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CHAPTER 6: SOLUTION MANUAL

6.1
Show that the dual of the (infeasible) linear program

minimize 7 — x2

subject to € X ={x |21 >0,22 >0}, 214+1<0, 1 —21 —22<0
is the (infeasible) linear program
maximize 1 + po

subject to w1 >0, pu2 >0, —p1 +p2—1<0, po+1<0.

Solution: We consider the dual function

i) = 112(13{12220{961 — @2+ pa (@1 + 1) + p2(l — 21 — 22)
- Ilzé?izzo{ml(l + 1 = p2) + w2(=1 = pr2) + pa + pz }

It can be seen that if —p1 + p2 —1 <0 and p2 + 1 < 0, then the infimum above
is attained at 1 = 0 and z2 = 0. In this case, the dual function is given by
q(p1, p2) = p1 + p2. On the other hand, if 1+ p1 — p2 <0 or —1 — 2 < 0, then
we have q(u1, u2) = —oo. Thus, the dual problem is

maximize pi1 + po

subject to p1 >0, pu2 >0, —p1 +p2—1<0, pue+1<0.

6.2 (Extended Representation)

Consider problem (P) and assume that the set X is described by equality and
inequality constraints as

X={a|hi(x)=0,i=m+1,...,m, gj(x) <0,j=r+1,....F}.

Then the problem can alternatively be described without an abstract set con-
straint, in terms of all of the constraint functions

hi(z) =0, i=1,...,m, gi(x) <0, j=1,...,T.



We call this the extended representation of (P). Show if there exists a geometric
multiplier for the extended representation, there exists a geometric multiplier for
the original problem (P).

Solution: Assume that there exists a geometric multiplier in the extended repre-

sentation. This implies that there exist nonnegative scalars AT, ..., An, Ami1, ..., Ax

» N my
and p3,. .., e, g1, - - -, e such that

=g {ro S S
i=1 j=1
implying that
P f@)+ Y Nhi(o)+ ) pwigi(@),  VweR"
i=1 j=1

For any = € X, we have h;(z) =0for alli=m+1,...,m, and g;(x) < 0 for all
j=r+1,...,7, 50 that ujg;(xz) <0 for all j =r+1,...,7. Therefore, it follows
from the preceding relation that

IS @)Y Nhi(@) + ) pigie),  VeeX.
i=1 j=1
Taking the infimum over all z € X, it follows that
J* < inf {f(x) + D Nha(@) + ) s (m)}
i=1 j=1

SNMITOUI ER wIERS oIEAt]

inf f(x)

T zEX, h;(x)=0, i=1,....m

A

Hence, equality holds throughout above, showing that the scalars Al,..., A},
U1, .., iy constitute a geometric multiplier for the original representation.

6.3 (Quadratic Programming Duality)
This exercise is an extension of Prop. 6.3.1. Consider the quadratic program

o . . / 1 _.7
minimize cx+ ;7' Qx

subject to x € X, a;-xgbj, j=1,...,m
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where X is a polyhedral set, @) is a symmetric positive semidefinite n x n matrix,
c,ai,...,a, are vectors in ®", and b1,...,b, are scalars, and assume that its
optimal value is finite. Then there exist at least one optimal solution and at least
one geometric multiplier. Hint: Use the extended representation of Exercise 6.2.

Solution: Consider the extended representation of the problem in which the lin-
ear inequalities that represent the polyhedral part are lumped with the remaining
linear inequality constraints. From Prop. 6.3.1, finiteness of the optimal value
implies that there exists an optimal solution and a geometric multiplier. From
Exercise 6.2, it follows that there exists a geometric multiplier for the original
representation of the problem.

6.4 (Sensitivity)
Consider the class of problems

minimize f(z)

subject to = € X, gi(x) <wj, j=1,...,m

where u = (u1,...,ur) is a vector parameterizing the right-hand side of the con-
straints. Given two distinct values @ and @ of u, let f and f be the corresponding
optimal values, and assume that —oo < f < 0o and —oo < f < 00, and that g
and i are corresponding geometric multipliers. Show that

pli—u) < f—f<p(a-—au)
Solution: We have B

= inf {f(z) +7 (9(x) ) },

f=inf {f(@)+Q (9(x) —7)}.

