strictly contained

in the support of y. Thus either y 7z = 0, in which case the elementary
vector z is in harmony with y and has support equal to the support of y, or else
y 7z is nonzero. In the latter case, we havey 7z 2 Vi, and by the induction

hypothesis, there exists an elementary vector Z that is in harmony with 'y 7z

and has support that is contained in the support of y 7z . The vector Z is also
in harmony with y and has support that is contained in the support of y. The
induction is complete.

Consider now the given nonzero vector x 2 S, and choose any elementary
vector Z* of S that is in harmony with x and has support that is contained in
the support of x (such a vector exists by the property just shown). By using th e
negative of Z* if necessary, we can assume thatx; Zjl > 0 for at least one index j .
Let ~ be the largest value of such that

Xj zZ' 0 8j with x; > 0;

X Zjl 0; 8j with x; < O

The vector x  z!, where

is in harmony with x and has support that is strictly contained in the support of

x. There are two cases: (1)x = z', in which case we are done, or (2)x 6 z*, in
which case we replacex by x z! and we repeat the process. Eventually, after m
steps wherem  n (since each step reduces the number of nonzero components
by at least one), we will end up with the desired decomposition x = zt+  +z™.

2.32 (Combinatorial Separation Theorem [Cam68], [Roc69])

Let S be a subspace of<". Consider a setB that is a Cartesian product of n
nonempty intervals, and is such that B\ S’ = (by an interval, we mean a
convex set of scalars, which may be open, closed, or neither pen nor closed.)
Show that there exists an elementary vector z of S (cf. Exercise 2.31) such that

t%2 < 0; 8t2B:

i.e., a hyperplane that separates B and S” , and does not contain any point of B.
Note: There are two points here: (1) The set B need not be closed, as required
for application of the Strict Separation Theorem (cf. Prop. 1.5.3), and (2) the
hyperplane normal can be one of the elementary vectors ofS (not just any vector
of S). For application of this result in duality theory for netwo rk optimization
and monotropic programming, see Rockafellar [Roc84] and Bertsekas [Ber98].
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Solution:  For simplicity, assume that B is the Cartesian product of bounded
open intervals, so that B has the form

where b and by are some scalars. The proof is easily modi ed for the case whee
B has a di erent form.

SinceB\ S’ = | there exists a hyperplane that separatesB and S° . The
normal of this hyperplane is a nonero vector d 2 S such that

t 0, 8t2B:
Since B is open, this inequality implies that actually
t9< 0, 8t2B:

Equivalently, we have

X _ X
(b )di + (g + )dj <0 (2.22)
fjjdj > 0g fjjdj<0g
forall > Osuchthath + <1 . Let
d=2z'+ +2z";
be a decomposition of d, where zliiiz™ are elementary vectors of S that are

in harmony with x, and have supports that are contained in the support of d [cf.
part (c) of the Exercise 2.31]. Then the condition (2.22) is e quivalently written
as X X

0> (B )di+ b+ )d
fjjdj>09 fjjdj|<Og |
X xoo X x
= (B ) z o+ (B +) Z;
fijdj > 0g i=1 fjjdj <og i=1
0 1
X X , X .
T BT e g+ b+ )z
i=1 fjsz,i>Og fjsz.i<Og

where the last equality holds because the vectorsz' are in harmony with d and
their supports are contained in the support of d. From the preceding relation,
we see that for at least one elementary vector z', we must have

X _ X :
0> B )7+ (B +)z;
fjsz.i>Og fjsz.i<Og
for all > O that are suciently small and are such that B + < b , or
equivalently ,
0>t%; 8t2B:
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2.33 (Tucker's Complementarity Theorem)

(a) Let S be a subspace ok". Show that there exist disjoint index sets | and

Xi>0 8i2l; xi=0; 8i2T;

yi=0; 8i2l; yi>0, 8i2l:
Furthermore, the index sets | and T with this property are unique. In
addition, we have

