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Section 7.3

Solutions Chapter 7

SECTION 7.3

7.3.1 (Partial Proximal Algorithm [BeT94a], [IbF96])

Fix any = € Rn. Let

1
7 € arg min, {f(y) + 5 ;(y - Ii)Q} (1)
and let

xz, Viel
5={ @

T, Vi ¢ I.

We will show that
1

- . T 3
o= arg sy {7000+ -l = 312} Q
T € arg min F.(y). (4)

{ylyi==;, i€l}
Indeed, from the definition of &, the vector # minimizes not only f(y) 4+ o= > ,c;(yi — 2:)2 but
also 5 > igr(yi — Ti)?, implying that Z minimizes the sum, which is f(y) + +|ly — [|2. This
proves Eq. (3).

To prove Eq. (4), note that for all vectors z € R" with z; = z; for all i € I, we have

Fi(z) = min {f(y) F oS w4 Y- >}
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= 01+ g, St
= f(z) + % Z(l’z — ;)% + % Z(fcz — Z;)2
i€l i¢1

where the last inequality follows from the definitions of & and Fe. This proves Eq. (4).

Conversely, suppose that Z and Z satisfy (3) and (4). We will show that Egs. (1) and (2)
hold. Indeed, Eq. (4) implies that x; = &; for all ¢ € I, and that 0F.(%)/0x; = 0 for all i ¢ I,
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Section 7.5

so from Eq. (3) we have Z; = Z; for all 4 ¢ I. Thus Eq. (2) holds. To show Eq. (1), we argue by

contradiction. Suppose that for some z € £» we have

f(z) + i ;(Z’i —xi)? < f(2) + i ;(@ —xi)2.
Then the directional derivative of the function y — f(y) + 5= > .c;(¥i — xi)? at T along the
direction z — Z is negative. This directional derivative is equal to the directional derivative of the
function y = f(y) + = Yier (Wi — )2 + = > ig1(yi — %:)? at 2 along the direction z — z. The
latter directional derivative, however, is nonnegative in view of Egs. (2) and (3), arriving at a

contradiction. This proves Eq. (1).

(b) We have
F(@#) < @)+ g2 (@1 - )2
el
= nin, {f(y) + %;(y wz)2}
< g {760 + 5l = ol

< f(x).

Since the expression in the right-hand side of the second inequality is equal to Fe(z), we obtain

f(@) < Fo(x) < f(2).

Since, we also have F.(Z) < f(Z), the desired result follows.

SECTION 7.5

7.5.1 (Convergence of the Subgradient Method [Pol69b])

(a) Let p* be a dual optimal solution. Similar to the proof of Prop. 7.5.1, we obtain

[kt — |2 < [lpk — ]2 = 2% (q* — q(uF)) + (s)2]1g%]12,

k
% , we have

where ¢* = q(p*). Since sk = @ ‘_qz‘

(q* — q(pk))®

||Nk+1_ﬂ*||2§||ﬂk_ﬂ*||2_ ||gk||2



Section 7.5

Therefore
[k tt — p|| < [|p* —p*l,  VF,

implying that {u*} is bounded.
(b) Let C be a positive constant such that ||gk|| < C for all k. Then from Eq. (1) it follows that

(q* — q(u*))?

[pkt = ]2 + o2

< lph = w2, Yk

By summing these inequalities over all k, we obtain
LSy, k)2 0 _ 1%||2
a2l = au)” < [|u0 - p[2,
k=0

so that
lim g(u*) = g*. (2)

k—o0
Since {pF} is bounded, there exist a vector i and a subsequence {p*}rex C {p*} converging to
i€ M (set M is closed). By using the upper-semicontinuity of ¢, we have

limsup q(u*) < q(p) < ¢,
k—o0, kEX

which in view of Eq. (2) implies that ¢(i) = ¢*. Thus every limit point of {u#} is optimal.

Now we show that {u*} actually converges. Let M* denote the set of all dual optimal
solutions. Note that M* is convex (by concavity of ¢) and closed (by upper-semicontinuity of ¢).
Suppose that {p*} has two distinct limit points, say i € M* and i € M*. As seen in (a), for any
w* € M*, the sequence {||u* — p*||} decreases monotonically, and therefore it converges. Hence

it = p#]] = [|fi — *|| for all p* € M*, implying that ji = .