Let g(u) denote the dual function of the problem corresponding to u:

q(n) = inf {f(2) + 1’ (9(x) — W) }-
We have
J=F =l {f@)+7 (g9(=) —m)} - inf {(x) + ' (9(x) - 1) }
= inf {f(2) + 7 (9(2) = 7) } — inf {f(2) + i (9(x) — @) } + (@ — )
=q(m) —9(p) + i’ (a — @)
> [’ (@ — ),

where the last inequality holds because i maximizes g.
This proves the left-hand side of the desired inequality. Interchanging the
roles of f, w, &, and f, @, fi, shows the desired right-hand side.



6.5

Verify the linear programming duality relations

. / /
min ¢ x <~ max b'pu,
Alz>b Ap=c, p>0
. / /
min cz = max by,
Alz>b, 2>0 Ap<ec, p>0

show that they are symmetric, and derive the corresponding complementary
slackness conditions [cf. Egs. (6.13) and (6.14)].

Solution: We first consider the relation

P min ¢z < max bu. (D
( ) Alz>b Ap=c,u>0 a ( )

The dual problem to (P) is

= inf j — iQij | ®; ibi o
ey a0 = ey {Z ( pa ) b+ }
=1 i=1 i=1
If ¢; — " | piaij # 0, then g(u) = —co. Thus the dual problem is
maximize Z wibi
i=1
m
subject to Zﬂiaij =c¢j, j=1,...,n, pu>0.
i=1
To determine the dual of (D), note that (D) is equivalent to

. /
min  —bpu,
Ap=c,u>0

and so its dual problem is

— max inf { (Az — b)'u — dz ).
max p(z) = max inf { (Az —b)'n — 'z}

If a;z — b; < 0 for any i, then p(z) = —oo. Thus the dual of (D) is
maximize —c'x
subject to A’z > b,

or
minimize 'z

subject to A’z > b.
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The Lagrangian optimality condition for (P) is

m / m
z* :argmin{(c—z,u;kai> a:—|—z,ufbi},
i=1 i=1

from which we obtain the complementary slackness conditions for (P):
Ap =c.
The Lagrangian optimality condition for (D) is

pu" = argmin{(Az* — b)'u—'z*},
nw>0

from which we obtain the complementary slackness conditions for (D):
Az" —b >0, (Az™ —b);u; =0, Vi
Next, consider

(P) min  dz <= max bpu (D)
Alz>b,xz>0 Ap<ec,u>0

The dual problem to (P) is

pego o {35 (o S )4 S|
j=1 i=1 i=1
If ¢; — " piaij <0, then g(u) = —oco. Thus the dual problem is
m
maximize Z ibi
i=1
subject to Zﬂiaij <c¢j, 7=1,...,n, pn=>0.
i=1
To determine the dual of (D), note that (D) is equivalent to
. _b/
Angenzo 1
and so its dual problem is

= max inf { (Az — b)'p — ¢’z ).
maxp(z) = max inf { (Az —b)'n - 'z}

If a;z — b; < 0 for any 7, then p(z) = —oco. Thus the dual of (D) is

. . /
maximize —CT

subject to A2 >b, >0
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or
. . /
minimize cx

subject to A’z >b, x>0.

The Lagrangian optimality condition for (P) is

m ! m
* . * *
r" = arg min c— E wiai | x4+ E wibi p,
x>0
i=1 1=1

from which we obtain the complementary slackness conditions for (P):

m
cj—Zufaij z; =0, z;>0, Vj=1,...,n,
i=1

c— Z piai > 0.
i=1
The Lagrangian optimality condition for (D) is
* . A * b ro
1 argr;lzlrol{( " —b)p—ca},
from which we obtain the complementary slackness conditions for (D):

Az" —b>0, (Az" = b)u; =0, Vi

6.6 (Duality and Zero Sum Games)

Let A be an n X m matrix, and let X and Z be the unit simplices in ®" and R™,
respectively:

n
X = :r’ inzl,xiz(),izl,...,n ,
i=1

Z=Xz sz:szzo,j:l,...,m

j=1

Show that the minimax equality

. ! . !
maxminz Az = minmaxz Az
z2€Z xzeX zeX z€Z

is a special case of linear programming duality. Hint: For a fixed z, min,ecx ' Az
is equal to the minimum component of the vector Az, so

max min z’ Az = max min{(Az)1, ce (Az)n} = max ¢, (6.76)

2€Z z€X z€Z te<Az,zeZ



where e is the unit vector in R™ (all components are equal to 1). Similarly,

. !/ .
minmaxx Az = min (. (6.77)
z€X 2€Z Ce>Alx,zeX

Show that the linear programs in the right-hand sides of Eqgs. (6.76) and (6.77)
are dual to each other.