Xi =0; 8i21; 8x2Swith x 0

yi =0; 8i21; 8y2S’ withy O
Hint : Use a hyperplane separation argument based on Exercise 2.3.
(b) Let A be anm n matrix and let b be a vector in <". Assume that the
setF = fx jAx = b; x 0g is nonempty. Apply part (a) to the subspace

S= (xW)jAx bw=0;x2<";w2<

and vectors x 2 F and z 2 <™ such that b’z = 0 and
Xi>0 8i2l; x;=0; 8i2l;
yi=0; 8i2l; yi>0 8i2T;

where y = A%. Note: A special choice of A and b yields an important
result, which relates optimal primal and dual solutions in | inear program-
ming: the Goldman-Tucker Complementarity Theorem [GoT56] (see the
exercises of Chapter 5).

Solution: (&) Fix an index k and consider the following two assertions:
(1) There exists a vector x 2 S with x; 0 for all i, and xx > 0.

(2) There exists a vector y 2 S” with y; 0 forall i, and yx > 0.

We claim that one and only one of the two assertions holds. Clearly, assertions
(1) and (2) cannot hold simultaneously, since then we would h ave x% > 0, while
x 2 Sandy2 S?. We will show that they cannot fail simultaneously. Indeed, if

(1) does not hold, the Cartesian product B = [.; B; of the intervals
B = ;1) ifi=k,
"7 [0;1) ifis6 Kk,

does not intersect the subspaceS, so by the result of Exercise 2.32, there exists
a vector z of S” such that x% < 0 for all x 2 B. For this to hold, we must have
z 2 B orequivalently z 0, while by choosing x = (0;:::;0;1;0;:::;0) 2 B,
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with the 1 in the kth position, the inequality x°% < 0 yields zx < 0. Thus
assertion (2) holds with y = z. Similarly, we show that if (2) does not hold,
then (1) must hold.

Let now | be the set of indicesk such that (1) holds, and for each k 2 1,
let x(k) be a vector in S such that x(k) 0 and xx (k) > 0 (note that we do not
exclude the possibility that one of the sets | and I is empty). Let T be the set of
indices such that (2) holds, and for each k 2 T, let y(k) be a vector in S’ such
that y(k) 0 and yk(k) > 0. From what has already been shown,| and I are

disjoint, 1 [ T = f1;:::;ng, and the vectors
X X
X = x(k); y= y(k);
k21 k21
satisfy _
Xi>0;, 8i2l; xi=0; 8i2l;
yi=0; 8i2l; yi>0 8i2l:

The uniqueness ofl and T follows from their construction and the preceding
arguments. In particular, if for some k 2 T, there existed a vector x 2 S with
X 0 and xx > 0, then since for the vector y(k) of S we have y(k) 0
and yx(k) > 0, assertions (a) and (b) must hold simultaneously, which is a
contradiction.

The last assertion follows from the fact that for each k, exactly one of the
assertions (1) and (2) holds.

(b) Consider the subspace
S= (x;W)jAx bw=0;x2<";w2<

Its orthogonal complement is the range of the transpose of the matrix [A b,

so it has the form
?

S? = (A% bz)jz2<"
By applying the result of part (a) to the subspace S, we obtain a partition of the

(1) The index n +1 belongs to the rst subset.

(2) The index n +1 belongs to the second subset.

and by the last assertion of part (a), we have w = 0 for all ( x;w) such that
X 0,w O0and Ax bw = 0. This, however, contradicts the fact that the
set F = fx j Ax = b;x 0g is nonempty. Therefore, case (1) holds, i.e., the
index n + 1 belongs to the rst index subset. In particular, we have th at there
AXx bw=0,and z2<™ such that

w> 0 bz=0:

xi>0 8i2l; Xi=0; 8i2Tl;
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yi=0; 8i2l; yi>0, 8i2T;

wherey = A%. By dividing ( x;w) with w if needed, we may assume thatw = 1
so that Ax b=0, and the result follows.
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