(¢) Let ¢ be real-valued and concave over the entire space R". According to Prop. B.24 of

Appendix B, since {*} is bounded, the set Ug>00q(p*) is bounded, and so is {g*}.
7.5.2 (A Convergent Variation of the Subgradient Method)

(a) Let ¢ be an underestimate of ¢* such that g(u*) < ¢ < ¢*. Consider the function g(u) =
min{q(u),d}. Note that ¢ is concave and that max,ecn G(p) = ¢. The proposed method is
obtained by applying the method described in Exercise 7.5.1 to the problem max,ecn q(p). The
algorithm will either stop at some iteration k for which g(u*) = § [i.e., ¢(u¥) > ] or generate a
sequence {p*} such that g(uk) = q(uk) < ¢ for all k. According to the results of Exercise 7.5.1,
the sequence {p*} is bounded. Furthermore, provided that {g*} is bounded, the sequence {u*}
converges to some point & such that g() = ¢. Since ¢(i) > g(f), we have g(@) > §.
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Section 7.5

(b) Let ¢ be an overestimate of ¢*, and let L be a constant such that ||g*|| < L for all k. Then

for any NV > 0, we have

= o~ G- q(i)
sk||gk|| =
1 N
> EZ(@—(J(M’“))
k=0
1 N
> EZ(Q‘Q*)
k=0
_ W+ D)@ - )

L 3
where the last inequality follows from the fact that ¢(u*) < ¢* for all k. Since ¢ > ¢*, by taking

limit as N — oo in the expression above, we obtain the desired result.

7.5.3 (Convergence Rate of the Subgradient Method)

(a) To obtain a contradiction, suppose that liminfj_, \/E(q* — q(p*)) > 0. Then there is an
€ > 0 and large enough k such that \/E(q* — q(u’f)) > ¢ for all k > k. Therefore

implying that

which contradicts the relation

S (¢ — a(uk)* < 00

k=0

shown in solution of Exercise 7.5.1.

(b) As seen in Exercise 7.5.1, we have for all dual optimal solutions p* and all k

(q* — q(uk))®
llg* ]2

This relation and the inequality q(u*) — ¢(p*) > al|p* — p*|| yield for all k

[[phtt — |2 < ||pk — p*] |2 —

a?||pk — px||?

it = e < Nk = g2 = S

from which, by using sup,, [|g*|| < b, we obtain

|[phtt — ]2 < (1——> [k — |2,

and the desired relation follows.



Section 7.5

7.5.4 (A Variation of the Subgradient Method [CFM75])

Let p* be an optimal point and ¢* = ¢(u*) be the optimal value. By induction, we will show that
(pr — pk)ydt > (pr — pk)' gk, Yk (1)

We have d9 = g% and Eq. (1) holds for k¥ = 0. Assuming Eq. (1) holds for k, we will prove it for
k + 1. Since dk+1 = gk+1 4 Bkdk  we have

(M* _ MkJrl)/korl — (u* —_ ukJrl)/ngrl + Bk(ﬂ* —_ /J,kJrl)/dk

2
= (u* — ph+1) gt 4 Bk (e — pk)idk + Br(pk — pktL)dk. @
* k
By the concavity of ¢, the fact gk € dq(u*), and the stepsize definition s¥ < 4 IITi%(\l\LQ ) we obtain
(1~ Y9 = @ — qlut) = ¥4 2 ®)

The inductive hypothesis together with Eq. (3) implies that
(0 — byt > a2

Substituting this estimate in Eq. (2) yields
(* — pht 1) dhtl > (px — pkt1)ghtl 4 Bkgk||dk||2 + Bk (pk — pkt1)dk
= (p* — pkt1) ghtl 4 Bh(shdk 4+ b — pk+1)gk
> (e = pt) gk,
where the last inequality follows from the properties of projection and the definition of the
method. Hence Eq. (1) holds for all k.
Next we show that

|kt — pr[| <[lpk = prll, Yk (4)