Solution: Consider the linear program

min ¢,
Ce>Alx
:l:l z;=1,2;>0
whose optimal value is equal to mingex max.cz 2’ Az. Introduce dual variables
z € R™ and £ € R, corresponding to the constraints A’z — (e < 0 and Z?:l T =

1, respectively. The dual function is

q(z,6) = CEER,xiZiI()l,fi:Lm,n {C +2(Ax—Ce)+¢& <1 — ZCL‘2> }

=1

CER, 1;>0,i=1,...,n

_ inf ¢ 1_sz>+x'(Az—fe)+£
=1

:{5 ifZ;.n:lzj:L&a—AzSO,

—oo otherwise.

Thus the dual problem, which is to maximize ¢(z, &) subject to z > 0 and & € R,
is equivalent to the linear program

max &,
(e<Az,z€Z

whose optimal value is equal to max,cz mingecx 2’ Az.

6.7 (Goldman-Tucker Complementarity Theorem [GoT56])
Consider the linear programming problem

minimize 'z
(LP)
subject to Az = b, x>0,

where A is an m X n matrix, ¢ is a vector in R", and b is a vector in R"". Consider
also the dual problem

maximize b'A

, (DLP)

subject to A'A < c.
Assume that the sets of optimal solutions of LP and DLP, denoted X™ and A™,
respectively, are nonempty. Show that the index set {1,...,n} can be partitioned
into two disjoint subsets I and I with the following two properties:
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(1) For all z* € X* and A" € A*, we have
@i =0, Viel, (AN)i=c, Viel,

where z; and (A’\*); are the ith components of z* and A’\*, respectively.

(2) There exist vectors z* € X™ and A* € A* such that
z; >0, Viel, z; =0, Viel,
(AX)Yi=ci, Viel, (AN <, Viel.
Hint: Apply the Tucker Complementarity Theorem (Exercise 3.32).
Solution: Consider the subspace
S = {(m,w)\bw—Am:O, c/x:wv,xeﬁin,weﬂ?},

where v is the optimal value of (LP). Its orthogonal complement is the range of

the matrix
-A ¢
b —v |’

St ={(c¢ —ANYA—v0) [ AR, ¢ € R}

so it has the form

Applying the Tucker Complementarity Theorem (Exercise 3.32) for this choice of
S, we obtain a partition of the index set {1,...,n+ 1} in two subsets. There are
two possible cases: (1) the index n+1 belongs to the first subset, or (2) the index
n + 1 belongs to the second subset. Since the vectors (z,1) such that x € X~
satisfy Az —bw = 0 and ¢’z = wv, we see that case (1) holds, i.e., the index n+1
belongs to the first index subset. In particular, we have that there exist disjoint
index sets I and I such that TUT = {1,...,n} and the following properties hold:

(a) There exist vectors (x,w) € S and (X, ¢) € R™ ! with the property
x>0, Viel, zi=0, Viel, w > 0, (6.1)

GiC—(A'N); =0, Viel, cC—(AN;>0, Viel, b=

(b) For all (z,w) € S with > 0, and (X, ¢) € R™! with ¢¢ — A’\ > 0,
v¢ — b’ X >0, we have a
z; =0, Viel,

GC—(A'N);=0, Viel, bYx=u(

By dividing (x, w) by w, we obtain [cf. Eq. (6.1)] an optimal primal solution
z* = z/w such that

i >0, Viel, 2i=0, Viel



Similarly, if the scalar ¢ in Eq. (6.2) is positive, by dividing with ¢ in Eq. (6.2),
we obtain an optimal dual solution A* = \/{, which satisfies the desired property

Ci—(A/)\*)iIO, V’iGI, C,‘—(A/A*)i >0, ViET.

If the scalar ¢ in Eq. (6.2) is nonpositive, we choose any optimal dual solution
A", and we note, using also property (b), that we have

ci—(A'\"); =0, vViel, ci—(A'X); >0, Viel, YA =wv. (6.3)

Consider the vector }
A=1-OX + X\

By multiplying Eq. (6.3) with the positive number 1 — ¢, and by combining it
with Eq. (6.2), we see that

ci—(A'N)i=0, Viel, c¢—(AXN:;>0 Viel, bi=u.