Note that Eq. (3) implies that
()22 < k(e — ik gh < 25H(ue — uk)gh. )

We have
bt — a2 < [k + st — e 2

<l — |2 = 28k (e — pk) db + (s%)2]|dk (]2
< |[pk = pr[[? = 28k (> — pk)dh + 28k (s — pk) gk
= ||ph — |2 = 2% (ux — pk)/(dF — g*)

< ||pk = p| |2,



Section 7.5
where the first inequality follows from the nonexpansiveness property of the projection, and the
second and the last inequalities follow from Eqs. (5) and (1), respectively. Thus Eq. (4) holds.

From the definitions of d* and 8* we have

[ — g1 = llgh + BEar1 ]2 — []g¥]
= (B2 ldh1 |+ 28kgH e
/
gk’ dk—1
— gk||gk—1112 [ gk 4+ 2
[ T
(2 = y)Bkgk'dk—1

<0,

and therefore ||d¥|| < ||g¥||, which combined with Eq. (1) implies that

(p* — pkydv _ (pr — pb)'g*
arf = gl

. Yk

7.5.8 (Approximate Subgradient Method)

As in the proof of Prop. 7.5.1, we have

([t — p||2 < ||pk — pl|2 = 25kg% (n — k) + (sF)2[|gk][2, Y pe M,

* k
where sk = % and gk € Oeq(p¥). From this relation and the definition of the e-

subgradient we obtain

[ttt = pl P < [lpk = pll? = 25%(q(p) — q(u*) —€) + (s¥)?[lg"]]2 YV pe M.

Let p* be an optimal solution. Substituting the expression for s* and taking g = p* in the above

inequality, we have
q(p*) — q(p*
it = el < [t = pe|p = L0500

Thus, if ¢(u*) — g(p*) — 2e > 0, we obtain

[[phtt — || < ||pk — p*]].
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7.5.9 (Approximate Subgradient Method with Diminishing Stepsize
[CoL94])

(a) Similar to Exercise 7.5.8, we can show that

[[hHt — pl|2 <k = pl[? = 25%(a(p) — q(uF) — €F) + (s¥)2lgk]12, YpeM, Yk

By rearranging terms, we can rewrite the above inequality as
1
258 (4(0) () = e = GoHGHR ) + 1+t — e < k=l Y M V(0

Suppose that limsupy_, ., q(#*) < sup,ca q(p) — €, ie., there is a scalar 6 > 0 and a
nonnegative integer ko such that
q(p*) < sup q(p) —e =0,  V k= ko.
peM

Choose a point 1 € M such that
q(p*) <q(p) —e—0,  Vk=ko. (2)
By setting 1 = i in Eq. (1) and combining it with Eq. (2), we obtain
2ot (e ek = JoblgFE) + [+t — e < -l ¥ k2 o
Since ek — € and s*||g¥||2 — 0, we can assume that ko is large enough so that

. Y k> k.

N |

1
€8 — ek — Zskgh|j2 >

Therefore we have

sEO 4 [|pktt — pl? < [lpk —pll? YV k= ko

Summation of the above inequalities gives

N

§ ) sk 4 [[pN L — f||2 < [[pko — fif[2.
k=kq

Letting N — oo in the relation above yields E?:ko sk < oo, which is a contradiction. Therefore
we must have that

limsup q(u*) = sup q(p) — e 3)
k—o0 pneM

On the other hand, since q(p*) < sup,,¢ps q(p) for all k, we have

limsup ¢(uk) < sup q(p),
k—o0 pneM
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which combined with Eq. (3) yields the desired result.

(b) By rearranging the terms and setting ek = 0 in Eq. (1), we obtain
25k (q(p) — q(uk)) + [[ph 1 — pl]2 < lpk — pl2 + (s)2[|gkl)2, ¥V pe M, k. (4)

Assume, to arrive at a contradiction, that limsup,,_, ., ¢(u*) < sup,es q(p). Then, by the same
reasoning as in part (a), it can be seen that there is a point i € M such that Eq. (2) is valid

with € = 0. This together with Eq. (4), where u = fi, implies that
25K + ||+t — A2 < [|pk — Al12 + (s%)2[lg*]12, YV k= ko.

Summation of these inequalities over k for kg < k < N gives

N N
20 ) sk [N — A2 < [Juko — AlI2+ > (sR)2]gk|)2, ¥ N > k.
k=kg k=kg

Therefore

N %)
26 > sk < |luko — Al2+ Y (sR2][gE[)2 <00, ¥ N > o
k=kq k=ko

By letting N — oo in the above relation, we obtain Z;O:ko sk < oo, which is a contradiction.

Hence

limsup g(uk) = sup g(u).
k—o0 pneM

Let p* be an optimal point. By setting ¢ = p* in Eq. (4) and summing the obtained

inequalities for n < k < N, we have

N N
23 sk (q(ur) — q(pk)) + [N+ = g2 < lum = g2 4+ (s5)2|lgk]12, Yn< k<N,
k=n k=n

where n < N are some positive integers. Let n be fixed and let N — oo in the last inequality.

Then

00
limsup [[pNF1 — pe[[2 < [[um = p#|2 4+ D (s5)?lgk]2, V>0 ()
N —o00

k=n

Hence {z*} is bounded. Let {u*} C {uk} be a subsequence such that

lim q(p*7) = limsup ¢(u*) = sup q(u) = q(p*).
J—o0 k— o0 pneM

Without loss of generality, we may assume that {uki } converges to some point fi. The set M is

closed, so that i € M. By the upper semicontinuity of ¢, we have

limsup g(1*7) < q(j2).-

Jj—o0

10



Section 7.5

Since limsup,_, q(pFi) = limj 00 q(p*) = q(p*), the relation above implies q(f1) = q(u*).
Thus /i is optimal. Then Eq. (5) is valid with p* = i and n = k; for some j, i.e.,

o0
limsup [N+ — al|2 < [|pks = alf2 4+ D (s9)2lg%|12.
N—oco k:kj
By letting j — oo and taking into account that lim;_ . (||ukﬂ' — a2 + E;OZ"J (sk)2||gk||2) =0
(since the boundedness of {y*} implies boundedness of {g*}), we obtain

limsup [N+ — ff| =0,
N —o00

which implies that u* — f.
7.5.10 (Normalized Subgradient Method [Sho85])

(a) Let u* be an optimal point and let ¢ > 0 be given. If gk = 0 for some k, then g(u*) = q(u*)
and one may take i = p*. If gk # 0 for all k, then by the nonexpansiveness of the projection

operation, we have

2
agh g*
= |lpF — p*[? + a? = 20(p* — pk) s
g* llg*]|

Pk 4 — — p* VE (1)

Note that the term (u* — p*)’g*%/||g*|| represents the distance from p* to the supporting hyper-

IIM’““—W‘II?S‘

plane Hy, = {u | g*'(u¥ — p) = 0}. Define Ly = {u € M | q(u) = q(*)}. Since g is concave
and real valued over the entire space, it is continuous over R”. Therefore L is closed, and the

distance
k — 3 _*
pk = min [l — ]|
from p* to Ly is well defined. Also the set Ly and the vector u* lie on the same side of the

hyperplane Hy. Hence every line segment joining p* with a point of Hy passes through L, and

therefore

' g*
(,U _:uk)IH k|| Zpkv v k.

<

Using this inequality in Eq. (1), we obtain
bt = |2 < J[pk — p*[|2 4+ 02 = 20p%, VY k.
In order to arrive at a contradiction, suppose that p* > $(1 + ¢) for all k. Then

bt — |2 < ||k — p*]|? = ea?, VY k.

11
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By summing these inequalities, we have
lph = pr][2 < f[p0 = p*|[2 = e(k + L)a?, VY k,

and by letting & — oo, we obtain a contradiction. Therefore there must exist a k and a i € Lj,

such that
a(l+e)

5 > P :P{gg};llu—u | =1z — pll,

as desired.