Thus, A is an optimal dual solution that satisfies the desired property.

6.8

Use duality to show that in three-dimensional space, the (minimum) distance
from the origin to a line is equal to the maximum over all (minimum) distances
of the origin from planes that contain the line.

Solution: The problem of finding the minimum distance from the origin to a
line is written as
min %||av||2

subject to Az = b,

where A is a 2 x 3 matrix with full rank, and b € R2. Let f* be the optimal value
and consider the dual function

a(¥) = min { 12> + X' (4z — )}

By Prop. 6.3.1, since the optimal value is finite, it follows that this problem

has no duality gap.

Let V* be the supremum over all distances of the origin from planes that
contain the line {z | Az = b}. Clearly, we have V* < f*, since the distance to the
line {z | Az = b} cannot be smaller than the distance to the plane that contains
the line.

We now note that any plane of the form {x | p’ Az = p'b}, where p € R?,
contains the line {z | Az = b}, so we have for all p € R?,

V(p)= min i|z|? < V=™
0= min Sl <

10



On the other hand, by duality in the minimization of the preceding equation, we
have

Up,y) = min {3]l]* + (0 Az —p'w)} <V(p),  VpeR’, yeR.
Combining the preceding relations, it follows that

supg(\) = supU(p,y) <supU(p,1) <supV(p) < V™ < f*.
A P

P,y P

Since there is no duality gap for the original problem, we have sup, g(\) = f~, it
follows that equality holds throughout above. Hence V* = f*, which was to be
proved.

6.9

Consider the problem

minimize Z fi(z)
i=0
subject to x € Xj, 1 =0,1,...,m,

where f; : R — R are convex functions and X; are bounded polyhedral subsets
of R"™ with nonempty intersection. Show that a dual problem is given by

maximize go(A1+ -+ Am) + Zqi()\i)
i=1
subject to \; € R", i=1,...,m,
where the functions ¢; : R — R are given by

go(A\) = min {fo(;r) — )\'x},

zeX(
_ . X ! ‘:
qz(A)fznen)g{f,(x)—F)\x}, i1=1,...,m.

Show also that the primal and dual problems have optimal solutions, and that

there is no duality gap. Hint: Introduce artificial optimization variables z1,.. ., zm
and the linear constraints x = z;, 1 = 1,...,m.
Solution: We introduce artificial variables xo, 1, ..., Zm, and we write the prob-

lem in the equivalent form

m
minimize Z fi(zs)
=0

subject toxz; € X5, ¢=0,...,m T; =xo, t=1,...,m.
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By relaxing the equality constraints, we obtain the dual function

0+, 2n) =xiex,.,hz£0,_‘.,m{Zﬁ(wwé(m >}
=0

. ! . ’
=, inf {fo(@) =+ Am)a} + ;zgi{mx) + Xz},
which is of the form given in the exercise. Note that the infima above are attained
since f; are continuous (being convex functions over R™) and X; are compact
polyhedra.

Because the primal problem involves minimization of the continuous func-
tion E:,ZO fi(x) over the compact set Nj2yX;, a primal optimal solution exists.
Applying Prop. 6.4.2 to problem (6.4), we see that there is no duality gap and
there exists at least one geometric multiplier, which is a dual optimal solution.

6.10

Consider the problem
minimize f(z)
subject to z € X, g;(z) <0, j=1,...,r

and assume that f* is finite, X is convex, and the functions f : " — R and
gj : R" — R are convex over X. Show that if the set of geometric multipliers is
nonempty and compact, then the Slater condition holds.

Solution: Let M denote the set of geometric multipliers, i.e.,
M= {u >0 | f= zig({f(m) +M'9($)}}-

We will show that if the set M is nonempty and compact, then the Slater condi-
tion holds. Indeed, if this were not so, then 0 would not be an interior point of
the set

D= {u | there exists some z € X such that g(z) < u}.

By a similar argument as in the proof of Prop. 6.6.1, it can be seen that D is
convex. Therefore, we can use the Supporting Hyperplane Theorem to assert the
existence of a hyperplane that passes through 0 and contains D in its positive
halfspace, i.e., there is a nonzero vector & such that @' > 0 for all u € D. This
implies that @ > 0, since for each u € D, we have that (u1,...,u;+7,...,u;) € D
for all v > 0 and j. Since g(x) € D for all z € X, it follows that
wg(x) >0, VaeX.