(b) Let p* € M*. Assume that pu* ¢ M* for all k. Then similar to the proof in (a) we have
ot |2 < [l = 2 4 (k)2 = 20krk, VR 2

Let a > 0 be fixed and let ¢* = g(u*). Consider the set {x € M | g(p) > ¢* — a} and its
boundary I'¢«_,. By assumption, the set M* is compact, so that Iy« _, is compact. Furthermore

M*NTg_q = J. Hence we have

- i — || >0.
pla) #erqffli?yew”“ vl|

Since a* — 0, one can find N, such that a* < p(a) for all k > N,. If ¢(u*) < ¢* — a, then
pk > p(a) and from Eq. (1) we have

[+t = px| [ <[k = p*[]? = pla)a®, ¥V k> Ny@). 3)
Since > p-, ak = oo, there must exist N, > Ny(ay such that g(uNe) > ¢* — a. Define

d = 1 - .
(a) dpax Join | — pll

Let k > Ng. If g(uNe) > ¢* — a, then min,car+ ||u* — p*]] < d(a) and since
i+t = px]| < [luk + ok g/l |g*]| — pr]] < [lp* = p*|] + o,

we obtain

i k+l x| < d k. 4
min [l = ]| < d(a) + o (4)

On the other hand, if ¢(u*F) < ¢* — a then from Eq. (3) we have

i k+1 x|l < mi k— x| 5
MJgglﬁ*llu ull_#ygﬁ*llu || (5)

Combining Egs. (4) and (5), we obtain

in ||k — pt|| < d k. Vk> N,
Juin |luk = pr]] < d(a) + max ok, > Na

12
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Since d(a) — 0 as a — 0, for any § > 0 there exists as such that d(as) < 6/2. Also, one can find
an index Nj such that q(uNe) > ¢* — a5 and ok < §/2 for all k > Njs. Therefore

min ||pF — px|] <4, vV k> Ns,
wreM*

showing that

li in ||k — p*|| = 0.
Jim - min [k — |

By continuity of ¢, we have limy_, - g(u*) = ¢*, which completes the proof.

7.5.11 (Incremental Subgradient Method with Diminishing Stepsize
[NeBo1al)

Assumption (i) guarantees that the function g(p) = Y., gi(pt) is concave and has bounded level
sets. Thus, the level sets of ¢ are compact, and hence the optimal solution set M* is nonempty

and compact.

The proof of part (a) is tricky and is based on the assumptions (i) and (ii). The proof of
part (b) combines the ideas of incremental gradient method analysis of Section 2.4, together with

the line of proof of Exercise 7.5.10.

(a) Let u* € M* be an arbitrary optimal solution. By the nonexpansiveness property of the

projection, we have
[k — | |2 < ||k =1 4 akgisk — p[|2 < [[ehi=Lok — x| |2 — 20k gisk! (px — qpi=1k) + (ak)2C2, Y 4, k.

Since gik' (u* — i=1k) > q;(u*) — qi(yi=1*) for each i, we obtain
st = g2 < k= |2 = 204 3 (qs(a®) = (=1 4)) + mlak)ec2, ()
i=1
for all k > 0 and p* € M*. Let & be an upper bound for a*, and let 79 be an index such that

the level sets of g;, are bounded. Define

m
m
* = = —aC? E “_gv >0
q fféa&(q(“)’ a=a +H% g >0,

and

L(a, p*) = {v e M [ qiy(v) = gip(n*) — a}.

Under assumption (i) the level set L(a,p*) is nonempty and compact for any p* € M*.

Note that for any k either g¢;,(¢i0—1F) < gio(u*) —a or g (o—1F) > g (u*) — a. Suppose

13
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that the former is the case. Since ¢;(1*~1*) < ¢¥, we have

> (ai(p?) = a@i=18) > > (ai(p*) —qf) +a
i=1 iio
=g — qip (W) + 5 aC?
> %d(}?.

By combining this relation with Eq. (1), we obtain
41 — 2 < [k — 2 — abmC2( — ak) < [k — I,
where the last inequality follows from 0 < a* < &. Therefore
([t — p|| < ||k — p*]| - whenever i, (10~1F) < gip(n*) — a. (2)

If gi (pio—1:F) > gi (11*) — a, then the subiterate ¢io—1.* belongs to the level set L(a, u*).
Therefore [[1pio~1k — py*|| < diam(L(a, p*)), where diam(-) denotes the diameter of a set. Since

the subgradients g%* are bounded, it follows that
||kl — || < ||kt — gpio=bk|| 4 [[gpio =1k — || < amC + diam (L(a, p*)).
Thus
||kt — p*|| < amC + diam(L(a, p*))  whenever — gi, (¢io=1k) > g; (u*) — a. (3)
From Egs. (2) and (3), we have
|k — || < max{amC + diam(L(a, p*)), ||p® —p*||} YV k>0,

which completes the proof.

(b) Here we argue similar to the proof of Exercise 7.5.10(b). Since the stepsize is bounded, the

sequence of the iterates {u*} is also bounded as seen in part (a). Let

R (1 k
¢ =max{ . max{llll | € 2041}

Note that

ik — pk]| < ak > Cy, Yk 4)

Jj=1

14
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From Eq. (1) we have

m

[kt — o[ |2 < [ — p]]2 = 20k <q(u*) —q(pk) + Y (ai(pk) - Qi(i/ﬂl’k))) +m(ak)2C?

i=1
<l = g2 = 205 (qler) = (1) + 2% 30 Cill i1k = k| + m(ak)2C2

=2

m i—1 m
< [k — p#||2 = 205 (q(p7) — q(uh)) + (aF)2 [ 2D C Y 0+ > C?
i=2  j=1 i=1

m 2
= Ik = g2 = 205 (q(e*) — () + ()2 (Z C?) ,

where the next-to-last inequality follows from Eq. (4), and we are using the facts C' < C; and

qi(Pibk) — qi(pk) < gj(pi=tk — pk) for all g; € Ogi(u*). Therefore
[kt — pr]|2 < b — |2 = 20k (g(p*) — q(pk)) + (a¥)2C2, ¥ pr e M*, Y k>0, (5)

where C = """, C;. Let a > 0 and ko such that o* < a/C? for all k > ko. If g(u*) < q(u*) —a

for some k > ko, then from Eq. (5) we have
[|h+t = ]2 < [l — ]2 = a*(2a — a*C?),

and therefore

(dist(pk+1, M*))2 < (dist(pk, M*))2 — aak. (6)

Note that this relation cannot hold for all k& > ko, for otherwise the condition Ziozo ak = oo will
be violated. Hence, there is an integer k1 > ko for which g(u*1) > ¢(p*) — a. This means that
the point pk1 belongs to the level set L, = {n € M | (i) > q(p*) — a}, which is compact, so
that

dist(pkr, M*) < max dist(u, M*) < .

Denote

= ist(, M*).
d(a) max dis (ke M)

Since ||pk1+1l — p*|| < ||kt — p*|] + a*1C, we have that dist(uk1+1, M*) < d(a) + o*1C. Hence
for k > k1 we have

dist(pht1, M*) < d(pk, M*) if q(uk) < ¢* — a,
[cf. Eq. (6)] and

dist(uk+1, M*) < d(a) + a*C if q(u*) > q* —a.

Combining these relations, we obtain

dist(uk, M*) Sd(a)—l—ég;a}zxak, YV k> k.
ZR]1

15
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Note, using Eq. (6), that the set of indices {k | ¢(1*) > q(p*) — a} is unbounded for any
choice of a > 0. Since lim,—0d(a) = 0, given any € > 0, there is 6 > 0 such that for 0 < a < ¢
we have d(a) < €/2. Let the index ks be such that g(u*s) > q(u*) — a and oF < ¢/(2C) for all
k > ks. Then dist(uk, M*) < e for all k > ks, i.e. limg_, oo dist(uk, M*) = 0. The continuity of ¢

implies that

1 k = * =
Jim g(ut) = q(p*) = maxq(p)-

(c) By dropping the term 2a*(q(u*) —q(u*)) in Eq. (5) and by summing the obtained inequalities