Thus, for any p € M, we have

f@) + (p+ym)g(x) > f7,  VzeX, Vy>0.

Hence, it follows that (u + @) € M for all v > 0, which contradicts the bound-
edness of M.
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6.11 (Inconsistent Convex Systems of Inequalities)

Let g; : R" — R, j = 1,...,r, be convex functions over the nonempty convex
subset of ®™. Show that the system

g;(z) <0, j=1,...,7

has no solution within X if and only if there exists a vector u € R" such that

Zujzl, p=0,
j=1

wag(z) >0, VoelX.

Hint: Consider the convex program

minimize y

subject to x € X, yeR, gi(z) <y, j=1,...,r

Solution: The dual function for the problem in the hint is

a(w) = _jnf_ {y +> s (95(x) — v) }

 finfeex D70 pygi(x) YT =1,
-0 if Z;:1 pi # L.

The problem in the hint satisfies Assumption 6.4.2, so by Prop. 6.4.3, the dual
problem has an optimal solution p* and there is no duality gap.

Clearly the problem in the hint has an optimal value that is greater or
equal to 0 if and only if the system of inequalities

g;(z) <0, j=1,...,7
has no solution within X. Since there is no duality gap, we have

max  q(u) >0
uzo,zgzl pi=1

if and only if the system of inequalities g;j(xz) < 0, j = 1,...,r, has no solution
within X. This is equivalent to the statement we want to prove.
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6.12

This exercise is a refinement of the Enhanced Farkas’ Lemma (Prop. 5.4.2). Let
N be a closed cone in R", let a1,...,a, be vectors in R™, and let ¢ be a vector
in cone({al, ce ar}) + ri(N) such that ¢ ¢ N. Show that there is a nonempty
index set J C {1,...,r} such that:

e vector ¢ can be represented as a positive combination of the vectors
1) Th t b ted iti binati f th t
aj, j € J, plus a vector in N.

(2) There is a hyperplane that passes through the origin, and contains the
vectors aj, j € J, in one of its open halfspaces and the vectors aj, j ¢ J,
in the complementary closed halfspace.

Hint: Combine Example 6.4.2 with Lemma 5.3.1.

Solution: Since ¢ € cone{as,...,a,} + ri(N), there exists a vector & > 0 such

that
— (—c—i— Z,uja]) € ri(N).
j=1

By Example 6.4.2, this implies that the problem

minimize —c'd+ 3 25:1 ((a;d)+)2
subject to d € N*,

has an optimal solution, which we denote by d*. Consider the set

MZ{HZO‘ - (—H—ZM%‘) GN}7
j=1

which is nonempty by assumption. Let p* be the vector of minimum norm in M
and let the index set J be defined by

J={jluj>0}
Then, it follows from Lemma 5.3.1 that
ayd” >0, vV jedJd,

and
a;-d* <0, V¢,

thus proving that the properties (1) and (2) of the exercise hold.
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6.13 (Pareto Optimality)

A decisionmaker wishes to choose a vector z € X, which keeps the values of two
cost functions fi : " — R and f2 : R — R reasonably small. Since a vector x*
minimizing simultaneously both fi and f2 over X need not exist, he/she decides
to settle for a Pareto optimal solution, i.e., a vector z* € X with the property
that there does not exist any vector Z € X that is strictly better than x*, in the
sense that either

A@) < f@Y),  f2) < fola”),

or

f1(z) < fi(z"), f2(2) < fa(z").

(a) Show that if " is a vector in X, and A7 and A3 are two positive scalars
such that

AMfi(") + A3 fa(a”) = wﬂg}g{ﬁfl(fﬂ) +Asfa(x) },

then z* is a Pareto optimal solution.

(b) Assume that X is convex and fi, f2 are convex over X. Show that if z*
is a Pareto optimal solution, then there exist non-negative scalars A7, A3,
not both zero, such that

A" + 23 o(0) = min{ALfi(2) + 25 fa(o) }.
Hint: Consider the set
A= {(zl, 22) | there exists © € X such that fi(z) < z1, fo(z) < 22}

and show that it is a convex set. Use hyperplane separation arguments.

(c) Generalize the results of (a) and (b) to the case where there are m cost
functions rather than two.

Solution: (a) Assume that =* is not a Pareto optimal solution. Then there is a
vector T € X such that either

Hh@) < [, fa(@) < f2(a7),

or

f1(2) < fi(@™),  f2(2) < fa(z7).