over k for n < k < N, we have

N
a4t — |2 < [Jam — e[+ C2 S (a2, ¥ pre MY, YN, n< N, (7)

k=n
Since {uk} is bounded, there exist i and {u*} C {uk} such that limj_o u* = fi. The set
M is closed, so that i € M. As seen in part (b), we have limy_, o q(u*) = ¢*, and therefore
limj 00 g(u*7) = ¢*. Hence fi € M*. By setting u* = i and n = k; in Eq. (7), where j is

arbitrary, we obtain

N
a4t = I < [|ats — Al +C2 3~ (k)2 VN > k.
k=k;
By letting first N — oo and then j — oo, we have
o0
lim sup [+ = l[2 < Tim | [|a = |2+ C2 Y (ah)2 | =0,
N—oo J—r0 k=k;

and therefore limy_, o ||F — fi]] = 0.

7.5.12 (Incremental Subgradient Method with Dynamically Changing
Stepsize [NeB01a])

The proof combines the arguments of the proofs of Exercise 7.5.1 and 7.5.11(b). Similar to the
proof of Exercise 7.5.11(a), we have for any p* € M*

||kttt — ]2 < |k — ]2 = 200> (qs (1) — @i (= 1F)) + m(ak)2C2, ¥ pr € M=, V k. (1)
=1
Note also that

ik — pk]| < ak > Cy, Yk (2)

Jj=1
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From Eq. (1) we have [as in the proof of Exercise 7.5.11(b)]

m

I+t = a2 < e = a2 = 20 <q* — (i) + 3 (@) qz-wﬂvk») +m(ak)2C?

i=1
<l = e[2 = 205 (" — q(u)) + 205 3" Culli b = k| 4 m{ak)2C?

=2

m 1—1 m
<[k — ]2 = 200 (g% — q(uk)) + (k)2 | 2D DG+ C?
i=2 =1 i=1

m 2
= [|ub — p*|[2 = 20 (q(p*) — q(pk)) + (ak)? (Z Cf) :
i=1
where the next-to-last inequality follows from Eq. (2). Therefore
[kt — |2 < [k — pr]2 = 20k (g* — q(p®)) + (@F)2C2, ¥ p* € M*, ¥V k> 0.

Assume that pk ¢ M* for all k. By substituting the expression for a* in the above relation, we

obtain

2

q* — q(u*)
IIM’““—M*IIQSIIM’“—M*IIQ—W’“@—W’C)% -
3

* k 2
)W, VRS0, Ve Me.

<k = pr P =2 =7

Therefore
gttt = ]| <l = pr], (4)
and the sequence {uF} is bounded. Next we will show that every limit point of {¢*} belongs to
M+, Let {u*i} C {u*} and let i be such that lim;_,o |[2* — fi|| = 0. Since the set M is closed,
we have i € M. Suppose that q(f) < g¢*, i.e., i ¢ M*. Since q is continuous, we can find a scalar

0 > 0 and an index jo such that
g(uhi) <q* =6, Vj=jo

This, combined with Eqgs. (3) and (4), implies that

Y1(2 = 7u)0?
2

71(2 — Yu)6?

< Zpo = pr|2 = (G + 1= o) cz

[t — px[|2 < [|phs — |2 —

which is a contradiction. Hence i € M*. Note that the sequence of norms {||u* — p*||} is strictly
decreasing for any p* € M*, so for any p* it converges to ||z — p*||. Finally, to show that {u*}
has a unique limit point, note that if i € M* and i € M* are limit points of the sequence {u*},
we would have || — p*|| = || — p*|| for all u* € M=, which is possible only if i = . This

completes the proof.
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7.5.13 (e-Complementary Slackness and Approximate Subgradients)