Multiplying the left equation by A7, the right equation by A3, and adding the
two in either case yields

AMf1E) + A5 f2(2) < ALfi(a) + Az fa(27),
yielding a contradiction. Therefore z* is a Pareto optimal solution.
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(b) Let
A= {(zl, z2)| there exists z € X such that fi(z) < z1, fa(x) < 22}.

We first show that A is convex. Indeed, let (a1, az2), and (b1,b2) be elements of
A, and let (c1,c2) = a(a1,a2) + (1 — a) (b1, b2) for any a € [0,1]. Then for some
za € X, Ty € X, we have f1(zq) < a1, fo(za) < a2, fi(zs) < b1, and fa(zs) < ba.
Let 2. = axq + (1 — a)xp. Since X is convex, z. € X. Since f is convex, we also
have

fi(ze) <c1, and fa(ze) < co.

Hence, (c1,c2) € A and it follows that A is a convex set.

For any = € X, we have (fl(ac), fz(m)) € A. In addition, (fl(a:*),fz(x*))
is in the boundary of A. [If this were not the case, then either (1) or (2) would
hold and z* would not be Pareto optimal.] Then by the Supporting Hyperplane
Theorem, there exists A7 and A3, not both equal to 0, such that

)\121 + )\;ZQ > )\Tfl(.l‘*) + )\;fz(w*), A4 (21,22) c A.

Since 21 and z2 can be made arbitrarily large, we must have A\, A\5 > 0. Since
(f1 (x), fg(x)) € A, the above equation yields

ALfi(@) + Az fa(@) 2 A fr(@7) + Ao fa(a”), Vo€ X,
or, equivalently,
géi)r(l{X{fl(m) + X fa(x)} > AL fr(2") + As fa(2¥).
Combining this with the fact that
min{ A fi(2) + A3 f2(2) } < A fi(27) + A fa ()

yields the desired result.

¢) Generalization of (a): If ™ is a vector in X, and Aj,..., ), are positive
) 1 y \m p

scalars such that
S =mig{ Sataco )

then z* is a Pareto optimal solution.
Generalization of (b): Assume that X is convex and fi,..., fi, are convex over
X. If 2* is a Pareto optimal solution, then there exist non-negative scalars

T, ..., A, not all zero, such that

fofi(x*) = min {ZA:ﬁ(w)} :
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6.14 (Polyhedral Programming)

Consider the problem
minimize  f(x)
subject to z € X, gi(z) <0, j7=1,...,r
where X is a polyhedral set, and f and g; are real-valued polyhedral functions.

Assume that the optimal value is finite. Show that the primal function is proper
and polyhedral.

Solution: Using Prop. 3.2.3, it follows that
gi(z) = Z_:nlﬂ?}?im{a;jx +bi;},

where a;; are vectors in " and b;; are scalars. Hence the constraint functions
can equivalently be represented as

ai;x + bi; <0, Vi=1,....,m Vj=1,...,m
By assumption, the set X is a polyhedral set, and the cost function f is a poly-
hedral function, hence convex over R". Therefore, we can use the Strong Duality
Theorem for linear constraints (cf. Prop. 6.4.2) to conclude that there is no du-

ality gap and there exists at least one geometric multiplier, i.e., there exists a
nonnegative vector p such that

7= it {f(z) + #'g(@)}.

Let p(u) denote the primal function for this problem. The preceding relation
implies that

p(0) = p'u = int { f(@)+ 1/ (9(a) — w) }
< inf {f(x) + 4/ (g(z) — u)}

zeX, g(z)<u
< inf T
S o mf (@)
= p(u),
which, in view of the assumption that p(0) is finite, shows that p(u) > —oo for
all w € R".
The primal function can be obtained by partial minimization as

= inf F
p(uw) = inf F(z,u),

where ) )
Fla,u) = {f(a;) if gj(a:). <wu; Vj, zeX,
0 otherwise.

Since, by assumption f is polyhedral, the g; are polyhedral (which implies that
the level sets of the g; are polyhedral), and X is polyhedral, it follows that
F(z,u) is a polyhedral function. Since we have also shown that p(u) > —oo for
all u € R", we can use Exercise 3.13 to conclude that the primal function p is
polyhedral, and therefore also closed. Since p(0), the optimal value, is assumed
finite, it follows that p is proper.
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