WWwWwW
For the separable problem

n
minimize Z filxs)
=1

n
subject to Zgij(:zri)g(), j=1,...,r o <z < B, i=1,...,n,
i=1

where f; : ® = R, gi; : R — R are convex functions, the dual function is

n T
a(p) = ] 1 ,nin o filw) + Z;ujgij(wi)
i= j=

Let (Z, 1) satisfy e-complementary slackness as defined in the problem statement, and let g(T)

be the r-dimensional vector with jth component Y ;" ; ¢i;(Z;). We will show that
a(p) < q(p) +e+9(@)(n—p), VwpeR,

where
€= EZ([‘L — Oti).
=1

Indeed, we have for any p € R

q(m) <> fil@) + > pigis ()

i=1 =1
=Y F@)+ D g (@) p + (5 — 1) Y 9is (%) (1)
i=1 j=1 j=1 i=1

=D @)+ Aigi (@) p + 9(2) (1 — ).

i=1 j=1

For all ¢ and all z; € [, Bi], we have from the properties of directional derivatives and the

convexity of the function f;(z;) + 22:1 i gij (i),

film) +> iigis(wa) > fil@) + > By (@) + 7i(wa), (2)
=1 j=1
where
d;"(:cz — 1_71) if Z; = aj,
%(.’L‘i) = d; (:Z?l — fz) if z; = G, (3)

max{d;(xi — fi), d:r(.%'l — i‘l)} if p <% < B,

18
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and

T ks
Ay = 7 @)+ > g (@), df = fH@)+ D pigh@)
j=1 j=1
are the left and right derivatives of f; + Z;:1 itjgi; at ;. Using the e-complementary slackness

definition, we have
—e < d:r if T = aj,
d; <e€ if i = Bi,
—e<d; <df <e if ;< <pBi
Using the above relations in Eq. (3), we see that

Yi(zi) > —€(Bi — ).

fi(zi) + Zﬂjgij(xi) > fi(zi) + Zﬂjgij(i’i) —e(Bi —ai), Vi, V€ la, Bil.

By minimizing over z; € [, §;] and adding over i, and using the definition of the dual function

q(@n), we obtain

T n

i=1 j=1 i=1

which combined with Eq. (1), yields the desired relation

q(pu) < q(pn) + €+ g(x) (p — ).

7.5.14 (Subgradient Methods with Low Level Errors [NeB10])

For any u € M, let us denote
d(p, M*) = mi — ]
(p, M*) i, = pl
We first show that for all k£, we have

(@1, 20))? < (a2 = 2202

7" = q(pk)) + (s%)2(8 + B)2. (1)
Indeed, using the definition of pk+1, the nonexpansive property of projection, the subgradient
inequality, and the assumptions ||r¥|| < 8 and ||g¥| < d, we have for all u* € M*,
(d('ukJrl,M*))Q < |kt — |2

— Huk — pr + sk(gh _|_Tk)||2

< b — 2+ 25K (g PRy (b — ) + (Rt + 72

<k = p|[2 A 28K R (b — ) 4 20| eR | |k — g (%) g 4 k|2

< ik — |2 = 25% (g — q(uk)) + 285 Bl|pk — px|| + (s¥)2(8 + B)2.
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If we let p* be the projection of p* on M*, and use the assumption
* k) < min — p*l,
¢ —a(ph) <y min = pel

we obtain the desired relation (1).

Consider the case of a constant stepsize,
sk =g, Vk=0,1,...

and to arrive at a contradiction, assume that for some nonnegative integer k£ and some € > 0, we

have
) 2 _
%+e<q*—q(uk% Vk>k (2)
Applying Eq. (1) with sk = s, we obtain
(A1, M*))* < (d(uk, M*))* — 25(77_ B) (" = a(u?)) +s2(6 + B)2,

which combined with Eq. (2), yields

(et 20 < e, M) = 2B (FOEER ) 426+ 9

or

(d(uk+17M*))2 < (d(uk,M*))2 _ MQ Yk >k

v

Since v > f, this relation cannot hold for infinitely many k, thereby arriving at a contradiction.

The proof that lim supy,_, . ¢(11%) = ¢* is similar. To arrive at a contradiction, we assume

that for some nonnegative integer k and some € > 0, we have
€< q* —q(p*), vk >k,

and we apply Eq. (1) to obtain

2 2=,

(@1, 000))” < (s, 21 = 2T

(s*)2(6+ B)2, Vk>E

Since sk — 0 and ) ;- , sk = oo, this is a contradiction.
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